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A Reinforcement Learning Approach to Call Admission
and Call Dropping Control in Links with Variable Capacityg

Antonio Pietrabissa
Computer and System Science Department (DIS), University of Rome “La Sapienza”, Rome, Italy

This paper defines a reinforcement learning (RL) approach
to call control algorithms in links with variable capacity
supporting multiple classes of service. The novelties of
the document are the following: i) the problem is mod-
eled as a constrained Markov decision process (MDP);
ii) the constrained MDP is solved via a RL algorithm
by using the Lagrangian approach and state aggregation.
The proposed approach is capable of controlling class-
level quality of service in terms of both blocking and
dropping probabilities. Numerical simulations show the
effectiveness of the approach.

Keywords: Call control, Reinforcement Learning (RL),
Markov Decision Processes (MDP), communication net-
works

1. Introduction

We consider a multiclass network, where link capacity is
time-varying, and where calls of different classes compete
for bandwidth and are regulated by a Call Admission Con-
trol (CAC) algorithm, which decides whether a new call
can be safely accepted by the network or not. We are also
interested in controlling class-level constraints, expressed
in terms of fairness with respect to the blocking proba-
bilities observed by the different classes, and in terms of
maximum tolerated dropping probabilities.

The CAC problem has been successfully modeled as
a Markov decision process (MDP) ([1]) and solved via

E-mail: pietrabissa@dis.uniroma1.it

reinforcement learning (RL) algorithms ([24]). How-
ever, in the MDP and RL formulations introduced so
far, the link capacity is considered as a given constant
value. On the contrary, as we consider wireless networks
this is not true, since the link capacity is time-varying,
for instance due to weather conditions, interferences,
speed of mobile users, adaptive coding, and modula-
tion schemes; examples of such networks are CDMA
networks (e.g., UMTS) ([17]), WiMAX networks ([7]),
DVB-S2 satellite networks ([6]). In these networks, if the
link capacity decreases the network controller might have
to drop one or more calls (forced dropping). Call drop-
ping is rather disruptive and should be avoided as far as
possible.

To face this problem, in [19] the CAC MDP frame-
work was extended to the case of links with time-varying
capacity by integrating it with a Markov chain model of
the link; the resulting MDP is solved by using a linear
programming (LP) formulation, which allows the enforce-
ment of class-level constraints. The MDP approach of
[19] is capable of explicitly controlling both blocking
and dropping probabilities by simultaneously computing
both an optimal admission policy and an optimal drop-
ping policy. The main drawback of the solution proposed
in [19] is that it is not suitable for implementation in
real network equipment, due to the scalability problem
of the MDP algorithms (the so-called “curse of dimen-
sionality,” i.e., the state space explosion as the link
capacity and the number of supported classes increase
([1], [19])).
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In this paper, the MDP framework developed in [19] is
used to define a constrained MDP; then, with the objec-
tive of addressing the scalability problem, the Lagrangian
approach is used to develop a RL admission and dropping
control algorithm. Note that, given that RL is a model-free
approach, the proposed solution does not require a priori
knowledge of traffic statistics since it relies on measured
statistics.

In the literature, apart from the already cited [19], time-
varying link capacity modeling has been faced separately
from the MDP and RL-based admission control prob-
lems. The most common and effective way to model a
link is Markov-chain modeling, where each link state is
characterized by a different available capacity ([4], [20],
[22], [29]). On the other hand, a plethora of MDP-based
admission control algorithms can be found in the litera-
ture, both for wireless and wired networks (just to mention
a few: [9], [10], [14], [18], [31], [33]); however, none
of the cited references explicitly deals with links with
time-varying capacity.

Due to the scarce scalability of the MDP approaches,
and also due to the fact that they need a perfect knowl-
edge of the model (i.e., in our case, of network and traffic
statistical characteristics), RL-based approaches are also
widely investigated in the literature: for example, [27]
develops a RL CAC algorithm for multiservice networks
with Quality of Service constraints, [11] and [30] for
cellular networks, [28] for satellite networks, [12] for ter-
restrial networks, [13] for next-generation networks, etc.
As in the MDP formulations introduced until now, in these
papers the link capacity is considered as a given constant
value.

The paper is organized as follows: Section 2 recalls the
definition of constrained MDPs; Section 3 defines the con-
strained MDP addressing admission and dropping control
in links with time-varying capacity; Section 4 describes
the Lagrangian approach and the proposed RL algorithm;
Section 5 presents the numerical simulations; finally, in
Section 6 the conclusions are drawn.

2. Definition of Constrained MDPs

Under the Markovian1 and stationarity assumptions, an
unconstrained MDP is defined by a finite state space S,
a finite and nonempty set of available control actions
u ∈ A(s) associated to each state s ∈ S, a cost r(s, u)

which is incurred by the system when it is in state s and
action u is chosen, and the probability p(s, s′, u) that, in
the next stage, the system will be in state s′ when action u

1 A stochastic process has the Markov property if the conditional prob-
ability distribution of the next state of the process depends only upon
the present state and is conditionally independent of past states.

in state s is chosen. The set of these transition probabilities
constitute the transition matrix T. A stationary policy is a
function π(s) which maps every state s ∈ S to a unique
control action u ∈ A(s). When the system operates under
a policy π(s), the MDP reduces to a Markov chain, and
the following expected average cost is defined:

Rπ = lim sup
n→∞

1

n
Eπ

{
n−1∑
t=0

r [s(t), u(t)]

}
, (1)

where s(t) and u(t) are the state and the action at stage t,
and the subscript π specifies that the controller operates
under policy π . The MDP problem is to determine the
optimal policy π∗ minimizing cost (1). Beside standard
Dynamic and Linear Programming approaches ([21]), RL
algorithms can also be used to solve unconstrained MDPs
([24]); even if RL approaches achieve the optimal solu-
tion only under given conditions, such as infinite number
of visits of each state, in practice they achieve approxi-
mate solutions to problems which are intractable for other
methods, as, in this case, for Dynamic and Linear Pro-
gramming approaches, which are subject to the scalability
problems of MDPs.

As shown in the following Section, the admission and
dropping control problem can be modeled as a constrained
MDP, which is a MDP where another cost d(s,u) is defined
with its average cost:

Dπ = lim sup
n→∞

1

n
Eπ

{
n−1∑
t=0

d [s(t), u(t)]

}
, (2)

and a maximum tolerated constant value K for cost (2)
is specified. Then, in the constrained MDP, a policy π is
feasible only if it is such that Dπ < K . The constrained
MDP, denoted with {S, A, T, r, d, K}, is feasible if there
exists at least a feasible policy, and the constrained MDP
problem is to determine the optimal feasible policy π∗

minimizing cost (1).
As mentioned in the introduction, the solution of con-

strained MDPs can be sought by two main approaches:
the LP formulation and the Lagrangian approach. With
this latter approach, RL algorithms can be used to solve
constrained MDPs, since they formulate the constrained
MDP as an unconstrained MDP i) by deleting the con-
straint on cost (2), and ii) by using a Lagrange multiplier
ω ∈ [0, ∞) to define a new cost structure:

g [s(t), u(t), ω] = r [s(t), u(t)] + ωd [s(t), u(t)] . (3)

The expected average cost is then defined as:

Gπ (ω) = lim sup
n→∞

1

n
Eπ

{
n−1∑
t=0

g [s(t), u(t), ω]

}
. (4)
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Different values for the Lagrange multiplier ω

determine generally different optimal policies π∗
ω for

the unconstrained MDP {S, A, T, g(ω)}. The following
theorem holds for stationary MDPs (analogous theorems
are demonstrated for example in [23], [2], and [3] under
harder assumptions):

Theorem 1: If the constrained MDP {S, A, T, r, q, K} is
unichain2 and feasible, and if the costs r and d are
nonnegative, then an optimal ω∗ exists such that the opti-
mal solution of the unconstrained MDP {S, A, T, g(ωq)}

is an optimal (feasible) policy of the constrained MDP
{S, A, T, r, q, K}. �

Note that the solution of a constrained MDP is random-
ized in at least one state ([3]). As discussed in Section 4, the
RL algorithm should learn the optimal ω∗ from available
environment measures.

3. MDP Framework for Links with
Variable Capacity

Sections 3.1 and 3.2 briefly describe the MDP framework
for links with time-varying capacity developed in [19];
Section 3.3 defines the constrained MDP which takes into
account fairness and dropping constraints.

3.1. Link Model

A generic time-varying link modeled as a Markov chain is
considered. Each state l of the Markov chain is character-
ized by a different available capacity, denoted with ξl, l =

1, . . . , L, with ξl < ξl+1, l = 1, . . . , L − 1. The number L
of link states is defined based on the link characteristics.
For instance, in DVB-S2 satellite networks L is the number
of the (finite) available {modulation/coding/symbol rate}
combinations, each one leading to a different transmis-
sion capacity ([6]); in UMTS networks the link capacity
is interference-limited ([17]) and varies continuously (soft
capacity): in this case, the number of states L is a
model parameter driving the trade-off between scalability
(which decreases with L) and granularity (which increases
with L).

The generic transition frequency φlk , l, k = 1, . . . , L,
between two link states can be estimated by link mea-
sures, as described in example [4]; the resulting link
transition matrix is denoted with �. Note that Markov
chains describing network links are ergodic due to physical
reasons.

2 A MDP is unichain if, for each policy, there is a single recurrent class
plus one (possibly empty) class of transient states ([20])

3.2. MDP Call Admission and Dropping
Control

Let us consider a link supporting C classes of service,
each one characterized by a bitrate ec, c = 1, . . . , C.
Let x(t) be the vector of on-going calls, defined by
the number of calls of each class c on-going at time t:
x(t) = (n1(t), n2(t), . . . , nC(t)). The network is repre-
sented by a discrete-time system, whose generic state s(t)
is given by the vector x(t) plus the link capacity at time t,
ξ(t): s(t) = (x(t), ξ(t)). At time t, the load η(t) asso-
ciated to state s(t) is then η(t) = η[s(t)] = η[x(t)] =∑
c=1,...,C

nc(t)ec.

Two cases arise:

1. η(t) ≤ ξ(t): in this case, if a call request arrives,
the admission controller decides whether to admit or
reject it based on the current state s(t). The admission
decisions constitute the network admission policy.

2. η(t) > ξ(t): in this case, one or more calls must be
dropped until the system reaches a state whose load is
less than the link capacity. Thus, beside the admission
policy, a network dropping policy is required.

Note that, even if the admission policy is such that a
given class c call is blocked whenever ξ(t) + ec > η(t),
forced dropping cannot be avoided due to the fact that
the link capacity is varying. Hereafter, a given state s(t)
will be denoted as available at time t if η[s(t)] ≤ ξ(t),
unavailable otherwise.

The system dynamics is function of the state s(t), of the
control action u(t) and of the disturbance z(t):

s(t + 1) = f (s(t), u(t), z(t)), (5)

The disturbance z(t) represents call attempts and termi-
nations, characterized as follows: for each class c, call
attempts are distributed according to a Poisson process
with mean arrival frequency λc; the call holding time of
class c is exponentially distributed with mean termina-
tion frequency μc

3. The control u(t) is relevant at call
attempts and when a state becomes unavailable due to
the variation of the link capacity: in the former case u(t)
is the admission decision, in the latter it is the dropping
decision.

3 Poisson call attempts and exponential call holding time are widely used
in the literature and are adequate at least for voice users, but further
research is needed in the area of Markov regenerative decision processes
to justify it for the new traffic services ([10], [33]). However, note that
traffic statistics are necessary to develop the MDP framework but are
not required by the RL approach – see for example [11], whose RL-
based admission control succeeded in controlling traffic characterized
by a self-similar distribution.
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3.2.1. State Space S

Let � be the finite set of feasible on-going call vectors x
whose load η(x) is less than the maximum link capacity,
and let M be the cardinality of �:

� =

{
x = (n1, . . . , nC)

∣∣∣∣ ∑
c=1,...,C

ncec ≤ ξL ,

nc = 0, 1, 2, . . . , c = 1, . . . , C

}
. (6)

For each ξl, l = 1, . . ., L, the generic state s = (x, ξl)

is available if η(s) = η(x) ≤ ξl, unavailable otherwise.
Then, the set of available states is:

SAV = {s = (x, ξl) | x ∈ �, η(s) ≤ ξl, l = 1, . . . , L} , (7)

the set of unavailable states is

SUN =
{
s = (x, ξl) | x ∈ �,

ξl < η(s) ≤ ξL, l = 1, . . . , L
}
, (8)

and the whole state space is S = SAV ∪ SUN . The total
number of states is L · M.

3.2.2. Action Space A

In the generic available state s = (n1, . . . , nc, . . . , nC , ξl) ∈

SAV , if a call attempt of class c occurs, the controller
might decide to block the call (and the state remains the
same) or to accept it, provided that s′ = (n1, . . . , nc +

1, . . . , nC , ξl) ∈ SAV . Such decision is denoted as u(s, c),
and is equal to 1 if the decision is to accept the new call,
to 0 if it is to reject it; no decision can be taken on call ter-
minations. By defining δc as a (C + 1) vector of zeros but
the element of column c equal to 1, the above defined state
s′ is equal to s + δc and the action space of an available
state is defined as follows:

A(s) =
{
u(s) =

(
u(s, 1), . . . , u(s, C)

)∣∣u(s, c) ∈
{
0, 1
}

if s + δc ∈ SAV ,

u(s, c) = 0

if s + δc /∈ SAV , c = 1, . . . , C
}
, ∀s ∈ SAV

(9)

In an unavailable state, if a call attempt of class c occurs,
the controller has to block the call; moreover, the controller
must drop one call to try to reach an available state. The fre-
quency fdrop of the dropping action (which determines the
time interval between two consecutive dropping actions)
depends on implementation constraints but is practically
much higher than traffic and link state dynamics. Consider-
ing a generic unavailable state s = (n1, . . ., nC , ξl) ∈ SUN ,
the controller decision is to select the class c of the call to

be dropped among all classes c such that nc > 0. The sys-
tem is then driven to another unavailable if s − δc ∈ SUN ,
or to an available state if s − δc ∈ SAV . Such decision is
denoted as u(s, c), and is equal to 1 if the decision is to drop
a class c call, 0 otherwise; furthermore, when the system
is in an unavailable state, exactly one dropping decision
must be equal to 1. The action space of an unavailable
state is then defined as follows:

A(s) =

{
u(s) =

(
u(s, 1), . . . , u(s, C)

)∣∣u(s, c) ∈
{
0, 1
}

if nc > 0,

u(s, c) = 0 if nc = 0,
C∑

c=1

u(s, c) = 1,

c = 1, . . . , C

}
, ∀s ∈ SUN . (10)

The controller policy π is defined by setting an action
u(s) ∈ A(s) for each state s ∈ S. The admission policy
is defined by the actions u(s) ∈ A(s), ∀s ∈ SAV . The
dropping policy is defined by the actions u(s) ∈ A(s),
∀s ∈ SUN . The policy space 	 is the set of the feasible
policies:

	 =
{
π : S → A

∣∣π(s) = u(s) ∈ A(s), s ∈ S
}

. (11)

3.2.3. Transition Matrix T

The transition probabilities which define T are inferred
from the link model, from the above-stated assumptions
on z(t), and from the above-defined action space A.

In particular, the following transition frequencies are
defined:

(a) Transitions between available states when a class c
call terminates:

t(s, s − δc) =

{
nc(s)μc if s − δc ∈ SAV

0 otherwise
,

s ∈ SAV , c = 1, . . . , C, (12)

where, with slight abuse of notation, nc(s) is the num-
ber of on-going calls of class c when the system is in
state s;

(b) Transitions between available states when a class c
call is accepted:

t(s, s + δc) =

{
u(s, c)λc if s + δc ∈ SAV

0 otherwise
,

s ∈ SAV , c = 1, . . . , C (13)
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(note that these transition frequencies depend on the
admission policy);

(c) Transitions from unavailable states when a class c call
is dropped or terminates4:

t(s, s − δc) =

{
fdropu(s, c) + nc(s)μc if s − δc ∈ S

0 otherwise
,

s ∈ SUN , c = 1, . . . , C; (14)

(note that these transition frequencies depends on the
dropping policy);

(d) Transitions due to link state changes:

t(s, s′) = φlk , s = (x, ξl) ∈ S, s′ = (x, ξk) ∈ S,

l, k = 1, . . . , L, l 
= k; (15)

(e) All the other transition frequencies are null.

To define the transition probabilities, a standard uni-
formization procedure ([19]) is considered:

(1) Divide the transition frequencies by the constant γ ,
which has to be greater than the maximum total output
frequency among all the states:

p(s, s′) = t(s, s′)/γ , with γ > max
s∈S

{∑
s′∈S

t(s, s′)

}
,

s 
= s′, s, s′ ∈ S; (16)

(2) Add self-transitions to let the sum of the transitions
leaving a state equal to 1:

p(s, s) = 1 −
∑
s′ ∈ S
s′ 
= s

p(s, s′), s ∈ S. (17)

3.2.4. Cost Function r

The objective of minimizing the total blocking probability
is pursued by associating the following cost to the couples
available state-action:

r [s, u(s)] =

C∑
c=1

[1 − u(s, c)] =

C∑
c=1

Pb(s, c),

∀u(s) ∈ AAV , s ∈ SAV , (18)

where Pb(s, c) = 1 − u(s, c) is the probability of blocking
a class c call when the system is in state s.

4 In this case, s − δc can be either available or unavailable.

In the unavailable states, each incoming call is blocked;
the associated cost is thus:

r [s, u(s)] =

C∑
c=1

Pb(s, c) = C, ∀u(s) ∈ A(s), ∀s ∈ SUN .

(19)

Costs (18) and (19) entail that the total cost minimized
by the MDP under policy π is the sum of the per class
stationary blocking probabilities, denoted with Pb,π (c),
c = 1, . . . , C:

Rπ =
∑
s∈S

r [s, u(s)] Pπ (s) =
∑

c=1,...,C

Pb,π c), (20)

where Pπ (s) is the stationary probability that the system
is in state s under policy π .

Lemma 1: The MDP {S, A, T, r} is unichain for any
policy π . �

Proof: The MDP is unichain, since blocking decisions
set the associated transition probability to zero (see
equation (13)), whereas the transitions associated to call
termination, call dropping, and link state changes are
always positive (see equations (12), (14) and (15)). In fact,
a given policy might determine one or more sets of states
such that all the transitions toward these sets are associ-
ated to blocked call arrivals and are null. However, there
are always nonnull transitions departing from these sets
which are associated to call terminations, call dropping,
and link state changes. Thus, these sets identify the set
of transient states, and the remaining states constitute the
single recurrent class. The recurrent class always exists: at
least, a set of nonnull transitions (due to call terminations,
call dropping and link state changes) always exists from
every state to the empty states s = (x, ξl), l = 1, . . . , L,
such that x = (0, . . . , 0).

3.3. Constrained MDP Modeling Fairness and
Dropping Constraints

This Section develops the constrained MDP which
addresses the objectives of controlling class-level con-
straints in terms of fairness and dropping probabilities.

3.3.1. State Augmentation to Address Fairness

The state-dependent stationary blocking probability of
class c in state s, denoted with Pb(s, c), is defined as the
probability of blocking a class c call when the system is in
state s. A fair call control policy is such that the blocking
probabilities of the different classes are not “excessively”
different. To achieve fairness, the policy should aim at
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minimizing the worst (i.e., largest) blocking probability
among the supported classes (as in [19]):

min
π∈	

∑
s∈S

[1 − u(s, c)] Pπ (s) = min
π∈	

∑
s∈S

Pb(s, c)Pπ (s)

= min
π∈	

Pb,π (c), c = arg max
c′=1,...,C

{
Pb,π (c′)

}
. (21)

To directly take into account this enforcement in the
cost function, we should add a new term Pb,π (s, c) to
equation (18) in a multiobjective optimization fashion:

r [s, u(s)] =

C∑
c′=1

[
1 − u(s, c′)

]
+ w [1 − u(s, c)]

=

C∑
c′=1

Pb(s, c′) + wPb(s, c), u(s) ∈ A(s),

s ∈ SAV , c = arg max
c′=1,...,C

{
Pb,π (c′)

}
(22)

where w is a weight which has to be tuned to specify
the relevance of the second term, aimed at obtaining fair
blocking probabilities, with respect to the first term, aimed
at minimizing the total blocking probability.

The class c which has the worst stationary blocking
probability Pb,π (c) depends on the policy π . Hereafter, the
worst class will be denoted with cb = arg max

c=1,...,C

{
Pb,π (c)

}
.

To restore a state-dependent cost, we define the following
augmentation of the available state space:

S̄AV =
{
s̄ = (s, c)

∣∣s ∈ SAV , c = 1, . . . , C
}

. (23)

The meaning is that the system visits the available state
s̄ = (s, c) = (x, ξl, c) ∈ S̄AV when the number of on-going
calls is given by x, the link is in state l and c = cb. The
action space Ā(s̄) of an augmented available state is the
same as the action space of the corresponding “original”
state, defined by (9): Ā(s̄) = A(s), with s such that s̄ =

(s, c), ∀s̄ ∈ S̄AV . In the augmented state space, the cost
function is state-dependent:

r̄ [s̄, u(s̄)] =

C∑
c′=1

[
1 − u(s̄, c′)

]
+ w [1 − u(s̄, c)] ,

u(s̄) ∈ Ā(s̄), ∀s̄ = (s, c) ∈ S̄AV . (24)

Remark 1: It is important to underline that no hard
constraints on dropping probabilities should be enforced.
In fact, if a maximum tolerated blocking probabil-
ity were enforced the constrained MDP would not
admit feasible solutions as the traffic load grows (e.g.,
see [16], [32]). �

3.3.2. State Augmentation to Address
Dropping Constraints

The stationary dropping probability Pd,π (c) of class c calls
under policy π is defined as the probability that an already
accepted call of class c is dropped. We define the call c
ingress probability as the birth probability of class c, λc/γ ,
times the acceptance probability of class c calls, com-
puted as [1 − Pb,π (c)]. The state-dependent dropping cost
Cd(s, c) of class c in state s is defined as the probability
that a class c call is dropped when the system is in state s:

Cd(s, c) = u(s, c)
fdrop

γ
, s ∈ SUN , c = 1, . . . , C. (25)

By summing the dropping costs (25) over the unavailable
states, weighted by the stationary probabilities and divided
by the ingress probability of class c, the class c dropping
probability Pd,π (c) is obtained:

Pd,π (c) =

∑
s∈SUN

Cd(s, c)Pπ (s)

λc

γ

[
1 − Pb,π (c)

]

=

∑
s∈SUN

u(s, c)
fdrop

γ
Pπ (s)

λc

γ

[
1 − Pb,π (c)

] , c = 1, . . . , C. (26)

In fact, the numerator of equation (26) represents the
probability that a class c call is dropped, whereas the
denominator represents the probability that a class c enter
the system. As explained hereafter, probability (26) is
well-posed by construction. Note that, in a generic real-
ization of the MDP, the system can visit an unavailable
state with nc ≥ 1 on-going calls of class c, c = 1, . . . , C,
only if at least nc class c calls were previously accepted.
Thus, in all the realizations of the MDP, the (nonnega-
tive) total number of dropped class c calls cannot exceed
the (nonnegative) total number of accepted class c calls.
Consequently, considering the whole MDP, the total prob-
ability that a class c call is dropped (represented by the
numerator of equation (26)) cannot be greater than the
acceptance probability of class c calls (represented by
the denominator of equation (26)); thus, it follows that
Pd,π (c) ∈ [0, 1].

From equation (26), the following C constraints are
defined:

Pd,π (c) =

∑
s∈SUN

Cd(s, c)Pπ (s)

λc

γ

[
1 − Pb,π (c)

] < Pd,MAX(c),

c = 1, . . . , C, (27)
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expressing the objective of limiting the dropping probabil-
ities under the maximum tolerated dropping probabilities
Pd,MAX(c), c = 1, . . . , C.

To make use of the Lagrangian framework developed
in [26] and [27], a single constraint has to be consid-
ered. Thus, we consider the following constraint, which is
equivalent to constraints (27):

∑
s∈SUN

Cd(s, c)Pπ (s) < Pd,MAX(c)
λc

γ

[
1 − Pb,π (c)

]
,

c = arg max
c′=1,...,C

{
Pd,π (c′)

Pd,MAX(c′)

}
. (28)

The corresponding cost d (i.e., the cost which takes
into account the constraints in constrained MDPs, see
Section 2) is then defined as follows:

d [s, u(s)] = Cd(s, c), s ∈ SUN , u(s) ∈ A(s),

c = arg max
c′=1,...,C

{
Pd,π (c′)

Pd,MAX(c′)

}
. (29)

The class c which has the worst normalized stationary
dropping probability depends on the policy π . Here-
after, the worst class c will be denoted with cd =

arg max
c=1,...,C

{
Pd,π (c)/Pd,MAX(c)

}
. Similarly to Section 3.3.1,

to restore a state-dependent cost we define the following
augmentation of the unavailable state space:

S̄UN =
{
s̄ = (s, c)

∣∣s ∈ SUN , c = 1, . . . , C
}

. (30)

The meaning is that the system visits the unavailable state
s̄ = (s, c) = (x, ξl, c) ∈ S̄UN when the number of on-
going calls is given by x, the link is in state l and c =

cd . The action space Ā(s̄) of an augmented unavailable
state is the same as the action space of the corresponding
“original” state, defined by (10): Ā(s̄) = A(s), with s such
that s̄ = (s, c), ∀s̄ ∈ S̄UN . Equations (23) and (30) define
the augmented state-space S̄ = S̄AV

⋃
S̄UN . Accordingly,

π̄ denotes a policy in the augmented policy space:

	̄ =
{
π̄ : S̄ → Ā

∣∣π̄ (s̄) = u(s̄) ∈ Ā(s̄), s̄ ∈ S̄
}

. (31)

In the augmented state space, cost (29) becomes state-
dependent:

d [s̄, u] = Cd(s̄, c), s̄ = (s, c) ∈ S̄UN ,

u(s̄) ∈ Ā(s̄), c = 1, . . . , C, (32)

where Cd(s̄, c) is defined analogously to equation (25).

3.3.3. Constrained MDP Addressing Fairness and
Dropping Probability Constraint

This Section completes the definition of the constrained
MDP.

The following transition frequencies outgoing from the
augmented states are defined:

(a) By fixing the value of c, the transition frequencies
between available states due to call terminations, call
acceptances and link state changes are defined as in
equations (12), (13), and (15).

(b) Similarly, by fixing the value of c, the transition
frequencies between unavailable states due to call ter-
minations, call droppings, and link state changes are
defined as in equations (14) and (15).

(c) For each couple c and c′, the transition frequencies
between available states and unavailable states due to
link state changes are the following:

t(s̄, s̄′) =

{
φlk if c = cb and c′ = cd

0 otherwise
,

s̄ = (x, ξl, c) ∈ S̄AV , s̄′ =
(
x, ξk , c′

)
∈ S̄UN ;

c, c′ = 1, . . . , C; l, k = 1, . . . , L; l 
= k
(33)

(note that only one of transitions (33) is enabled at a
time, depending on the worst classes cb and cd).

(d) Similarly, for each couple c and c′, c, c′ = 1, . . . , C,
the transition frequencies between unavailable states
and available states due to link state changes are the
following:

t(s̄′, s̄) =

{
φlk if c = cb and c′ = cd

0 otherwise
,

s̄′ =
(
x, ξk , c′

)
∈ S̄UN , s̄ = (x, ξl, c) ∈ S̄AV ;

c, c′ = 1, . . . , C; l, k = 1, . . . , L; l 
= k
(34)

(note that only one of transitions (34) is enabled at a
time, depending on the worst classes cb and cd).

(e) The transition frequencies from unavailable states to
available states due to a class c call dropping or
termination are the following:

t(s̄′, s̄′′) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fdropu(s̄′, c) + nc(s̄′)μc,

if c′ = cd , c′′ = cb and

s̄′′ = (s − δc, c′′) ∈ S̄AV

0, otherwise

, (35)

s̄′ = (s, c′) ∈ S̄UN , c = 1, . . . , C.
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Remark 2: From definitions a)–e), it follows that, under
policy π̄ , the alive transitions are: 1) transitions between
couples of available states (s, cb) and (s′, cb); 2) tran-
sitions between couples of unavailable states (s, cd) and
(s′, cd); 3) transitions between copule of available states
(s, cb) and unavailable states (s′, cb). �

By following the uniformization procedure outlined in
Section 3.2.3 (equations (16) and (17)), the augmented
transition matrix T̄ is obtained. To cope with the possibil-
ity that, in a given realization, the system under policy
π̄ starts in an available (unavailable) state (s, c), with
c 
= cb (c 
= cd), where, according to Remark 4, no
transition is alive but the self-transition, the following
transition probabilities are added to the transition matrix
(and the self-transitions are modified accordingly as in
equation (17)):

t(s̄′, s̄′′) =

{
1 if c′ 
= cb and c′′ = cb
0 otherwise

,

s̄′ = (s, c′) ∈ S̄AV , s̄′′ = (s, c′′) ∈ S̄AV , c′ 
= c′′,
(36)

t(s̄′, s̄′′) =

{
1 if c′ 
= cd and c′′ = cd
0 otherwise

,

s̄′ = (s, c′) ∈ S̄UN , s̄′′ = (s, c′′) ∈ S̄UN , c′ 
= c′′.
(37)

Cost (24) is associated to each available augmented state,
whereas the cost associated to each unavailable augmented
state is still defined as in equation (19):

r̄ [s̄, u(s̄)] = C, ∀u(s̄) ∈ Ā(s̄), ∀s̄ ∈ S̄UN , (38)

To take into account dropping constraints, the cost d
defined in equation (32) is associated to each unavailable
state, whereas the cost d associated to the available states
is null, since no dropping occurs.

The constrained MDP is then {S̄, Ā, T̄, r̄, d, K}.
The following theorem holds:

Theorem 2: The constrained MDP {S̄, Ā, T̄, r̄, d, K} has
following properties:

(i) the constrained MDP is unichain under any policy π̄ ;
(ii) the constrained MDP is feasible for any Pd,MAX(c) ∈

[0, 1], c = 1, . . . , C;
(iii) the expected average cost evaluates the total block-

ing probability and the fairness with respect to the
blocking probabilities;

(iv) by setting 0 < K ≤ Pd,MAX(cd) λc
γ

[
1 − Pb,π̄ (cd)

]
,

the dropping probabilities Pd,π̄ (c) are constrained
by the maximum dropping probabilities Pd,MAX(c),
c = 1, . . . , C. �

Proof: See Annex 1.

There is still a problem: the maximum tolerated value of
the constant K is not known in advance, since it depends
on the policy. This problem will be addressed in the RL
framework by estimating this value on-line (see Section 4).

4. Lagrangian Approach and RL
Algorithm

As described in Section 4.2, RL algorithms can be used to
approximate the solution of constrained MDPs under the
Lagrangian approach introduced in Section 4.1.

4.1. Lagrangian Approach

As in equation (3), under the Lagrangian approach the
following cost function is obtained:

g [s̄, u(s̄), ω] = r̄ [s̄, u(s̄)] + ωd [s̄, u(s̄)] =⎧⎪⎨
⎪⎩

C∑
c=1

u(s̄, c) + wPb,π̄ (s̄, c), u(s̄) ∈ Ā(s̄), s̄ = (s, c) ∈ S̄AV

C + ωCd,π̄ (s̄, c) , u(s̄) ∈ A(s̄), s̄ = (s, c) ∈ S̄UN

.

(39)

Equation (39) defines the unconstrained MDP
{S̄, Ā, T̄, g(ω)}. The following theorem holds:

Theorem 3: An optimal ω∗ exists such that an opti-
mal solution of the unconstrained MDP {S̄, Ā, T̄, g(ω∗)} is
an optimal (randomized) policy of the constrained MDP
{S̄, Ā, T̄, r̄, d, K}. �

Proof: The theorem follows from the fact that Theorem 1
holds, since i) Theorem 2 states that the constrained MDP
{S̄, Ā, T̄, r̄, d, K} is unichain; ii) Theorem 2 shows that
the constrained MDP is feasible; iii) the costs r̄ and d
(equations (24), (32) and (38)) are nonnegative.

With the RL approach, ω∗ must be approximated by
on-line environment measures, as specified in the follow-
ing Section. As shown in [2], in unichain constrained
MDPs the optimal policy is a randomized policy at least
in 1 state. However, for the sake of implementation
complexity, we will only seek deterministic suboptimal
policies: simulation results will evaluate how the deter-
ministic policy manages to control blocking and dropping
probabilities.

4.2. RL Algorithm

Once the problem is defined as an unconstrained MDP,
standard RL algorithms can be applied. The proposed
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algorithm is based on the RL CAC developed in [26] for the
constant capacity case. For the sake of simplicity, and since
the specific structure of the RL algorithm is not a focus of
this article, the popular Watkins’ Q-Learning algorithm is
considered ([24]), which is based on the estimation of the
action-value function Q (that gives the expected cost of
selecting a given action in a given state and following a
fixed policy thereafter). At stage t, the estimation step of
Q-learning is the following:

Q(s̄, ū; t + 1) = (1 − α)Q(s̄, ū; t)

+ α

[
g(s̄, ū, ω) + ρ(t) max

ū′∈Ā(s̄′)
Q(s̄′, ū′; t)

]
,

(40)

where ρ(t) ∈ (0, 1] is the learning rate and α ∈ (0, 1) is the

discount factor. If ρ(t) is such that lim
n→∞

n−1∑
t=0

∣∣ρ(t)
∣∣2 < ∞

and lim
n→∞

n−1∑
t=0

ρ(t) = ∞, Q converges to the optimal Q∗

for t → ∞ ([24]).
Then, the deterministic optimal policy is retrieved as:

u∗(s̄) = arg max
u∈Ā(s̄)

Q∗(s̄, u), s̄ ∈ S̄. (41)

Equation (41) shows that the estimation of the action-value
function has to be performed in each state. Thus, an effec-
tive approximation of the optimal action-value function
can be achieved only if each state is visited a sufficient
number of times. To favor the state space exploration, at
each stage t the standard ε-greedy approach ([24]) is used
to choose the controller action:

π̄ (s̄; t) =

{
u∗(s̄), if rnd(t) < (1 − ε)

u(s̄) 
= u∗(s̄), otherwise
, s̄ ∈ S̄,

(42)

where rnd(t) ∈ [0, 1] is a uniform random number and
ε ∈ [0, 1] is a predefined real number which sets the
trade-off between the need of exploration (required to
obtain a rich environment model) and the convergence
speed.

A key feature of RL algorithms is that they do not rely on
statistics but on measurements. In particular, the proposed
call control algorithm requires updating the following
measures at every stage and for any class c = 1, . . . , C:
number of call births, number of blocked calls, number of
dropped calls, which allow the computation of measured
blocking probabilities and measured dropping probabil-
ity. Note that if c′ = cb (c′ = cd) and the system is in
a given available (unavailable) state s̄ = (s, c′), as the

worst measured blocking probability (the worst normal-
ized measured dropping probability) changes to c′′, the
system immediately transitions to the state s̄ = (s, c′′),
according to equation (36) (equation (37)).

To obtain a practical algorithm suitable for implemen-
tation, the scalability of the Q function and the on-line
estimation of the Lagrangian multiplier and of the value
K of the maximum tolerated cost will be addressed in
Sections 4.2.1 and 4.2.2.

4.2.1. State Aggregation

The state aggregation is based on the one introduced
for the MDP approach in [18] (where the aggrega-
tion model is discussed in detail). As analyzed in [18]
for the MDP approach, state aggregation leads to sub-
optimal policies, and the controller performance worsens
with the aggregation level. Differently, with the RL
approach the state space exploration even benefits from
some level of state aggregation, since the RL algorithm
learns to control the blocking/dropping probabilities of
a given state only after having visited that state a suffi-
cient number of times: without aggregation, the number
of states rapidly grows due to the poor scalability of
MDP models, leading to poor exploration capability and,
consequently, to poor algorithm performance. The granu-
larity H of state aggregation, defined hereafter, is another
parameter which has to be tuned (see the simulations in
Section 5).

The states are aggregated based on their load. By defin-
ing H load thresholds ηth(i), i = 1, . . . , H, such that i)
ηth(i + 1) > ηth(i), i = 1, . . . , H − 1, ii) ηth(1) = 0,
iii) ηth(H) = ηL, H − 1 aggregated available states are
obtained, for each value of c:

s�i,c =
{
s̄ ∈ S̄AV

∣∣s̄ = (s, c) and

ηth(i) < η(s̄) ≤ ηth(i + 1)
}
,

i = 1, . . . , H − 1, c = 1, . . . , C, (43)

and H − 1 aggregated unavailable states are obtained:

s�i,c =
{
s̄ ∈ S̄UN

∣∣s̄ = (s, c) and

ηth(i) < η(s̄) ≤ ηth(i + 1)
}
,

i = 1, . . . , H − 1, c = 1, . . . , C. (44)

The number of aggregate states is therefore 2(H − 1)L.
The action space and the cost functions after the state

aggregation are easily derived from the action space and
cost functions defined in Section 3. State-dependent block-
ing and dropping probabilities are computed exactly as
with the nonaggregated states. Practical rules are imple-
mented in case states with different available actions are



98 A. Pietrabissa

in the same state aggregate: if the estimated best action
associated to the aggregate is not available for the system
(i.e., the best action is to accept a call, but with this deci-
sion the resulting system load would become greater than
the link load; the best action is to drop a class c call, but
no class c call is on-going), then the controller selects the
second best action (or the c-th best action, if the first (c−1)
ones are not available).

4.2.2. Estimation of the Lagrange Multiplier
and of the Value of the Maximum
Tolerated Cost

The following simple estimate of the Lagrange multiplier
ω, analogous to the one used in [5], was implemented in
the simulations:

ω(t + 1) =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t ≤ texpl

max

{
0, ω(t) +

kω

t − texpl[
max

c=1,...,C

Pd,MEAS(c, t)

Pd,MAX(c)
− 1

]}
, t > texpl

,

(45)

where Pd,MEAS(c,t) is the measured dropping probabil-
ity of class c at stage t, kω is a positive constant and
texpl is the number of stages used to explore the environ-
ment before starting to update the Lagrange multiplier: in
fact, the simulation starts with no on-going connections
and the measurements becomes significant only when
the network is sufficiently loaded. This algorithm con-
verges thanks to the fact that the gain of the variation
step is kω/(t − texpl), which is driven to 0 as t → ∞,
whereas the quantity between the square brackets remains
limited.

The main problems of this estimate, which are not
addressed in this paper, are i) that the algorithm efficiency
is sensitive to the gain constant kω; ii) that it cannot follow
variations of traffic statistical characteristics (for instance,
rules to re-start the estimate when the system performances
are not satisfactory could be implemented).

The value of the maximum tolerated cost (see
Theorem 2) is computed at every stage t as:

K(t) = Pd,MAX(cd)
λc

γ

[
1 − Pb,MEAS(cd , t)

]
,

with cd = arg max
c=1,...,C

{
Pd,MEAS(c, t)/Pd,MAX(c)

}
,

(46)

where Pb,MEAS(c, t) is the measured blocking probabil-
ity of class c at stage t. Note that, in a well-behaving
communication network, the blocking probability is kept
small – usually well below 10% – and, therefore, in
practice, both the values of K in Theorem 2 and of
K(t) in equation (46) are close to the policy-independent
value Pd,MAX(cd)[λc/γ ]. Nonetheless, the validity of this
approach must be evaluated by simulation.

5. Numerical Simulation Results

Numerical simulations were performed with the aim of
evaluating the effectiveness of the proposed approach.
Table 1 summarizes the link model parameters, whereas
Table 2 collects the parameters of the three classes sup-
ported by the considered link; σ is a parameter used to
vary the offered load.

Five simulation sets were considered; 10 simulation
runs per set were performed. To evaluate the overall algo-
rithm performance in different traffic conditions, the five
simulation sets were characterized by different values
of σ , leading to different values of offered traffic load

ηOFF , computed as ηOFF =
C∑

c=1

λc
μc

ec. Table 3 shows the

parameter setting selected for all the simulation sets.
For each run, the link, class, and simulation parameters

were used to generate an event list; the events can be call
births/terminations and link state variations. At each event,
the RL algorithm is updated. At each call birth event, the
admission controller uses the admission policy computed
by the RL algorithm to decide whether to accept the call
or not; at each link state variation, if the new link state

Table 1. Values of the link model

Link state load [Mbps] Transition frequency matrix [min−1]

ξ1 = 1

ξ2 = 1.6

ξ3 = 2.2

ξ4 = 2.8

ξ5 = 3.4

ξ6 = ξL = 4

� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0.2641 0.1208 0.0302 0 0

0.0058 0 0.1968 0.2290 0.0526 0

0.0029 0.0049 0 0.5427 0.1715 0

0 0.0019 0.0107 0 0.5349 0.1647

0 0.0010 0.0049 0.0175 0 0.29331

0 0 0.0010 0.0117 0.0370 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
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capacity ξl is lower than the current state capacity η(t), the
controller uses its dropping policy to decide which call to
drop; if necessary, other call droppings are performed with
rate fdrop.

Each simulation run was executed three times: the first
time, referred to as greedy, a heuristic policy was imple-
mented, which, in a greedy fashion, always accepts the
calls whenever enough capacity is available, and always
drops the on-going call with the highest bitrate; the sec-
ond time, referred to as RL1, the RL algorithm was
used, without dropping constraints and without consider-
ing fairness criteria; the third time, referred to as RL2, the

Table 2. Class parameters

Class of service Class 1 Class 2 Class 3

ec [kbps] 64 150 300

λc [min−1] 2.125 · σ 1.25 · σ 0.5 · σ

μc [min−1] 0.333 0.2 0.2

Table 3. Simulation parameters

Parameter Value

fdrop [min−1] 600
w 1
Pd,MAX (c), c = 1, 2, 3 0.01
H 20
Number of aggregate states (2(H − 1)L)) 228
texpl [stages] 100
kω 500
ρ(t) 1/t
α 0.95
ε 0.02
Number of runs per simulation 10
Length of each sim. run [h] 12

RL algorithm was used with dropping constraints and fair-
ness. To evaluate the obtained fairness, the Jain’s fairness
index ([8]) was considered, widely used in the literature,
which rates the fairness with values between 0 and 1 (the
greater the index, the fairer the policy):

FI(t) =⎛
⎝ ∑

c=1,...,C

PbMEAS(c, t)

⎞
⎠

2/⎛
⎝C

∑
c=1,...,C

(PbMEAS(c, t))2

⎞
⎠.

(47)

The first noteworthy result is that, thanks to the state
aggregation procedure, the RL approach avoids the scala-
bility problem of MDPs. In fact, the number of aggregate
states is 2(H − 1)L = 228. To estimate the number of
states ML required by the MDP described in Section 3.2,

we consider that M grows as
1

C!

C∏
c=1

(Nc + 1), where

Nc = �ξL/ec is the maximum number of on-going class c
calls ([15]): with the values of Tables 1–3, we obtain
ML ∼ 1.8 · 104, which, considering the subsequent large
action space and large number of transitions, is already
too much from the implementation viewpoint. Note also
that the RL algorithm could not be implemented without an
aggregation policy, since the state augmentation described
in Section 3.3 even worsens the scalability problem.

The average results of the simulation runs of each simu-
lation set are summarized in Table 4 and in Figure 1, which
show that:

– The performance of the greedy heuristic almost matches
the RL1 policy, aimed at minimizing the total block-
ing probability; in this case, implementing the RL
algorithm would not be convenient.

Table 4. Offered load ηOFF , average total blocking probability Pb,TOT , average load ηAVG, average fairness
index FI and average maximum dropping probability Pd,MAX for greedy policy, RL1, and RL2

Simulation set 1 2 3 4

ηOFF [Mbps] 2.42 2.64 2.86 3.08
ηAVG, greedy [Mbps] 2.4185 2.4865 2.687 2.7989
ηAVG, RL1 [Mbps] 2.4145 2.4826 2.6761 2.7987
ηAVG, RL2 [Mbps] 2.4062 2.4688 2.6559 2.7568
Pb, TOT greedy [%] 1.9754 2.22 3.2203 4.8182
Pb, TOT RL1 [%] 1.8386 2.1204 2.9454 4.5443
Pb, TOT , RL2 [%] 3.115 3.4296 5.2887 7.5324
FIgreedy [%] 79.215 77.8097 74.5456 77.4063
FIRL1 [%] 78.2469 75.6998 72.8562 75.1384
FIRL2 [%] 97.1701 95.7164 98.168 96.8869
Pd, MAX , greedy [%] 1.1891 2.1713 2.4472 2.7987
Pd, MAX , RL1 [%] 0.97357 1.5183 1.5148 2.3527
Pd, MAX , RL2 [%] 0.9037 1.0133 0.9326 1.088
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– The multiobjective cost function of RL2 manages to
enforce fairness among classes without significantly
affecting the average throughput: in all the simulations
the fairness index was about 20%–25% higher than with
RL1 and greedy.

– The dropping probability constraint is effectively
enforced by RL2: the maximum dropping probability
is always about 1% (which is the maximum value
Pd,MAX(c), c = 1, . . . , C) whereas in RL1 and greedy
it is uncontrolled and grows with the offered load
beyond 1%.

– As the offered load increases, fairness and dropping
constraint are enforced at the price of increasing the

Fig. 1. Average load, average fairness index, and maximum dropping
probability

blocking probability and, consequently, of lowering the
average load. The effect due to the dropping constraint
becomes more evident as the offered load increases:
at low loads, the RL algorithm evenly distributes the
dropping probabilities among the classes to lower the
maximum one, without significantly affecting the total
blocking probability; at higher loads, the dropping
probabilities must be further reduced by decreasing
the acceptance probabilities (i.e., the denominator of
equation (26)).

Finally, Table 5 and Figure 2 show the effect of varying
the state aggregation granularity. The scenario is the one of
simulation set number 3 with RL2 policy. As expected, the
table shows that a small number of aggregate states does
not allow the controller to efficiently operate (in particular,
it does not manage to increase the fairness index).

Fig. 2. Effect of the aggregation granularity: total blocking proba-
bility (Pb,TOT ); fairness index (FI); maximum dropping probability
(Pd,MAX )

Table 5. Effect of the aggregation granularity: total blocking probability (Pb,TOT ); fairness index (FI);
maximum dropping probability (Pd,MAX )

H 8 14 18 20 22 26 32

Aggregates (2(H − 1)L) 84 156 204 228 252 300 372
Pb,TOT ,RL2 [%] 3.25 4.16 6.07 5.29 6.07 6.14 6.14
FIRL2 [%] 74.92 83.40 96.84 98.17 96.84 96.76 94.09
Pd,MAX,RL2 [%] 1.00 0.92 0.91 0.93 0.91 1.04 0.99
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6. Conclusions and Future Work

This article introduces a practical and innovative approach
to deal with networks with time-varying link capacity,
such as CDMA networks, DVB-S2 satellite networks, and
WiMAX networks. The innovative approach consists in i)
exploiting the Markov Decision Process (MDP) frame-
work developed in [19] to define a constrained MDP;
ii) defining an unconstrained MDP via the Lagrangian
approach; iii) developing a Reinforcement Learning algo-
rithm to solve on-line the MDP. Beside the standard
admission policy, the algorithm returns a dropping pol-
icy to control the call dropping due to the variable link
capacity; numerical simulations confirm the effectiveness
of the proposed approach in controlling both blocking and
dropping probabilities.

On-going work is aimed at achieving an estimation
of the optimal Lagrange multiplier value adaptively with
respect to variations of traffic and link statistics. In this
respect, further research is considered within the ε-MDP
framework ([25]).
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Annex 1

Proof of Theorem 2: Let 	̄c′,c′′ be the subset of policies
such that c′ = cb and c′′ = cd :

	̄c′,c′′ =
{
π̄ ∈ 	̄

∣∣c′ = cb, c′′ = cd
}

,

c′, c′′ ∈ {1, . . . , C}, (A.1)

which induces a partition of the policy space, that is, 	̄ =⋃
c′,c′′∈{1,...,C}

	̄c′,c′′ , and 	̄c′,c′′

⋂
	̄c′′′,c′v = ∅ if (c′, c′′) 
=

(c′′′, c′v). Accordingly, we further introduce the subsets
S̄c′,c′′ defined as:

S̄c′,c′′ =
{
s̄ ∈ S̄AV

∣∣s̄ = (s, c′)
}⋃{

s̄ ∈ S̄UN
∣∣s̄ = (s, c′′)

}
,

c′, c′′ ∈ {1, . . . , C}, (A.2)

which induces a partition of the augmented state space,
that is, S̄ =

⋃
c′,c′′∈{1,...,C}

S̄c′,c′′ , and S̄c′,c′′

⋂
S̄c′′′,c′v = ∅ if

(c′, c′′) 
= (c′′′, c′v). Let also Āc′,c′′ be the action space (10)
defined over the subset S̄c′,c′′ , and T̄c′,c′′ be the matrix of
the transitions between the states in S̄c′,c′′ .

From definitions (23) and (30), it is clear that there is
a one-to-one correspondence between each subset S̄c′,c′′

and the state space S. As noted in Remark 2, under a
given policy π̄ , the only alive transitions are: 1) the ones
between the available states s̄ = (s, cb), s̄ ∈ S̄AV and
the unavailable states s̄ = (s, cd), s̄ ∈ S̄UN ; 2) the tran-
sition t(s̄′s̄′′) from s̄′ = (s, c) ∈ S̄AV with c 
= cb to
s̄ = (s, cb) ∈ S̄AV , in case the system initial state is s̄′;
3) the transition t(s̄′s̄) from s̄′ = (s, c) ∈ S̄UN with c 
= cd
to s̄ = (s, cd) ∈ S̄UN , in case the system initial state is s̄′.
Since these last two transitions occur with probability 1,
it follows that the states characterized by s̄ = (s, c) ∈ S̄AV

with c 
= cb and s̄ = (s, c) ∈ S̄UN with c 
= cd are tran-
sient. Thus, for each subset of policies (A.1), the MDP{
S̄, Ā, T̄, r̄, d, K

}
under a given policy π̄ ∈ 	̄c′,c′′ reduces

to the MDP
{
S̄c′,c′′ , Āc′,c′′ , T̄c′,c′′ , r̄, d, K

}
under policy π̄ ,

which is equivalent to the MDP {S, A, T , r̄, d, K} under a

policy π such that π(s) =

{
π̄ (s, c′), if s ∈ SAV

π̄ (s, c′′), if s ∈ SUN
, with r̄

and d computed for c′ and c′′, respectively. Since Lemma 1
states that the MDP {S, A, T , r̄, d, K} is unichain (differ-
ent cost functions does not affect the unichain property),
Property i) follows.

Properties iii), iv) and ii) straightforwardly follows:

(iii) From equations (24) and (38) it follows that the
expected cost is equal to:

Rπ̄ = lim
n→∞

1

n
Eπ̄

{
n−1∑
t=0

r̄ [s̄(t), u(t)]

}

=
∑
s̄∈S̄

r̄ [s̄, u] Pπ̄ (s̄) =
∑

s̄∈S̄cb ,cd

r̄ [s̄, u] Pπ̄ (s̄)

=

C∑
c=1

Pb,π̄ (c) + wPb,π̄ (cb), (A.3)

The first term of (A.3) evaluates the sum of the block-
ing probabilities, whereas the second term, weighted
by the parameter w, evaluates the maximum block-
ing probability among the classes of service and, thus,
enforces fairness among classes (see equation (21)).

(iv) Considering the cost function (32), by computing
the expected cost and by dividing it by the admis-
sion probability of class cd , λc

γ

[
1 − Pb,π̄ (cd)

]
, the

following equation is obtained (see equation (27):

Dπ̄

λc

γ

[
1 − Pb,π̄ (cd)

] =

lim
n→∞

1

n
Eπ̄

{
n−1∑
t=0

d [s̄(t), u(t)]

}

λc

γ

[
1 − Pb,π̄ (cd)

]

=

∑
s̄∈S̄UN

d(s̄, u)Pπ̄ (s̄)

λc

γ

[
1 − Pb,π̄ (cd)

]

=

∑
s̄∈S̄cb ,cd ∩S̄UN

u(s̄, u)
fdrop

γ
Pπ̄ (s̄)

λc

γ

[
1 − Pb,π̄ (cd)

]

= Pd,π̄ (cd), (A.4)
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Enforcing the single constraint Dπ̄ < K ≤

Pd,MAX(cd) λc
γ

[
1 − Pb,π̄ (cd)

]
is then equivalent to

enforcing constraint (28) (or constraints (27)).
(ii) Finally, to prove point ii), it is sufficient to show

that there is always at least one feasible policy:
the policy π̄ ′ which blocks all the calls is always

feasible: in fact, in this case the recurrent states are
the empty states s̄ = (s, c) = (x, ξl, c) such that x =

(0, . . . , 0) (see Lemma 1), which are available. Since
cost (32) is null for the available states, we have that
Dπ̄ ′ = 0 < K . �
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