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A Sound and Complete Axiomatization of
Majority-n Logic

Luca Amarú,Student Member, IEEE, Pierre-Emmanuel Gaillardon,Member, IEEE,
Anupam Chattopadhyay,Senior Member, IEEE, Giovanni De Micheli,Fellow, IEEE

Abstract— Manipulating logic functions via majority operators
recently drew the attention of researchers in computer science.
For example, circuit optimization based on majority operators
enables superior results as compared to traditional logic sys-
tems. Also, the Boolean satisfiability problem finds new solving
approaches when described in terms of majority decisions. To
support computer logic applications based on majority a sound
and complete set of axioms is required. Most of the recent
advances in majority logic deal only with ternary majority ( MAJ-
3) operators because the axiomatization with solely MAJ-3 and
complementation operators is well understood. However, itis of
interest extending such axiomatization ton-ary majority opera-
tors (MAJ-n) from both the theoretical and practical perspective.
In this work, we address this issue by introducing a sound and
complete axiomatization of MAJ-n logic. Our axiomatization
naturally includes existing majority logic systems. Basedon this
general set of axioms, computer applications can now fully exploit
the expressive power of majority logic.

Index Terms—Majority Logic, Boolean Algebra, Axiomatiza-
tion, Soundness, Completeness.

I. I NTRODUCTION

BOOLEAN logic and its axiomatization is fundamental
to the whole field of computer science. Traditionally,

Boolean logic is axiomatized in terms of conjunction (AND),
disjunction (OR) and complementation (INV) operators. Vir-
tually, all of today’s digital computation is performed by
using these operators with their associated laws. Recently, it
was shown that more efficient logic computation is possible
by using a majority operator in place of conjunction and
disjunction operators [1]. Moreover, the properties of majority
operators, such as stability, have been proved to be the best
fit for solving important problems in computer science [2].
In order to exploit the unique opportunity led by majority in
computer applications, a sound and complete set of manipula-
tion rules is required. Most of the recent studies on majority
logic based computation consider ternary majority (MAJ-3)
operators because the axiomatization in this context is well
understood. To unlock the real expressive power of majority
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logic, it is of interest to extend such axiomatization ton-ary
(n odd) majority operators (MAJ-n).

We introduce in this paper a sound and complete axiom-
atization of MAJ-n logic. Our axiomatization is the natural
extension of existing majority logic systems with fixed number
of inputs. Based on the majority axioms introduced in this
work, computing systems can use at its best the expressive
power of majority logic.

The remainder of this paper is organized as follows. Section
II gives background and notations useful for the rest of
this paper. Section III introduces our sound and complete
axiomatization for MAJ-n logic. Section IV discusses relevant
applications of our majority logic system in logic optimization,
Boolean satisfiability and repetition codes fields. SectionV
concludes the paper.

II. BACKGROUND AND NOTATIONS

We provide hereafter terminologies useful in the rest of the
paper. We start by introducing basic notation and symbols
for logic operators and we continue by presenting special
properties of Boolean functions. We define a compact vector
notation for Boolean variables and discuss Boolean algebras
with a particular emphasis on MAJ-3/INV Boolean algebra.

A. Notations

In the binary Boolean domain, the symbolB indicates the
set of binary values{0, 1}; the symbols∧ and ∨ represent
the conjunction (AND) and disjunction (OR) operators; the
symbol¬ represents the complementation (INV) operator; and
0/1 represent the false/true logic values. Alternative symbols
for ∧, ∨ and¬ are ·, +, and ′, respectively.

B. Self-Dual Function

A logic function f(x, y, .., z) is said to beself-dual if
f(x, y, .., z) = ¬f(¬x,¬y, ..,¬z) [3]. By complementa-
tion, an equivalentself-dual formulation is¬f(x, y, .., z) =
f(¬x,¬y, ..,¬z).

C. Majority Function

An n-input (n being odd) majority functionMn is defined
on reaching a threshold⌈n/2⌉ of true inputs [3]. For example,
the three input majority functionM3(x, y, z) can be expressed

http://de.arxiv.org/abs/1502.06359v1
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as∧,∨ by (x∧y)∨(x∧z)∨(y∧z). Also (x∨y)∧(x∨z)∧(y∨z)
is a valid representation forM3(x, y, z). The majority function
is self-dual [3]. Note that anMn operator filled with⌊n/2⌋
0/1 collapses into a AND/OR operator [3].

D. Vector Notation for Boolean Variables

For the sake of compactness, we denote a container (vector)
of n−m+1 Boolean variables byxn

m, where the notation starts
from indexm and ends at indexn. When the actual length
of the vector is not important, a simpler notation forxn

m is
boldfacex. The element at indexi in vectorxn

m is denoted
by xi. The complementation of a vectorxn

m is denoted by
¬xn

m which means¬xi ∀i ∈ [m,m + 1, .., n − 1, n]. With
this notation, the aforementioned self-dual property becomes
¬f(xn

m) = f(¬xn
m). For the sake of clarity, we give an

example about the vector notation. Let(a, b, c, d, e, f) be 6
Boolean variables to be represented in vector notation. Here,
the start/end indexes arem = 1/n = 6, respectively, and the
vector itself isx6

1. The elements ofx6
1 are x1 = a, x2 = b,

x3 = c, x4 = d, x5 = e, andx6 = f .

E. Boolean Algebra

The standard Boolean algebra (originally axiomatized by
Huntington [4]) is a non-empty set(B,∧,∨,′ , 0, 1) subject to
identity, commutativity, distributivity, associativity, and com-
plementaxioms over∧,∨ and ′ [3], [6]. For the sake of
completeness, we report these basic axioms in Eq. 1.

∆







































































































Identity : ∆.I

x ∨ 0 = x
x ∧ 1 = x
Commutativity : ∆.C

x ∧ y = y ∧ x
x ∨ y = y ∨ x
Distributivity : ∆.D

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)
Associativity : ∆.A

x ∧ (y ∧ z) = (x ∧ y) ∧ z
x ∨ (y ∨ z) = (x ∨ y) ∨ z
Complement : ∆.Co

x ∨ x′ = 1
x ∧ x′ = 0

(1)

This axiomatization for Boolean algebra is sound and com-
plete [5], [6]. Informally, it means that, logic arguments or
formulas, proved by axioms in∆ are valid (soundness) and
all true logic arguments are provable (completeness). More
precisely, it means that, in the induced logic system, all
theorems are tautologies (soundness) and all tautologies are
theorems (completeness). We refer the reader to [5] for a more
formal discussion on mathematical logic. In computer logic
applications, only sound and complete axiomatizations areof
interest [6].

Other Boolean algebras exist, with different operators and
axiomatizations, such as Robbins algebra, Freges algebra,
Nicods algebra, MAJ-3/INV algebra, etc. [5]. In the immediate
following, we give details on the MAJ-3/INV Boolean algebra.

F. MAJ-3/INV Boolean Algebra

The MAJ-3/INV Boolean algebra introduced in [1] is de-
fined over the set(B,M3,¬, 0, 1), whereM3 is the ternary
majority operator and¬ is the unary complementation oper-
ator. The following set of five primitive transformation rules,
referred to asΩ3, is anaxiomatic systemfor (B,M3,¬, 0, 1).
All variables belong toB.

Ω3















































































Commutativity : Ω3.C

M3(x, y, z) = M3(y, x, z) = M3(z, y, x)
Majority : Ω3.M
{

if(x = y): M3(x, y, z) = x = y
if(x = ¬y): M3(x, y, z) = z

Associativity : Ω3.A

M3(x, u,M3(y, u, z)) = M3(z, u,M3(y, u, x))
Distributivity : Ω3.D

M3(x, y,M3(u, v, z)) =
M3(M3(x, y, u),M3(x, y, v), z)
Inverter Propagation : Ω3.I

¬M3(x, y, z) = M3(¬x,¬y,¬z)

(2)

It has been shown that this axiomatization is sound and
complete with respect to(B,M3,¬, 0, 1) [1]. The MAJ-3/INV
Boolean algebra finds application in circuit optimization and
has already showed some promising results [1].

While traditional Boolean algebras can be naturally ex-
tended from 2 ton variables, it is currently unclear how such
a majority axiomatization extends to an arbitrary number of
variablesn (odd). In the following, we address this question
by proposing a natural axiomatization of MAJ-n/INV logic.

III. A XIOMATIZATION OF MAJ-n LOGIC

In this section, we present the generic axiomatization of
MAJ-n logic. We first extend the set of five axioms presented
in [1] to n-variables, withn being an odd integer. Then,
we show their validity in the Boolean domain. Finally, we
demonstrate their completeness by inclusion of other complete
Boolean axiomatizations.

A. Generic MAJ-n/INV Axioms

The five axioms for MAJ-3/INV logic in [1] deal withcom-
mutativity, majority, associativity, distributivity, and inverter
propagationlaws. The following set of equations extends their
domain to an arbitrary odd numbern of variables.
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Ωn















































































































































































































Commutativity : Ωn.C

Mn(x
i−1
1 , xi, x

j−1

i+1 , xj , x
n
j+1) =

Mn(x
i−1
1 , xj , x

j−1

i+1 , xi, x
n
j+1)

Majority : Ωn.M

If(⌈n
2
⌉ elements ofxn

1 are equal toy):
Mn(x

n
1 ) = y

If(xi 6= xj ):
Mn(x

n
1 ) = Mn−2(y

n−2

1 )
whereyn−2

1 = xn
1 removing{xi, xj}

Associativity : Ωn.A

Mn(z
⌊n

2
⌋

1 , yj−1

1 , yj , y
⌊n

2
⌋

j+1 ,

Mn(z
⌊n

2
⌋

1 , xi−1

1 , xi, x
⌊n

2
⌋

i+1 )) =

Mn(z
⌊n

2
⌋

1 , yj−1

1 , xi, y
⌊n

2
⌋

j+1 ,

Mn(z
⌊n

2
⌋

1 , xi−1

1 , yj , x
⌊n

2
⌋

i+1 ))
Distributivity : Ωn.D

Mn(x
n−1

1 ,Mn(y
n
1 )) =

Mn(Mn(x
n−1
1 , y1),Mn(x

n−1
1 , y2), ...,

Mn(x
n−1
1 , y⌈n

2
⌉), y⌈n

2
⌉+1, ..., yn) =

Mn(Mn(x
n−1
1 , y1),Mn(x

n−1
1 , y2), ...,

Mn(x
n−1

1 , y⌈n

2
⌉+1), y⌈n

2
⌉+2, ..., yn) =

Mn(Mn(x
n−1

1 , y1),Mn(x
n−1

1 , y2), ...,
Mn(x

n−1

1 , yn−1), ..., yn)
Inverter Propagation : Ωn.I

¬Mn(x
n
1 ) = Mn(¬x

n
1 )

(3)

Commutativity means that changing the order of the vari-
ables inMn does not change the result. Majority defines a
logic decision threshold and a hierarchical reduction of major-
ity operators with complementary variables. Associativity says
that swapping pairs of variables between cascadedMn sharing
⌊n
2
⌋ variables does not change the result. In this context, it is

important to recall that⌈n
2
⌉− 1 = ⌊n

2
⌋. Distributivity delimits

the re-arrangement freedom of variables over cascadedMn

operators. Inverter propagation moves complementation freely
from the outputs to the inputs of aMn operator, andviceversa.

For the sake of clarity, we give an example for each axiom
over a finiten-arity.

Commutativity withn = 5:
M5(a, b, c, d, e) = M5(b, a, c, d, e) = M5(a, b, c, e, d).

Majority with n = 7:
M7(a, b, c, d, e, g, g

′) = M5(a, b, c, d, e).
Associativity withn = 5:

M5(a, b, c, d,M5(a, b, e, g, h)) =
M5(a, b, e, d,M5(a, b, c, g, h)).

Distributivity with n = 7:
M7(a, b, c, d, e, g,M7(x, y, z, w, k, t, v)) =
M7(M7(a, b, c, d, e, g, x),M7(a, b, c, d, e, g, y),
M7(a, b, c, d, e, g, z),M7(a, b, c, d, e, g, w), k, t, v).
Inverter propagation withn = 9:

¬M9(a, b, c, d, e, g, h, x, y) =
M9(¬a,¬b,¬c,¬d,¬e,¬g,¬h,¬x,¬y).

B. Soundness

To demonstrate the validity of these laws, and thus the va-
lidity of the MAJ-n axiomatization, we need to show that each
equation inΩn is sound with respect to the original domain,
i.e., (B,Mn,¬, 0, 1). The following theorem addresses this
requirement.

Theorem 3.1:Each axiom inΩn is sound (valid) w.r.t.
(B,Mn,¬, 0, 1).

Proof:
Commutativity Ωn.C Since majority is defined on reach-

ing a threshold⌈n/2⌉ of true inputs then it is independent of
the order of its inputs. This means that changing the order of
operands inMn does not change the output value. Thus, this
axioms is valid in(B,Mn,¬, 0, 1).

Majority Ωn.M Majority first defines the output behavior
of Mn in the Boolean domain. Being a definition, it does not
need particular proof for soundness. Consider then the second
part of the majority axiom. The hierarchical inclusion of
Mn−2 derives from the mutual cancellation of complementary
variables. In a binary majority voting system ofn electors, two
electors voting to opposite values annihilate theirselves. The
final decision is then just depending on the votes from the
remainingn − 2 electors. Therefore, this axiom is valid in
(B,Mn,¬, 0, 1).

Associativity Ωn.A We split this proof in three parts that
cover the whole Boolean space. Thus, it is sufficient to prove
the validity of the associativity axiom for each of this parts. (1)
the vector z⌊n/2⌋1 contains at least one logic 1 and one logic
0. In this case, it is possible to applyΩn.M and reduceMn to
Mn−2. If we remain in case (1), we can keep applyingΩn.M .
At some point, we will end up in case (2) or (3).(2) the vector
z
⌊n/2⌋
1 contains all logic 1.In this case the majority operator

filled with ⌊n/2⌋ 1 collapses into a disjunction operator. The
validity of the associativity axiom follows then from traditional
disjunction associativity.(3) the vector z⌊n/2⌋1 contains all
logic 0. In this case, the majority operator filled with⌊n/2⌋
0 collapses into a conjunction operator. The validity of the
associativity axiom follows then from traditional conjunction
associativity.

Distributivity Ωn.D We split this proof in three parts
that cover the whole Boolean space. Thus, it is sufficient to
prove the validity of the distributivity axiom for each of this
parts. Note that the distributivity axiom deals with a majority
operatorMn where one inner variable is actually another
independent majority operatorMn. Distributivity rearranges
the computation inMn moving up the variables at the bottom
level and down the variables at the top level. In this part of the
proof we show that such rearrangement does not change the
functionality of Mn, i.e., the final voting decision inΩn.D.
Recall thatn is an odd integer greater than1 so n− 1 must
be an even integer.(1) half of xn−1

1 values are logic 0
and the remaining half are logic 1. In this case, the final
voting decision in axiomΩn.D only depends onyn1 . Indeed,
all elements inxn−1

1 annihilate due to axiomΩn.M . In the
two identities ofΩn.D, we see that whenxn−1

1 annihilate
the equations simplify toMn(y

n
1 ), according to the predicted

behavior. (2) at least ⌈n/2⌉ of xn−1
1 values are logic 0.
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Owing toΩn.M , the final voting decision in this case is logic
0. This is because more than half of the variables are logic 0
matching the prefixed voting threshold. In the two identities
of Ωn.D, we see that more than half of the innerMn evaluate
to logic 0 by direct application ofΩn.M . In the subsequent
phase, also the outerMn evaluates to logic 0, as more than
half of the variables are logic 0, according to the predicted
behavior.(3) at least⌈n/2⌉ of xn−1

1 values are logic 1.This
case is symmetric to the previous one.

Inverter Propagation Ωn.I Inverter propagation moves
complementation from output to inputs, andviceversa. This
axiom is a special case of the self-duality property pre-
viously presented. It holds for all majority operators in
(B,Mn,¬, 0, 1).

The soundness ofΩn in (B,Mn,¬, 0, 1) guarantees that
repeatedly applyingΩn axioms to a Boolean formula we do
not corrupt its original functionality. This property is ofinterest
in logic manipulation systems where functional correctness is
an absolute requirement.

C. Completeness

While soundness speaks of the correctness of a logic sys-
tems, completeness speaks of its manipulation capabilities. For
an axiomatization to be complete, all possible manipulations of
a Boolean formula must be attainable by a sequence, possibly
long, of primitive axioms.

We study the completeness ofΩn axiomatization by com-
parison to other complete axiomatizations of Boolean logic.
The following theorem shows our main result.

Theorem 3.2:The set of five axioms inΩn is complete
w.r.t. (B,Mn,¬, 0, 1).

Proof: We first considerΩ3 and we show that it is
complete w.r.t.(B,M3,¬, 0, 1). We need to prove that every
valid argument, i.e.,(B,M3,¬, 0, 1)-formula, has a proof
in the systemΩ3. By contradiction, suppose that a true
(B,M3,¬, 0, 1)-formula, sayα, cannot be proven true us-
ing Ω3 rules. Such(B,M3,¬, 0, 1)-formula α can always
be reduced into a(B,∧,∨,¬, 0, 1)-formula. Indeed, recall
that M(x, y, z) = (x ∨ y) ∧ (x ∨ z) ∧ (y ∨ z). Using ∆,
all (B,∧,∨,¬, 0, 1)-formulas can be proven, includingα.
However, every(B,∧,∨,¬, 0, 1)-formula is also contained by
(B,M3,¬, 0, 1), where ∧ and ∨ are emulated by majority
operators. Moreover, rules inΩ3 with one input fixed to0
and 1 behaves as∆ rules (Eq. 1). This means that also
Ω3 is capable to prove the reduced(B,M,¬, 0, 1)-formula
α, contradicting our assumption. ThusΩ3 is complete w.r.t.
(B,M3,¬, 0, 1).

We consider nowΩn. First note that(B,Mn,¬, 0, 1) nat-
urally includes(B,M3,¬, 0, 1). Similarly, Ωn axioms inher-
ently extend the ones inΩ3. Thus, the completeness property
is inherited provided thatΩn axioms are sound. However,
Ωn soundness is already proven in Theorem 3.1. Thus,Ωn

axiomatization is also complete.

Being sound and complete, the axiomatizationΩn defines
a consistent framework to operate on Boolean logic vian-ary

majority operators and inverters. In the following section, we
discuss some promising applications in computer science of
such majority logic system.

IV. D ISCUSSION

In this section, we discuss relevant application ofΩn axiom-
atization. We first present the potential of logic optimization
performed via MAJ-n operators and inverters. Then, we show
how Boolean satisfiability can be described in terms of ma-
jority operators and solved usingΩn. Finally, we demonstrate
the manipulation of repetition codes viaΩn under a majority
logic decoding scheme.

A. Logic Optimization

Logic optimization is the process of manipulating a logic
data structure, such as a logic circuit, in order to minimize
some target metric [7]. Usual optimization targets are size
(number of nodes/elements), depth (maximum number of
levels), interconnections (number of edges/nets), etc.

Theoretical results from computer science show that ma-
jority logic circuits are much more compact than traditional
ones based on conjunction and disjunction operators [8]. For
example, majority logic circuits of depth 2 and 3 possess the
expressive power to represent arithmetic functions, such as
powering, multiplication, division, addition etc., in polynomial
size [8]. On the other hand, the traditional AND/OR-based
counterparts are exponentially sized [8].

Given the existence of very compact majority logic
circuits, we need an efficient set of manipulation
laws to reach those circuits automatically. In this
context, the axiomatic system previously introduced
is the natural set of tools addressing this need. For
example, consider a logic circuit (or Boolean function)
f = M5(M3(a, b, c),M3(a, b, d),M3(a, b, e),M3(a, b, g), h).
In circuit optimization, a common problem is to minimize the
number of elements while keeping short some input-output
paths. Suppose we want to minimize the number of majority
operators while keeping the pathh to f as short as possible,
i.e., one majority operator. The original circuit cost is 5
majority operators. To manipulate this formula, we first
equalize then-arity of the majority operators using axiom
Ωn.M , i.e., by adding a fake annihilated variablex, as:
f = M5(M5(a, b, c, x,¬x),M5(a, b, d, x,¬x),

M5(a, b, e, x,¬x),M5(a, b, g, x,¬x), h)
At this point, we can applyΩn.D and save one majority

operator as:
f = M5(M5(a, b, c, x,¬x),M5(a, b, d, x,¬x),

M5(a, b, e, x,¬x), g, h).
Finally, we can reduce the majorityn-arity to its minimum

via Ωn.M as:
f = M5(M3(a, b, c),M3(a, b, d),M3(a, b, e), g, h).
The resulting circuit cost is 4 majority operators.
We see that all these rules are simple enough to be pro-

grammed on a computer. Similarly to what has been already
done for MAJ-3, MAJ-n logic optimization can be automated
and applied to large systems.
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B. Boolean Satisfiability

Boolean satisfiability (SAT) is the first known NP-complete
problem [9]. Traditionally, SAT is formulated inConjunctive
Normal Form (CNF) [10]. Recently, majority logic has been
considered as an alternative to CNF to speed-up SAT [11].
There are specific cases when the SAT problem with majority
logic is trivial, i.e., when there are no mixed logic constants
appearing in the representation. In the other cases, the problem
of satisfying majority circuits remains difficult. However, there
is still room for improvement in solving SAT via majority
logic. In this context, the core of a majority SAT solver needs
to use logic manipulation laws extensively. Our proposed
axiomatic systemΩn can be used for this purpose.

For the sake of clarity, we give an example of majority
SAT solving viaΩn laws. Consider theunSATfunction f =
M5(M3(a, b, c),M5(M5(a, b, c, 0, 0),¬b, c, 0, 0),¬a,¬b, 0).
In oder to check the satisfiability off , our majority SAT
solver tries to enforce at least 3/5 logic1 in the top M5.
Otherwise, a conflict in the input assignment appears. If all
possible input assignments lead to a conflict the function is
declared unsatisfiable.

Let us first focus on the element
M5(M5(a, b, c, 0, 0),¬b, c, 0, 0). Here, even before looking
for possible assignments, our axiomΩn.A re-arranges
the variables asM5(M5(¬b, b, c, 0, 0), a, c, 0, 0). In this
formula, our axiomΩn.M directly annihilatesb and ¬b
leading to M5(M3(c, 0, 0), a, c, 0, 0). Furthermore,Ωn.M
still applies twice corresponding toM5(0, a, c, 0, 0) and
then 0. We can substitute this to the original formula as
f = M5(M3(a, b, c), 0,¬a,¬b, 0) which symplifies the SAT
problem. Now, we need both¬a and ¬b to be 1 in order
to do avoid an immediate conflict. This meansa = 0 and
b = 0. However, this assigment evaluates always to 0 the
term M3(a, b, c) generating a conflict for all input patterns.
Thus the original formula is declared unsatisfiable.

C. Decoding of Repetition Codes

Repetition codes are basic error-correcting codes. The main
rationale in using repetition codes is to transmit a message
several times over a noisy channel hoping that the channel
corrupts only a minority of the bits [12]. In this scenario,
decoding the received message via majority logic is the natural
way to correct transmission errors.

Consider safety-critical communication systems. It is com-
mon to have hierarchical levels of coding to decrease the
chance of error and thus resulting in system malfunction.
When applied on several levels, majority logic decoding is
nothing but a majority logic circuit. The maximum number
of cascaded majority operators determines the decoding per-
formance. We want to maximize the decoding performance
while keeping the error probability low. In this scenario, we
can use our axiomatic systemΩn to explore different trade-
off in depth/size manipulation of the corresponding majority
decoding scheme.

For the sake of clarity, we give an example of the op-
timization for majority logic decoding viaΩn. Consider a
safety-critical communication system sending the same binary

messagea over 5 different channelsC1, C2, C3, C4 andC5.
Each channel is affected by different levels of noise requiring
just 1 repetition forC1, C2, C3, andC4 but 5 repetitions for
C5. Suppose also the communication over channel 5 is much
slower than in the other channels. The final decoded message
is the majority of the each decoded message per channel. If we
namexi the decoded messagea for i-th channel andy the final
decoded message, the system can be represented in majority
logic asy = M5(x1, x2, x3, x4, x5). Note that forx1, x2, x3,
x4 the decoded message is actually identical to the received
message because only 1 repetition is sent over the channels.
The elementx5 is the only one needing further majority
decoding, namelyx5 = M5(z1, z2, z3, z4, z5) wherezi are the
receiveda messages over channelC5. The final system is then
expressable asy = M5(x1, x2, x3, x4,M5(z1, z2, z3, z4, z5)).
To decode the final messagey, the critical element for
perfomance isM5(z1, z2, z3, z4, z5), with z5 being the latest
arriving message to be processed. In this context, we can use
Ωn.D axiom to redistribute the decoding operations and obtain
an improvement in performance, which is not a trivial process.
The idea is to push to the top majority levelzi variables, with
the highest possiblei index. For this purpose, axiomsΩn.D
transformsy = M5(x1, x2, x3, x4,M5(z1, z2, z3, z4, z5)) into
y = M5(M5(x1, x2, x3, x4, z1),M5(x1, x2, x3, x4, z2),
M5(x1, x2, x3, x4, z3), z4, z5). In this latter model of majority
decoding, most of the computation is peformed in advance
before the latez4 and z5 messages arrive. This means that
when the latez5 arrives there is need for just one level of
majority computation and not two as in the initial model.

Note that the aforementioned examples are just few of the
possible applications of majority logic and of its sound and
complete axiomatization. More opportunities exist in other
fields of computer science but their discussion is out of the
scope of this paper.

V. CONCLUSIONS

In this paper, we proposed a sound and complete axiom-
atization of majority logic. Stemming from previous work
on MAJ-3/INV logic, we extended fundamental axioms to
arbitraryn-ary majority operators. Based on this general set
of axioms, computer applications can now fully exploit the
expressive power of majority logic. We discussed the potential
impact in the fields of logic optimization, Boolean satisfia-
bility, and repetition codes. From a general standpoint, the
possibility of manipulating logic in terms of majority operators
paves the way for more efficient computer applications where
the core reasoning tasks are performed in the Boolean domain.
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[11] L. Amarú, P.-E. Gaillardon, G. De Micheli,Majority Logic Representa-
tion and Satisfiability, Proc. IWLS’14.

[12] J. L. Massey,Threshold Decoding, M.I.T. Press, 1963.

View publication stats

https://www.researchgate.net/publication/272752592

	I Introduction
	II Background and Notations
	II-A Notations
	II-B Self-Dual Function
	II-C Majority Function
	II-D Vector Notation for Boolean Variables
	II-E Boolean Algebra
	II-F MAJ-3/INV Boolean Algebra

	III Axiomatization of MAJ-n Logic
	III-A Generic MAJ-n/INV Axioms
	III-B Soundness
	III-C Completeness

	IV Discussion
	IV-A Logic Optimization
	IV-B Boolean Satisfiability
	IV-C Decoding of Repetition Codes

	V Conclusions
	References

