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Principle of Superposition by Direction Images
Artyom M. Grigoryan, Senior Member, IEEE, and Nan Du, Student Member, IEEE

Abstract— This paper discusses the decomposition of the

image by direction images, which is based on the concept of

the tensor representation and its advanced form, the paired

representation. The 2-D image is considered of the size

N × N, where N is prime, a power of two, and a power of

odd primes. The tensor and paired representations in the

frequency-and-time domain define the image as a set of 1-D

signals, which we call splitting-signals. Each of such splitting-

signals is calculated as the sum of the image along the paral-

lel lines, and it defines the direction image as a component of

the original image. The unique decomposition of the image

by direction images is described and formulas for the inverse

tensor and paired transforms are given. These formulas can

be used for image reconstruction from projections, when

splitting-signals or their direction images are calculated di-

rectly from the projection data. The number of required

projections is uniquely defined by the tensor representation

of the image.

EDICS: COI–TOM Tomographic Imaging.

I. Introduction

I
N this paper we discuss the concept of direction ima-
ges and decomposition of the two-dimensional image by

its direction image-components, by using the tensor and
paired representation of the image [1]-[14]. The tensor rep-
resentation is effective for images of size N × N, when N
is prime, and the paired representation is used for other
cases of N. In both forms of representation, the image is
the set of 1-D signals, which we call the image-signals, or
the splitting-signals. For the paired representation, these
signals are independent. The independence is in the sense,
that all together these signals represent uniquely the image
and define the 2-D DFT of the image at disjoint sets of
frequency-points. Other transforms, including the 2-D dis-
crete Hartley, Hadamard, and cosine transforms can also
be defined by the splitting-signals [9].

The 2-D discrete tensor transform (DTP) and discrete
paired transform (DPT) are the frequency and time repre-
sentations of the image. The splitting-signals are generated
by the given set of frequencies. The signals have the same
length in tensor representation, and different lengths de-
pending on the frequencies, in paired representation. All
components of the splitting-signal are defined as linear in-
tegrals (or sums) over the image and, therefore, they can be
calculated from the projection data. This property allows
for effective reconstructing the image from its projections
and removing the direction noise in image enhancement [8],
[9]. The processing of images in such applications can be
reduced to the processing the splitting-signals and calcula-
tion of the 2-D DFT by 1-D DFTs of the splitting-signals.
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In this paper, we focus on processing the 1-D splitting sig-
nals and the composition of the image, without referring
to the 2-D DFT. The concept of direction images allows
for effective image composition by the splitting-signals. It
means the analytical formulas can be derived for the in-
verse tensor and paired transforms. It should be noted
that the tensor transform is not unitary, but such is the
paired transform. However, the 2-D DPT is not separable
and the fast calculation of the inverse 2-D DPT is not a
simple task.

The theory of splitting the 2-D discrete Fourier trans-
form by 1-D DFTs of the splitting-signals representing
uniquely the 2-D image was developed by Grigoryan [1]-
[5]. Equivalent concepts were subsequently published un-
der various names [17]-[28]: the discrete Radon transform
(DRT) [Gertner, 1988], fast multidimensional Radon trans-
form [Labunets, 1999], the finite Radon transform [[Matúš
and J. Flusser, 1993], a new discrete transform based on
the exact discrete Radon transform [Guèdon, Barba, and
Burger 1995] which also was called the mojette transform
[Guèdon and Normand, 2005], the discrete periodic Radon
transform (DPRT) [Hsung, Lun, and Siu, 1996], the ortho-
gonal discrete periodic Radon transform (ODPRT) [Lun,
Hsung, and Shen, 2003], [A. Kingston, 2006], the gener-
alized finite Radon transform [A. Kingston and I. Svalbe,
2007].

The rest of the paper is organized in the following way. In
Section II, we describe briefly the tensor transform, and, in
Section III, decomposition of the image N×N, by direction
images in the case when N is prime. In Sections IV and V,
the paired transform is described and a method of image
decomposition is applied when N is a power of two. A brief
comparison of the proposed methods of image decomposi-
tion, or image reconstruction from its projections with the
known method of backprojection, is also given. Section VI
describes the L-paired transform, direction images and de-
composition of the image by direction images for the case,
when N is a power of odd and prime L.

II. Tensor Representation

The tensor representation of the image fn,m of size N×N
is defined as a set of splitting-signals of length N each [1],

χ : {fn,m} →
{

fTp,s = {fp,s,t; t = 0 : (N − 1)}
}

(p,s)∈J
.

By definition, the components of these signals are calcu-
lated as the sum of the image along the parallel lines

fp,s,t =
∑

(n,m)

{fn,m; np + ms = t mod N}.

These components can be calculated from the projection
data. In the notation of the splitting-signal, fTp,s , we use



the cyclic group

Tp,s = {(kp mod N, ks mod N); k = 0 : (N − 1)},

because this signal defines the 2-D DFT of the image at
frequency-points of Tp,s. It means the 1-D DFT of the
splitting-signal coincides with values of the 2-D DFT of
the image at frequency-points of the group Tp,s,

Fkp mod N,ks mod N =
N−1
∑

t=0

fp,s,tW
kt, k = 0 : (N − 1), (1)

where the kernel of the discrete Fourier transform is W =
WN = exp(−2πj/N).

The set of generators, J = JN,N , for the splitting-signals
is defined as a set, for which the totality of cyclic groups

σ = {Tp,s; (p, s) ∈ JN,N}

is an irreducible covering of the discrete lattice N × N of
frequency-points, XN,N = {(p, s); p, s = 0 : (N − 1)}, i.e.

⋃

(p,s)∈JN,N

Tp,s = XN,N . (2)

The discrete image fn,m is also considered on this lattice.
For each value of N, one can construct different such sets
JN,N , however their cardinalities are equal. For instance,
for N = 4, 5, and 6, we can consider the following sets:

J4,4 = {(1, 0), (1, 1), (1, 2), (1, 3), (0, 1), (2, 1)},

J5,5 = {(1, 0), (1, 1), (1, 2), (1, 3), (1, 4), (0, 1)},
J6,6 = {(1, 0), (1, 1), ..., (1, 5), (0, 1), (2, 1), (3, 1), (4, 1),

(2, 3), (3, 2)}.

As an example, Figure 1 shows the tree image of size
256×256 in part a, along with the splitting-signal of length
256, which is generated by the frequency (p, s) = (1, 6) in
b. The 1-D DFT of the splitting-signal in absolute scale
and the location of all frequency-points of the cyclic group
T1,5 are shown in c, and the 2-D DFT of the image in d.

III. Decomposition of images N × N, when N is

prime

The special case, when the size of the image is N×N and
N is a prime is the most interesting case and we consider
it separately. The tensor representation in this case has a
minimum redundancy and, therefore, it can be used effec-
tively for processing images with other sizes. For instance,
the problem of image reconstruction of image 256×256 can
be reduced to reconstruction of the image of size 257×257.
Similarly, the image 128× 128 can be extended to the size
131 × 131, and so on.

When N is a prime, (N + 1) splitting-signals represent
the image fn,m. Indeed, the grid N ×N can be the covered
by the family σ = (Tp,s) of (N + 1) cyclic groups. The set
J of generators (p, s) for these groups can be defined as

J = JN,N = {(0, 1), (1, 1), (2, 1), (3, 1), ..., (N−1, 1), (1, 0)}.

(a)
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1−D DFT

T
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Fig. 1. (a) The image 256 × 256, (b) the splitting-signal {f1,6,t ; t =
0 : 255}, (c) the 1-D DFT of the splitting-signal and frequency-
points of T1,6, and (d) the 2-D DFT of the image. (DFTs are
shown in absolute scale.)

Given a generator (p, s), we define the following complex
data D = D(p, s) of size N × N :

Dp1,p2
= D(p, s)p1,p2

=

{

Fkp,ks, if (p1, p2) = (kp, ks), k = 0 : (N − 1),

0, otherwise,

where p1, p2 = 0 : (N − 1), and l = l mod N, for integer
l. The data D represents an incomplete 2-D DFT of the
image, that is zero at all frequency-points except the group
Tp,s. We define the direction image dn1,n2

as the inverse 2-
D DFT of D, which can be calculated as follows:

dn1,n2
= d

(p,s)
n1,n2

=
1

N2

N−1
∑

p1=0

N−1
∑

p2=0

Dp1,p2
Wn1p1+n2p2

=
1

N2

N−1
∑

k=0

Fkp,ksW
n1(kp)+n2(ks)

=
1

N

1

N

N−1
∑

k=0

Fkp,ksW
k(n1p+n2s)

=
1

N
fp,s,(n1p+n2s) mod N .

Thus, N values of the splitting-signal are placed along
the parallel lines at N2 points of the image N × N. As
an example, we consider the tree image of size 257 ×
257, which is shown in Figure 2 part a. The direc-
tion images for the generators (p, s) = (0, 1), (1, 1),
(2, 1), (1, 2), (3, 1), (4, 1), (1, 4), (5, 1), (6, 1), (7, 1), and (8, 1)
are shown in parts b-l.

All (N + 1) cyclic groups intersects in one point (0, 0).
Therefore, taking the inverse 2-D DFT of the sum of all

2



(c)  DI−(1,1)(a)  image (b)  DI−(0,1) (d)  DI−(2,1)

(e)  DI−(1,2) (f)  DI−(3,1) (g)  DI−(4,1) (h)  DI−(1,4)

(i)  DI−(5,1) (j)  DI−(6,1) (k)  DI−(7,1) (l)  DI−(8,1)

Fig. 2. (a) The image 256 × 256, and (b)-(l) its eleven direction
images in tensor representation. (All images have been scaled.)

incomplete 2-D DFTs, we obtain the following image:

∑

(p,s)∈J

d(p,s)
n1,n2

=
∑

(p,s)∈J

(

F−1
N,N ◦ D(p, s)

)

n1,n2

=
(

F−1
N,N ◦

(

Fp1,p2
+ NFδ(p1,0),δ(p2,0)

)

)

n1,n2

= fn1,n2
+

1

N
F0,0 = fn1,n2

+ NE[f ],

where δ(n, m) is the delta symbol of Kronecker, which is 1
when m = n, and 0, otherwise. E[f ] denotes the mean of
the image.

To simplify our calculations, we assume that the image
is centered, fn1,n2

→ fn1,n2
−E[f ]. We have the following:

fn1,n2
=

∑

(p,s)∈J

d(p,s)
n1,n2

=
1

N

∑

(p,s)∈J

fp,s,(n1p+n2s) mod N .

(3)

Statement 1 (Principle of Superposition): The image
fn1,n2

of size N×N, where N is odd and prime, can be com-
posed from (N + 1) directional images, or splitting-signals
as follows:

fn1,n2
=

1

N

[

N−1
∑

p=0

fp,1,(n1p+n2) mod N + f1,0,n1

]

,

n1, n2 = 0 : (N − 1).

If the image is not centered, the decomposition formula is

fn1,n2
=

1

N

[

N−1
∑

p=0

fp,1,(n1p+n2) mod N + f1,0,n1

]

− NE[f ].

Thus we also obtain the simple formula of reconstruction
of the image from its projections, by using (N+1) splitting-
signals, or direction images in tensor representation. Each
direction image, or splitting-signal is defined by the pro-
jection at the corresponding angle ϕ(p, s) = arctg(s/p) to

the horizontal axis. (N +1) is the required number of pro-
jections for the exact reconstruction of the image.

The interesting property of the tensor transform is de-
rived. The splitting-signal is defined as the sum of the
image along the parallel lines. The direction image is com-
posed by N values of the splitting-signal, which are placed
at all points of the image N × N along another set of par-
allel lines (these two sets of lines are perpendicular to each
other). As an example, Figure 3 shows the tree image of
size 257× 257 in part a, along with the splitting-signal ge-
nerated by the frequency (p, s) = (1, 5) in b. The 1-D DFT

(a)
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110
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125

130

135

140

(b)

image−signal (1,5)

0 50 100 150 200 250
0

50

100

150

200

250

(c)

1−D DFT

(d)  DI−(1,5)

Fig. 3. (a) The image 257×257, (b) the splitting-signal {f1,5,t ; t = 0 :
256}, and (c) the 1-D DFT of the splitting-signal and frequency-
points of T1,5, and (d) the corresponding direction image dn1 ,n2

(the image has been scaled).

of the splitting-signal in absolute scale and the location of
all frequency-points of the cyclic group T1,5, at which the
2-D DFT of the image is defined by this splitting-signal,

are shown in c. The direction image d
(1,5)
n1,n2

is shown in d,
and it can be observed in the tree image in a, where this
direction image was amplified by the factor of 3.

IV. Decomposition by the 2-D paired transform

Let f = {fn,m} be an image of size N × N , where N =
2r and r > 1 is integer. The unitary 2-D discrete paired
transformation represents the image as a family of (3N−2)
1-D splitting-signals [2], [3], [7],

χ′

N,N : {fn,m} →
{

{f ′

p,s,2kt
; t = 0 : (N/2k+1 − 1)},

2k = g.c.d.(p, s), (p, s) ∈ J ′

N,N

}

.

Components of splitting-signals are numbered by the
triplets (p, s, 2kt), where (p, s) are the frequency-points
that generate the signals, and 2kt is the time parameter
that runs the interval [0, N/2 − 1] with the step 2k, which
depends on the frequency (p, s). The discrete paired trans-
formation is thus a unitary transformation from the 2-D
image domain into the 2-D frequency and 1-D time do-
main.

3



The set of frequency-points, or generators (p, s) can be
defined as

J ′

N,N =

r−1
⋃

k=0

{2kJN/2k ,N/2k} ∪ {(0, 0)},

where

JN/2k,N/2k =
{

(p, 1); p = 0 : (N/2k − 1)
}

∪
{

(1, 2s); s = 0 : (N/2k+1 − 1)
}

.

The elements f ′

p,s,t of the paired representation of the
image fn,m are defined by the tensor transform

f ′

p,s,t = fp,s,t − fp,s,t+N/2, t = 0 : (N/2 − 1). (4)

Thus, the pair of elements of the tensor representation,
fp,s,t and fp,s,t+N/2, defines f ′

p,s,t. Figure 4 shows the
image in part a, along with the tensor splitting-signal
{f5,1,0, f5,1,1, f5,1,2, f5,1,3, . . . , f5,1,255} of length 256 in b,
and paired splitting-signal {f ′

5,1,0, f
′

5,1,1, f
′

5,1,2, . . . , f
′

5,1,127}
of length 128 in c. Both splitting-signals are generated by
(p, s) = (5, 1).

(a) 0 100 200

5

5.5

6

6.5

(b)

0 50 100
−1

−0.5

0

0.5

1

1.5

(c)

Fig. 4. (a) Tomo image 256× 256, (b) splitting-signal fT5,1
, and (c)

splitting-signal fT ′

5,1
.

Given a frequency-point (p, s), the following holds for the
N × N -point 2-D DFT [2], [3], [7]:

F
(2m+1)p,(2m+1)s

=

N/2k+1
−1

∑

t=0

(

f ′

p,s,2ktW
t
N/2k

)

Wmt
N/2k+1 , (5)

where m = 0 : (N/2k+1 − 1) and 2k = g.c.d.(p, s). The 2-D
DFT at frequency-points of the subset

T ′

p,s = {(2m + 1)p, (2m + 1)s; m = 0 : (N/2k+1 − 1)}

is defined by the N/2k+1-point DFT of the splitting-signal
modified by the vector of twiddle coefficients {W t

N/2k ; t =

0 : (N/2k+1 − 1)}. In paired representation, the 2-D DFT
splits into a set of (3N − 2) 1-D DFTs of different orders,
N/2, N/4, N/8, . . . , 4, 2, and 1.

As an example, Figure 5 shows all 766 splitting-signals
of the tomo image in part a, along with the 1-D DFTs of
the modified signals in b. The splitting-signals of the same
length are united and separated from others according to
the order of the paired transform components, which is
given in the definition of the set J ′

N,N .
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Fig. 5. (a) The splitting-signals of lengths 128,64,32,16,8,4, 2,1,

and (b) 1-D DFTs of the modified splitting-signals (the trans-
forms are shown in the absolute scale and shifted to the center).

The paired transform does not require multiplications,
and its complete system of paired functions are defined as

χ′

p,s,2kt(n, m) =







1, if np + ms = 2kt mod N
−1, if np + ms = (2kt + N/2) mod N

0, otherwise
(6)

with the set of triplet-numbers

U = {(p, s, 2kt); t = 0 : (N/2k+1 − 1), 2k = g.c.d.(p, s),
(p, s) ∈ J ′

N,N}.

Given a frequency (p, s), there are N/2k+1 paired functions
χ′

p,s,0, χ′

p,s,2k, χ′

p,s,2·2k, ..., χ′

p,s,N/2−2k which use and trans-

fer the data of the projection at the angle ϕ = arctg(s/p)
into N/2k+1 components of the paired transform of the
image, f ′

p,s,0, f ′

p,s,2k, f ′

p,s,2·2k, ..., f ′

p,s,N/2−2k . The number

2k is the g.c.d. of p and s. It should be noted, that another
paired splitting-signal, or the set of N/2k+2 components
f ′

2p,2s,0, f ′

2p,2s,2k+1, f ′

2p,2s,2·2k+1, ..., f ′

2p,2s,N/2−2k+1 can also

be defined by this projection. Indeed, the following relation
holds in the general case of (p, s, t):

χ2p,2s,2t = χ2p,2s,2t = χp,s,t +χp,s,t+N/2 , t = 0 : (N/2−1).

Therefore, the paired function χ′

2p,2s,2t can be calculated
as

χ′

2p,2s,2t = χ2p,2s,2t − χ2p,2s,2t+N/2

= χp,s,t − χp,s,t+N/4 + χp,s,t+N/2 − χp,s,t+3N/4

and the components f ′

2p,2s,2t of the paired transform can
be calculated through the tensor transform as follows:

f ′

2p,2s,2t = fp,s,t − fp,s,t+N/4 + fp,s,t+N/2 − fp,s,t+3N/4.

Similarly, the components of the splitting-signals generated
by frequencies (4p, 4s), (8p, 8s), ... can be calculated from
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the same projection data. Therefore, although the com-
plete family of paired splitting-signals are generated by
(3N − 2) frequencies, all these signals can be calculated
from 3N/2 splitting-signals in tensor representation. In
other words, 3N/2 projections are required to calculate the
2-D paired transform of the image.

Each splitting-signal, or projection contributes in a dif-
ferent degree to the composition of the image. The elimi-
nation of one or a few projections may lead to an essential
error in image reconstruction, which may be visually no-
ticed. As an example, Figure 6 shows the image of size
256 × 256 in part a, along with the image after sequen-
tial removing the projection data that correspond to the
generators (0, 1) in part b, (1, 1) in c, and (1, 0) in d.

(a) (b)

(c) (d)

Fig. 6. (a) The original image, and images from which the projection
was removed, for generators (b) (0,1), (c) (1,1), and (d) (1,0).

V. Paired direction images

The paired splitting-signals define the corresponding di-
rection image components which together compose the
image {fn,m}. To show this property, we take a generator
(p, s) and denote 2k = g.c.d.(p, s). Let D be the incomplete
2-D DFT composed only from the components of the 2-D
DFT in frequency-points of the subset T ′

p,s, i.e.

D = Dp1,s1
=

{

Fp1,s1
; if (p1, s1) ∈ T ′

p,s,
0; otherwise.

(7)

A: We consider the first series of generators, when
g.c.d.(p, s) = 1. In the set J ′

N,N , there are 3N/2 such ge-
nerators and they compose the subset JN,N . The inverse
transform of the above incomplete 2-D DFT can be calcu-
lated as follows:

dn,m =
1

N2

N−1
∑

p1=0

N−1
∑

s1=0

Dp1,s1
W−(np1+ms1)

=
1

N2

N/2−1
∑

k=0

F
(2k+1)p,(2k+1)s

W−(2k+1)(np+ms)

=
1

2N





2

N

N/2−1
∑

k=0

F
(2k+1)p,(2k+1)s

W−kt
N/2



W−t

=
1

2N

(

f ′

p,s,tW
t
)

W−t,

where we denoted t = (np + ms) mod N.
We obtain the following direction image of the 1st series:

dn,m = dn,m;p,s =
1

2N
f ′

p,s,(np+ms) mod N ,

n, m = 0 : (N − 1),

where we consider that the components f ′

p,s,t+N/2 = −f ′

p,s,t

when t = 0 : (N/2−1). In other words, the direction image
N × N is composed of N/2 values of the splitting-signal
fT ′

p,s
, which are placed on the image along the set of parallel

lines np + ms = t mod N, t = 0 : (N − 1).
As an example, Figure 7 shows the image of size 256×256

in part a, along the seven direction images, for the ge-
nerators (p, s) = (0, 1), (1, 1), (2, 1), (1, 2), (3, 1), (4, 1), and
(1, 4) in parts b-h, respectively.

(a)  image (b) DI−(0,1) (c) DI−(1,1) (d) DI−(2,1)

(e) DI−(1,2) (f) DI−(3,1) (g) DI−(4,1) (h) DI−(1,4)

Fig. 7. (a) Original image and (b)–(l) 7 direction image components
of the image. (All images have been scaled.)

B: We consider the kth series of generators, i.e. when
g.c.d.(p, s) = 2k and k ∈ {2, 3, ..., r − 1}. The number of
such generators in the set J ′

N,N is equal to 3N/2k+1. The
calculation of the inverse transform of the incomplete 2-
D DFT results in the following direction image of the kth
series:

dn,m = dn,m;p,s

=
1

N2

N−1
∑

p1=0

N−1
∑

s1=0

Dp1,s1
W−(np1+ms1)

=
1

N2

N/2k+1
−1

∑

l=0

F
(2l+1)p,(2l+1)s

W−(2l+1)(np+ms)

=
1

2k+1N





2k+1

N

N/2k+1
−1

∑

l=0

F
(2l+1)p,(2l+1)s

W−lt
N/2k+1



W−t
N/2k

=
1

2k+1N
f ′

p,s,(np+ms) mod N ,

where we denoted 2kt = (np + ms) mod N.
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C: The last series of generators contains only the fre-
quency (p, s) = (0, 0). In this case, T ′

0,0 = {(0, 0)} and the
transform D is zero at all frequency-points except the point
(0, 0), where the value of the transform equals F0,0. There-
fore in this case, we have the following constant-image:

dn,m = dn,m;0,0 =
1

N2
F0,0 =

1

N2

N−1
∑

n1=0

N−1
∑

m1=0

fn1,m1

=
1

N2
f ′

0,0,0.

Now we can unite the above calculations in one state-
ment. All (3N − 2) subsets T ′

p,s, with generators (p, s)
from the set J ′

N,N compose a partition of the grid N × N.
It means the sum of corresponding (3N − 2) incomplete
2-D DFTs equals the 2-D DFT of the image. Therefore,
the sum of all direction images equals the image fn,m.

Statement 2 (Principle of Superposition): The discrete
image of size N×N, where N = 2r, r > 1, can be composed
from its (3N − 2) direction images as

fn,m =
∑

(p,s)∈J′

N,N

dn,m;p,s

=
1

2N

r−1
∑

k=0

1

2k

∑

(p,s)∈2kJ
2r−k,2r−k

f ′

p,s,(np+ms) mod N

+
1

N2
f ′

0,0,0 .

(8)
The last addendum in the formula represents the mean
value of the image,

E[f ] =
1

N2
f ′

0,0,0 =
1

N2

N−1
∑

n=0

N−1
∑

m=0

fn,m.

The splitting-signals of the paired transform can be nor-
malized for each series of generators as

f ′

p,s,t →
1

N2k+1
f ′

p,s,t, k = 1 : (r − 1),

and f ′

0,0,0 → f ′

0,0,0/N
2. Then the above formula of image

composition by the splitting-signals can be written as

fn,m =

r−1
∑

k=0

∑

(p,s)∈2kJ
2r−k,2r−k

f ′

p,s,(np+ms) mod N + f ′

0,0,0 ,

n, m = 0 : (N − 1).

This is also the formula for reconstruction of the image
from its projections through the 2-D discrete paired trans-
form, because all components of the transform can be cal-
culated directly from the projection data. The image recon-
struction requires only operations of addition/subtraction
and N2 divisions by powers of two.

A. Analysis and Comparison

Let us analyze the application of this principle of su-
perposition for reconstructing the image of size 256× 256,

i.e. for the N = 256 case. In paired representation (and
tensor representation), the reconstruction of this image re-
quires measurements of (3/2) · 256 = 384 projections. If
we extend this image by zero padding to the image of size
257×257 (because 257 is prime), then only 258 projections
are required to reconstruct the extended image, and the
original image as well. Thus, we can save 384− 258 = 126
projections. Similarly, we can consider a few other cases.
For instance, in the N = 128 case, the image 128×128 can
be extended to the size 131×131. The reconstruction of this
image requires the calculation of 132 projections, instead
of (3/2) · 128 = 192 projections, when using the paired
direction images. In this case, we save 192 − 132 = 60
projections.

Table I shows the time of computation and number of
projections that were used for reconstruction of the image
N × N by the paired transform method and tensor trans-
form method. The time data includes the time used for
computing the 2-D paired transform from the projection
data and the time for computing the inverse paired trans-
form. For instance, for the image 256 × 256, these time
data are equal to 3.5313s and 4.7031s, respectively, or to-
tal 8.2344s for image reconstruction. The data in this ta-
ble were obtained from running MATLAB based codes on
the personal computer with Intel Core Duo Processor at
2.99GHz speed.

N × N time (PTM) # projections
16 × 16 0.0156 24
32 × 32 0.0312 48
64 × 64 0.1406 96

128 × 128 1.1094 192
256 × 256 8.2344 384
512 × 512 68.1562 768

L × L time (TTM) # projections # saving
17 × 17 0.0000 18 6
37 × 37 0.0000 38 10
67 × 67 0.0156 68 28

131 × 131 0.1250 132 60
257 × 257 0.8906 258 126
509 × 509 7.2344 510 258
521 × 521 7.7188 522 246

TABLE I

Number of projections and time (in seconds) used for image

reconstruction by the paired transform method (PTM) and the

tensor transform method (TTM).

It was mentioned above, that each splitting-signal is de-
fined as the linear integral, or sum of the image components
along the parallel lines, i.e. by projection data. At the
same time, the splitting-signal defines the direction image
being a component of the image. The direction image has
constant values along the parallel lines. The number of
such constants equals N/2 for the first series of genera-
tors, and N/2k, for the kth series of generators, where
k = 2, 3, ..., r. This property explains the main difference
between the paired method of image reconstruction and
methods of backprojection (BP) which are used in image
tomography [15], [16]. The methods of BP also use di-
rection images; the number of them equals the number of
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projections, and the value of each of these images at point
(n, m) is set to be equal to the value of the projection along
the ray passing this point. This rough assumption does not
allow for accurately reconstructing the image, even in the
case of large number of projections.

For example, consider the case when the full set of
2(128) − 1 measurements are used for calculating the pro-
jection by the angle arctg(2) of the image on the lattice
128 × 128. The corresponding direction image in BP will
contain these 255 values along the parallel lines. In the
paired method, from these 255 measurements, 128 values
of the splitting-signal in tensor representation are calcu-
lated, and then, 64 values in paired representation. The
number of projections, or direction images for image re-
construction by BP is considered to be 180, assuming the
uniform change of the angle of projections by 1 degree.
The projections which are used in the tensor and paired
methods are calculated by the angles

Φ = Φ(256) = {arctg(s/p); (p, s) ∈ J256,256},

which differ from the angles used in the BP. It follows from
the Principle of Superposition, that the number of required
projections equals 192, from which 382 direction images are
calculated for image reconstruction by the paired method.
All direction images in BP are non negative, and in paired
representation the direction images have both positive and
negative values. The BP method results in a smooth image,
and the paired method allows for obtaining the reconstruc-
tion of the discrete image (noise is not considered).

As an example, Figure 8 shows the tomo image of size
256 × 256 in part a, and the results of image reconstruc-
tion by the filtered backprojection are shown in b and c,
when 384 and 360 projections were used at angles equally
spaced between 0 and 180 degrees. The mean-square-root
error of image reconstruction equals 0.010308 in (c) and
0.011086 in (d). One can notice many details on these ima-
ges are not seen well. For comparison, the reconstruction
of the image by the paired transform with the same num-
ber, 360, of projections is shown in d. The error of recon-
struction equals 0.002065 and 360 angles were defined by
the frequency-points (p, s) of the set of generators J256,256,
whose splitting-signals have high energies,

Ep,s =
1

2562

255
∑

t=0

f2
p,s,t > 8773.854.

The following should be noted, when applying the
Fourier Slice Theorem for image reconstruction [15], [16].
The calculation of the 2-D Fourier transform of the un-
known image f(x, y) is reduced to calculation of the 2-D
DFT of a discrete image fn,m which is assumed to be the
sampled version of f(x, y). The incomplete 2-D DFT is
calculated on the polar grid along a finite number of ra-
dial lines, or better to say, is filled by calculating 1-D DFT
over the projection data. Then these spectral components
on the radial points are transferred to the Cartesian grid,
by using different methods of interpolation. Even in the
case when such transformation of spectral data from the

(a) Original image 

(d) MSR=0.002065(c) MSR=0.011086

(b) MSR=0.010308

Fig. 8. (a) The image 256 × 256, reconstruction by the filtered
backprojection algorithm by (b) 384 and (c) 360 projections, and
(d) reconstruction by the 2-D DPT with 360 projections.

polar grid to the Cartesian grid is performed with a small
error, this transformation does not preserve, but breaks
the correct mathematical structure of the 2-D DFT of the
image. Consider for example, any projection which is dif-
ferent from the projections by 0◦, 45◦, and 90◦, such as the
projection calculated by the angle arctg(2). Our example
is the discrete image 16× 16. When using the Fourier Slice
Theorem, the 2-D DFT of the discrete image will be calcu-
lated at 8 frequency-points on the line l1 which is conside-
red in the square grid Y16,16 = {(p, s); p, s = −8 : 7} with
the original (0, 0) in the center, as shown in Figure 9 part a.
Since the tensor and paired representations were described

−5 0 5

−5

0

5

(a)

l
1

l
2

l
3

0 5 10 15

0

5

10

15

(b)
0 5 10 15

0

5

10

15

 (c) T
2,1

Fig. 9. (a) The grid Y16,16 with 8 frequency-points on lines l1, l2,

and l3, (b) grid X16,16 with 8 frequency-points of line l1, and (c)
grid X16,16 with 16 frequency-points of the group T2,1.

on the square grid X16,16 = {(p, s); p, s = 0 : 15}, and the
2-D DFT is periodic, we transfer the four parts of Y16,16

into X16,16 by the following simple rule:

Y =

[

A B
C D

]

→

[

D C
B A

]

= X.

As a result, 8 frequency-points on the line l1 will be located
on the grid X16,16 as shown in part b. According to the ten-
sor representation, the projection data at angle arct(2) de-
fine the 2-D DFT of the image fn,m at 16 frequency-points
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of the cyclic group T2,1. This complete group of frequency-
points on two parallel lines with 8 points each is shown in
part c. The same group on the grid Y16,16 is shown in part
a, as the set of frequency-points on the line l1 and two ad-
ditional parallel lines l2 and l3, which are missing when the
Fourier Slice Theorem is used to calculate the 2-D DFT of
the discrete image by the given projection. The 2-D DFT
of the image does not have a smooth form. The missing
frequency-points on these two additional lines may only be
substituted by interpolating data from other projections
(which are assumed to be “nearly independent” [16]), or
filled by zeros which leads to an error of reconstruction in
both cases. The similar reasonings hold for many other
projections as well.

As was mentioned above, we consider that the set of
uniformly distributed angles in the interval [0◦, 180◦], for
collecting the projection data, does not provide the correct
calculation of the reconstruction image in the frequency
and spatial Cartesian grids. The discrete images of size
N × N, when N is a power of 2 and prime, are calculated
by very different sets of angles for projections and in the
frequency domain they are defined by different sets Tp,s,
and this fact is not taken into consideration in the BP
method. As examples, we consider the tomo image of size
256×256, as well as the same image in 257×257, by adding
a zero column and row to the image. Following the tensor
representation, we take 384 and 258 projections defined
by angles of sets Φ(256) and Φ(257), respectively. We use
the following simple formula for reconstructing the discrete
image fn,m from projection data (without any filtration):

fn,m =
1

N

∑

ϑ=ϑ(p,s)∈Φ(N)

pϑ(np + ms)

card(lϑ(np + ms))
,

n, m = 0 : (N − 1),

(9)

where N = 256 and N = 257. Here pϑ(t) denotes the lin-

MSR=0.012175

 (a)  256x256

MSR=0.011966

 (b)  257x257

Fig. 10. The reconstruction of the tomo image of size (a) 256× 256,

by 384 projections, and (b) 257 × 257, by 258 projections.

ear integrals (sums) of the image along the points on the
lines lϑ(t) = {(n1, m1); n1p + m1s = t}, and card(lϑ(t))
is used for cardinality, or number of points on these lines.
The weight card(lϑ(t)) of the projection pϑ(t) takes values
from the interval [1, N ], and the higher the frequency (p, s)
generating the angle ϑ, the smaller this weight. Figure 10

shows the result of image reconstruction in part a, for the
256×256 case, and in b, for the 257×257 case. The mean-
square-root error of image reconstruction equals 0.012175
in (a) and 0.011966 in (b). The obtained reconstructions
are the high quality images with all fine details of the orig-
inal image.

VI. 2-D discrete L-paired transform

Consider the N = Lr case, when L is odd prime. The
paired functions are defined similarly to the L = 2 case.
The components of the tensor transform are united with
the twiddle factors which divide the unit circle by L parts.
Below is the definition of the paired transform in the gene-
ral case of N × N [5], [7].

Definition 1: Let L be a non-trivial divisor of the num-
ber N and let WL = exp(−2πi/L). Given frequency-point
(p, s) ∈ XN,N and integer t ∈ [0, N − 1], the function

χ′

p,s,t(n, m) = χ′

p,s,t;L(n, m) =

L−1
∑

k=0

W k
L χp,s,t+kN/L(n, m)

(10)
is called the L-paired function.
The L-paired function, or simply paired-function is thus
defined as

χ′

p,s,t(n, m) =































1, if np + ms = t
WL, if np + ms = (t + N

L
)

W 2
L, if np + ms = (t + 2N

L )

· · · , · · ·

WL−1
L , if np + ms = (t + (L − 1)N

L )
0, otherwise.

(11)
Given triplet-number (p, s, t), we denote by f ′

p,s,t the co-
efficient of the representation of the image f = {fn,m} by
the L-paired function χ′

p,s,t

f ′

p,s,t = χ′

p,s,t ◦ f =

N−1
∑

n=0

N−1
∑

m=0

χ′

p,s,t(n, m)fn,m

=

L−1
∑

k=0

W k
Lfp,s,t+kN/L .

(12)

In many cases of N, we can synthesize a unitary transform,
by means of the paired functions [9]. It means there exists a
complete set of paired functions χ′ = {χ′

p1,p2,t; (p1, p2, t) ∈
U}, for a certain set of triples U.

We now consider the N = Lr case, when L > 2 is prime
and r > 1. We construct a partition σ′ = (T ′) of the lattice
XN,N , which is composed by the following subsets:

T ′

p,s = T ′

p,s;L =
{(

(mL + 1)p, (mL + 1)s
)

; m = 0 : (
N

L
−1)

}

.

(13)
The partition σ′ can be defined by the following set of

generators (p, s) :

J ′

N,N =

r−1
⋃

n=0

L−1
⋃

j=1

{jLnJLr−n,Lr−n} ∪ {(0, 0)},
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where the subsets JLn,Ln , for n = 1 : r, are calculated by

JLn,Ln =

Ln
−1

⋃

p2=0

(1, p2)
⋃

Ln−1
−1

⋃

p1=0

(Lp1, 1). (14)

Theorem 1: For an arbitrary prime number L > 1 and
r > 1, we have the following:

1) The totality of (L + 1)(Lr − 1) + 1 subsets

σ′ =
((((

T ′

jLnp,jLns;L

)

(p,s)∈JLr−n,Lr−n

)

j=1:(L−1)

)

n=0:(r−1)
,

{(0, 0)}
)

(15)
is the partition of the lattice XLr ,Lr .

2) The system of the L-paired functions

χ′ = {χ′

p,s,t; (p, s, t) ∈ U}

is the complete set of functions, where the set U is defined
as

U =

r−1
⋃

n=0

L−1
⋃

j=1

{

(Ln(jp, js, t); (p, s) ∈ JLr−n,Lr−n ,

t = 0 : (Lr−n−1 − 1)
}

∪ {(0, 0, 0)}
2

(16)

This theorem can be proved is we use the following state-
ment [5], [7], [9]:

Theorem 2: Let L > 1 be a prime number and let r > 1.
Then, we have the following:

1) For each frequency-point (p, s) of XLr ,Lr and m = 0 :
(Lr−1 − 1),

F
(mL+1)p,(mL+1)s

=

Lr−1
−1

∑

t=0

(

f ′

p,s,tW
t
)

Wmt
Lr−1 . (17)

The 2-D DFT at frequency-points of the subset T ′

p,s is de-

fined by the N/Ln+1-point DFT of the splitting-signal mo-
dified by twiddle coefficients (here Ln = g.c.d(p, s).)

2) The Lr × Lr-point DFT is split into (L2 − 1)Lr−1

Lr−1-point DFT’s, (L2 − 1)Lr−2 Lr−2-point DFT’s, . . . ,
and (L2 − 1)L L-point DFT’s.

The 2-D paired transform, or the L-paired transform is
the representation of the 2-D image in the 2-D frequency
and 1-D time domain in the form of a family of L-paired
splitting-signals,

{fn,m} → {f ′

p,s,t; (p, s, t) ∈ U}

→

r−1
⋃

n=0

L−1
⋃

j=1

⋃

(p,s)∈jLnJN/Ln ,N/Ln

fT ′

p,s
∪ fT ′

0,0
,

(18)
and the L-paired splitting-signals generated by the frequen-
cies (p, s) are

fT ′

p,s
= {f ′

p,s,0, f
′

p,s,Ln , f ′

p,s,2·Ln, . . . , f ′

p,s,N/L−Ln}. (19)

(a)  image 243x243 (b)  2−D DFT

Fig. 11. (a) Tomo image of size 243 × 243 and (b) the 2-D DFT (in
absolute scale and shifted to the center).

For the N = 35 = 243 case, Figure 11 shows the tree
image 243×243 in part a and its 2-D DFT in b. Figure 12
shows the 3-paired transform of the tree image in part a
and the 2-D DFT of the image in paired representation in
b. The first two sets of 2(324) = 648 of splitting-signals
{fT ′

p,s
; (p, s) ∈ jJ243,243}, j = 1, 2, of length 81 each are

shown in the form of two images of size 324 × 81 each in
part a. The next two sets of 2(108) = 216 splitting-signals
{fT ′

p,s
; (p, s) ∈ j3J81,81}, j = 1, 2, of length 27 each are

shown in the form of two images of size 108 × 27 each,
and so on. The whole picture of these 968 splitting-signals
represents the paired transform of the tree image. The 2-D
DFT of the tree image as the set of 968 1-D DFTs of all
modified 3-paired splitting-signals is shown in part b in the
similar form.

A. Paired Transform Slice Theorem

We consider a decomposition of the image fn,m of size
N ×N, where N = Lr and L > 2 is odd prime, by direction
images. The direction images are constructed similar to the
L = 2 case.

The incomplete 2-D DFT is composed only from the
components of the 2-D DFT with frequency-points of the
subset T ′

p,s,

Dp1,s1
=

{

Fp1,s1
; if (p1, s1) ∈ T ′

p,s

0; otherwise.
(20)

The image of this incomplete 2-D transform is composed
only by values of the splitting-signal generated by (p, s).
Accurate calculations of the inverse 2-D DFT of this in-
complete transform, when defining the direction images,
result in the following Principle of Superposition.

Statement 3 (Principle of Superposition): The discrete
image {fn,m} of size N × N, where N = Lr, L is prime,
and r > 1, can be decomposed by (L + 1)(N − 1) + 1
direction images as

fn,m =
∑

(p,s)∈J′

N,N

dn,m;p,s

=

r−1
∑

k=0

L−1
∑

j=1

∑

(p,s)∈jLkJN/Lk,N/Lk

dn,m;p,s + dn,m;0,0

(21)
where the direction images are calculated from the paired
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Fig. 12. (a) The splitting-signals of lengths 81,27,9,3, 1,1, and (b)
1-D DFT of the modified splitting-signals. (All transforms are
in absolute scale and shifted to the center.)

splitting-signals by

dn,m;p,s =
1

NLk+1
f ′

p,s,Lk(t mod N/Lk+1)W
−t+t mod N/Lk+1

N/Lk

(22)
and we denote t = (np/Lk + ms/Lk) mod N/Lk.

Each component of the paired transform can be calcu-
lated from the projection data. To reconstruct the discrete
image on the Cartesian grid, only (L + 1)N/L projections
are needed at the angles of the set

Φ = {ϕ(p, s) = arctg(s/p); (p, s) ∈ JN,N}
= {arctg(1/p); p = 0 : (N − 1)}

∪{arctg(Ls); s = 0 : (N/L − 1)}.

VII. Conclusion

In tensor and paired representation, the 2-D image is de-
fined as a set of 1-D splitting-signals, which carry the spec-
tral information of the image in different sets of frequency-
points. Each splitting-signal defines the direction image

as a component of the image. The decomposition of the
image by such direction images was described for the cases
when the size of the image is N × N, and N is prime, a
power of two, and a power of odd primes. The derived
formulas of image decomposition can be used for proces-
sing images by splitting-signals, for instance, in reconstruc-
tion of images by their projections. The proposed methods
of image reconstruction were implemented and applied for
modeled discrete images of sizes up to 512× 512. The cor-
responding MATLAB-based codes are available in the Gri-
goryan’s web page “Image Reconstruction” by the address:
“http://www.fasttransforms.com/”.
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