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Abstract

We present a detailed analysis of the 3+1-split formalism of gravity in the presence of
a cosmological constant. The formalism helps revealing the intimate connection between
holography and the initial value formulation of gravity. We show that the various methods
of holographic subtraction of divergences correspond just to different transformations of the
canonical variables, such that the initial value problem is properly set up at the boundary.

The renormalized boundary energy momentum tensor is a component of the Weyl tensor.
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1 Introduction

An enormous amount of work in the past decade has been devoted to holographic studies of four-
dimensional quantum field theories. The basic setup has been the AdS;/CFT, correspondence,
whereby various five or higher-dimensional gravity models (related or not to supergravity) provide
information for strongly coupled, largely supersymmetric, four-dimensional gauge theories. This
way, fundamental quantum field theory properties such as symmetry breaking, confinement and
finite-temperature phase transitions may be viewed as the holographic images of certain properties

of gravitational theories.

However, relatively less work has been devoted to holographic studies of four-dimensional grav-
ity theories, mainly due to the lack of understanding of their three-dimensional boundary coun-
terparts. Nevertheless, recently there is a sharp rise in interest on AdS,/CFTj3 holography. This
is partly due to the set of ideas regarding the holographic description of three-dimensional con-
densed matter systems, see for example [1], 2] (3], 4], 5] and references therein. Moreover, important
additional motivation to study the AdS,/CFTj correspondence comes from the recent emergence

of various proposals regarding three-dimensional theories that describe M2 branes [0} [7, [8, 9], [10].

Apart from attracting all that recent recent interest, AdS,/CFTj3 has for some time now being
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singled out as a new holographic paradigm as it possesses some special properties not shared by
its more known AdS;/CFT, counterpart. Its most distinctive property is that it gives rise to a
holographic map of the electric-magnetic duality of Yang-Mills, and also of the generalized electric-
magnetic duality of linearized gravity and higher-spin gauge fields in four dimensions. Some of the
salient features of the three-dimensional boundary systems, such as Quantum-Hall type of dualities
[11], [12] 13] and the possibility of an exact holography [14} (15, [16] are intimately connected to it
[17, [18].

We believe that all the above is strong motivation to revisit four-dimensional gravity with
a cosmological constant and analyze in depth its holographic description. We embark in this
endeavour in the present and a companion work [19] based on the 3+1-split formalism of [20].
The latter was instrumental in the proof [20] of electric-magnetic duality of linearized gravity in
(A)dS;. We believe that the economy and the familiar physics picture drawn by the 3+1-split
formalism (e.g. the introduction of ”electric” and "magnetic” gravitational fields) make it very

well suited for studies in the AdS,/CFTj5 correspondence.
The 3+1-split formalism is a hybrid of the standard ADM construction [2I] and hence it

can be used to setup an initial value formalism for gravity. We should clarify from the beginning,
however, that the initial value formalism relevant to holography is physically different - and in many
cases simpler since causality issues do not arise - from the standard initial value formalism that
evolves the data on a Cauchy surface along real time. We comment further in Section 3. Perhaps
expectedly, we find that in the presence of a cosmological constant, setting up the initial value
problem in the boundary is equivalent to a holographic description The upshot of our work is the
demonstration that all known methods of holographic removal of divergences, namely holographic
renormalization [22, 23] and Kounterterms [24], 26] correspond to just different transformations of
the canonical variables, such that the initial value problem is properly set up at the boundary.
These transformations are canonical when they are implemented on the restricted phase space
defined by constraints. We identify the initial boundary velocity with a component of the Weyl
tensor. Holographically the latter gives the boundary energy momentum tensor. In the companion
paper [19] we discuss the notion of self-duality in gravity with a cosmological constant and show the

relevance of the three-dimensional gravitational Chern-Simons theory for self-dual configurations.

We begin in section 2 with a detailed presentation of the the 3+1-split formalism for gravity
with Lorentzian signature. We define our variables and explain our gauge-fixing choices. We end
up with a compact form of the equations of motion and zero-torsion constraints. Section 3 contain
the formal setup of the initial value problem for four-dimensional gravity with a cosmological

constant. In Section 4 we detail the Fefferman-Graham expansion in the 341-split formalism.

4Throughout the present and the companion work [19] “holography” is a broader notion (i.e. the mapping
of generic bulk data to the boundary) while AdS/CFT has a more specific meaning (the holographic mapping
between specified bulk and boundary theories). Away from a string/M-theory setup it is not clear if generic bulk

gravitational data can be encoded by non-gravitational QFTs, nevertheless the issue is not yet settled.



We identify the proper boundary data, namely the initial position and initial velocity. We also
note that the various terms on the FG expansion correspond to boundary geometrical data. In
section 5 we explain why holography can be viewed as an initial value formulation of gravity in
the boundary. We show that the two different methods of holographic removal of divergences
correspond to certain transformations of he canonical variables, such that a proper initial value
problem is setup at the boundary. We conclude in Section 6. Three Appendices contain useful
relations for the Weyl tensor, a brief presentation of the fist-order formalism for Yang-Mills theories
and also the holographic description of Schwarzschild and Taub-NUT AdS black holes.

2 Details on the the 34 1-split formalism

In this section we present a concise version of the 3+1-split formalism of [20] for gravity in the
presence of non-zero cosmological constant. We consider a Lorentzian manifold M and take the

Einstein-Hilbert action with cosmological constant in the first-order Palatini formalism as

1 A
5 /M €abed (R“" + e A eb) AeAet. (1)

This is thus equivalent to the standard second-order gravitational action

SEH:_

1
Sgna = — d*zv/=g (R + 6A
wi =1 | oV R 6N,
and hence the cosmological constants is related to the parameter A as Acosm. = —3A. The curvature

and torsion 2-forms are defined in terms of the vielbein e® and spin-connection w® as

R™ = dw® + w A w® , T = de® + w A e’
We define 7,, = diag(o.,+,+,03), where 0,03 = —1, 02 = 05 = 1 and set A = o /¢* such that
A <0 (A > 0) yields the de Sitter (Anti-de Sitter) vacuum. The manifold is supposed it can be
foliated by slices ¥; indexed by a function ¢ which is either a time coordinate if o, = —1 or a
radial coordinate if 0, = +1. Consequently, we split the vielbein and the spin connection asH

e = Ndt, e = Nt +e“, (2)

W™ = ¢*dt + 0, K*, w = —e*7(Q.,dt + B,) . (3)

Using (2) and (B]) and some lengthly but straightforward calculations [20] the action (Il can be
brought into the form

g . ~ N A N
Sp = ——% dt/\{—Ka/\ZO‘—IrNWa/\eO‘jLalQ/\Kﬁ/\eﬁ
87TG M
+01¢° DYy — N®eas DK® A é’v}
S (¢**dt+ 0, K*) A D (4)
87TG OM e
5Throughout this work, Latin indices run as a,b, c... = 0,1, 2,3 and Greek indices as o, 8,7, ... = 1,2, 3.



where Q = Q€% We have introduced the 2-form

- 1 1
Wy = pa — ieamKﬁ ANKT + 6_220" (5)

and have defined the oriented surface element as

. 1
N = = 56%55 AET,

with * the three-dimensional Hodge dual defined in terms of é* only. The three-dimensional
component of the curvature 2-form

~ 1
po = dB, + ieamBﬁ A B,

is made out of B* only. Moreover, D denotes a covariant derivative with respect to the one-form
field B* as

DV =dV® +¢% B AV,

if V' is a generic vector-valued one-form (with respect to either SO(3) or SO(2, 1) depending on
whether o; = F1 respectively) defined on ¥;. Comparing the action () to the Yang-Mills action
(©0) in Bl motivates calling the vector-valued one-forms K* and B* the “electric” and “magnetic”

fields respectively.

The boundary term in () is exactly minus the usual Gibbons-Hawking term [27] Scu. Hence,
the action S = Sgy + Sgy is stationary on-shell when §é* = 0 in the boundary, i. e. it provides a
good Dirichlet variational principle with respect to the vielbein. The form of the action () appears
to indicate that the proper conjugate dynamical variables are X% (or, equivalently, é*) and K®.
We will later see that the proper identification of the dynamical variables is slightly more involved
than this. The remaining fields { N, N®, ¢, @, B“} enter the action as Lagrange multipliers of the

following constraints:

0S ~ o

—SWGUL(S—N—WQ/\e =0, (6)
0.5 NIcB A Y

—8%G0Lm = —€up, DK" NE" =0, (7)
0S N S

—87TGO'J_W =0,DY, = O'J_Eaﬁ—yTﬁ ANeT=0, (8)

—87TGO'J_5€ =0, K, Ne* =0, 9)
0Q
55 “a 3 B ~ ~Q

—8%Gal@:NT —l—(dN—l—O'J_KgN —q)/\e =0, (10)

where ¢ = ¢°,é“. The exterior multiplication of (I0) by €,5,€7 gives, by virtue of (8],
AN + 0, KgN® —G=0, (11)
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and hence we obtain the zero torsion condition

T =Dé* =0, (12)
In other words, the magnetic field B is a Lagrange multiplier which is algebraically related to the

vielbein via the vanishing of torsion (I2)). This is exactly analogous to electromagnetism and gives

an important hint regarding the relevance of torsion to holography and gravitational duality [28].

Next, we use diffeomorphisms and local Lorentz rotations to fix some of the Lagrange multi-

pliers.

{N, N®, ¢"*}-fixing: Using suitable diffeomorphisms we can fix N = 1 and N® = 0. In order to
set N =1 it is sufficient to choose, in a certain neibourhood, the proper “time” of a family
of “timelike” geodesics as the new time coordinate. Moreover, in order to have N* = 0,
it is sufficient to choose as new spatial coordinates the coordinates that parametrize the
surfaces orthogonal to the family of geodesics we have chosen above. All that means that

the spacetime metric can be cast into the Gaussian normal form
ds® = o, dt? + hy(t, ¥)dz'da? |
which is also suitable for discussing holography. If we use now (II)) we obtain that ¢"* = 0.

{Q*}-fixing: These can be fixed by a suitable local Lorentz rotation. Recall that w is an so(3, 1)-
valued connection, while the vielbein e is a vector under SO(3, 1)-rotations. Under a generic
finite local Lorentz transformation g € SO(3, 1) they transform as

e — € = ge,
w W= gwgt+gdgt.

If we want to preserve our choice of the vielbein, say e’ = Nd¢t, it turns out that ¢°, = 0.

As a consequence we restrict our interest to the subgroup of local trasformations given by

. {80(3) if o, =—1

SO(3,1).
SO(2,1) if o—L:+1}C 3.1)

Then, from the second equation in ([B]) we see that @), can be gauged fixed to zero by a
suitable g € L such that

—3,Q" = (¢7")"% 975

A residual gauge freedom, t-independent L-rotations on the fields, remains nevertheless.

5The coordinate t is actually a time coordinate only if A < 0. Otherwise it is a spatial coordinate, but the

arguments we give above do not change.



With the N =1 and N® = ¢"* = Q® = 0 gauge fixing the equations of motion read

05 :
—87Go L = oy (" +K°)ne' =0, (13)
05 < 2 B x
—87TGO'J_@ = Wa + €_22a + €aB~€ ANK7=0. (14)
(I3) actually implies that
e+ K*=0.

Gathering all together, the equations describing any classical gravitational background in 4D are;

the zero torsion conditions
K, Né*=0, De*=0, e+K*=0, (15)
and Einstein’s equations

N ~ - ~ . 1. -
WoNANe* =0, eamDKﬁ/\ewzo, Wo + €apy <K6+£—266)/\6720. (16)

An important role is played by the quantity W, defined in (B)) which is a component of the on-shell
Weyl tenso
W =R™® 4 Ae® A e

Within our formalism and gauge-fixing the on-shell Weyl tensor reads

€2

we = %eamwﬁ7 = dt A B+ W (18)

) 1 _
o W = dt A (Ka + —éa) +DK*, (17)

3 The initial value formulation of gravity

The 3+1 split formalism can be nicely used towards the initial value formulation of general re-
lativity which deals with the definition of a well-posed Cauchy problem for Einstein equations.
Here we refer to the standard notion of an initial value problem, describing the time evolution
of a set of initial data on a Cauchy spacelike surface, only for positive or vanishing cosmological
constant. In the case of a negative cosmological constant the 3-+1 split formalism describes instead
the evolution of certain data on a Lorentzian hypersurface along a spacelike transverse (radial)
coordinate. We gather this two physically distinct problems into the same conceptual framework

of the “initial value problem” since the mathematics endowed in the 341 split formalism makes

"Details are given in [Al



us act this way naturally. Firstly, the setup is the right one: we deal with a four dimensional ma-
nifold sliced by three dimensional submanifolds »3;, parameterized by the coordinate ¢, which are
naturally endowed with a metric structure defined by a vielbein é* and torsionless spin connection
B® whose curvature p® is the Riemann on the slice. Picking up a particular ¢y, the submanifold

(X4, €5, Bf) can suitably play the role of “initial position” in the Cauchy problem.
Moreover, an additional SymmetricH (see the first equation of (IH)) field K* exists and, by

virtue of the third equation of (IH), it is related to the velocity of the immersion of the vielbein
towards the transverse t-direction. Hence its value on the slice ¥, must play the role of “initial

velocity”, or exstrinsic curvature in geometrical terms.

The remaining equations are the “dynamical equation” — the third of ([I6) — which involves
the “acceleration”, i. e. the derivative of the K®, and the “integrability conditions” — the first two
equations of (@) — which are algebraical in the sense that the coordinate t appears as a parameter

and hence they are valid on any slice.

Using our definitions we can thus reformulate the theorem 10.2.2 in [29], chapter 10, page 264,
in the presence of a cosmological constant:

Theorem: (Initial Value Formulation) Consider a three-dimensional smooth manifold ¥ with
signature (3,0) (when o, = —1) or (2,1) (when o, = 1), together with a metric structure
defined by a vielbein £ and its torsionless spin connection b, say Dye® = 0, and a 1-form
k* satisfying a symmetry constraint x, A e = 0. If the metric structure (¢%,b%) and the

additional field k satisfy the following conditions
Wo Ne* =0, e Dy’ NET =0, (19)

Wo = abo + —€ag P AD — —€apy” A KT+ —=€qpye” AT
2 2 202 ’

then there exists a unique four-dimensional spacetime (M, g) of signature (3, 1) satisfying

the following properties:

1. The metric g is given by
g:O'J_dt®dt—|—éa®éa,

where lim;_,;, €* = €®. Moreover at any slice we define the torsionless spin connection
B® of e, with lim,;_,;, B = b*. The extrinsic curvature K of the foliation also satisfies
limt_ngo K =k~

8Symmetry and, later on, trace properties of various one-forms refer to their components e.g. for the vector

valued one-form V¢ = V¢ 565 the symmetry and trace properties refer to V3.
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2. (M, g) satisfies Einstein’s equations with cosmological constant

30 1
>
which means that {é%, B*, K} satisfy the integrability conditions (I9)) on any slice ¥,
(the first two of (@), and the dynamical equation (the third of (IG)).

Acosm. =

3. Every other spacetime (M, ¢') satisfying (i)—(iii) can be mapped isometrically into a
subset of (M, g). Furthermore (M, g) satisfies the domain of dependence property (as
explained in the chapter of the textbook we referred to before, but we do not enter in
the details here).

Note that the standard initial value formulation corresponds to the limit for vanishing cosmological
constant. In this case ¢ is the real time and ¥ = ¥, is a Cauchy surface; moreover the spacetime
(M, g) is globally hyperbolic. In the other cases the global hyperbolicity ceases to be a necessary
condition; for instance if o, = 1 global hyperbolicity of the four-dimensional spacetime is lost (see

[30), BI] for a discussion of the simple AdS example).

The idea is to extend this kind of description to the boundary. This is a particular slice,
OM = X, which is reached when the transverse coordinate t takes its boundary value (typically
t = £00). In other words, the boundary is the slice that can t-evolve only backwards (forward).
Any bulk solution induces a three-dimensional metric on the slices ¥, for every t. However, given
a bulk solution only a conformal class of metrics can be specified at the boundary [32, [35]. One
can then pick a particular representative boundary metric by choosing a defining function. Hence
the correct “initial position”, as we are putting it, is given by a certain conformal class. Different
bulk geometries arise by t-evolution by giving some “initial velocity” to the initial conformal data.

Nevertheless, the “initial velocity” need not be conformally invariant.

Since our initial value problem is formulated at the boundary it should somehow be related to
holography. Indeed, in the next subsection we will show that the different methods of holographic
renormalization correspond to different ways of setting up an initial value problem at the boundary

i.e. different ways to define the appropriate “initial boundary velocity”.

4 The Fefferman-Graham expansion in the 341 split for-

malism

The Fefferman-Graham (FG) expansion of the metric [32, 33] has proven to be the most efficient
method in holographic applications [23]. Here we present a detailed transcription of the FG
expansion to all our 34+1-split quantities. In doing so, we discover that the coefficients in the FG

expansion are intimately related to the geometrical data of the boundary.



1/t

In the FG expansion the vielbein is expanded in powers of e™"* as

&% = e B () + " Z Flitg (z)e F/E. (20)

k=0
In the absence of sources the finite term in the expansion (20) above is missing [34], hence we
neglect it right from the beginning. We will be interested in the boundary at ¢t = 400 where E¢
is a representative of the conformal class of boundary vielbeins. Recall that t is related to the

1/t

standard Poincaré patch radial coordinate r € [0,00) as /¢ = e~"*. Picking then a particular

defining function we can refer to E* as the boundary vielbein.

The electric and the magnetic fields are obtained by solving the equations (I3]). From the third
equation in (I5) we find

a_ Lowpa 1 . -
K*=——¢/'E + e YEN (k4 1) e (21)

14
k=0

The first equation of (&) determines the symmetry properties of the components of the FG
expansion. The first few orders yield

The magnetic field has the expansion
Bt =) By ",
k=0

and has a finite ¢ — oo limit. Its various coefficients in the expansion are implicitly obtained by

solving the second equation of (&) and the first few orders give

Dy B = B[al} =0,
D[O}F[% + GOCg,YBg] NET = 0,
D[O}F[g} + EagfyBﬁ ANE" =0,

3]
Dy Ff) + €30 By A Fly + €3, By AET =0,

23
24
25

(
(
(
(26

)
)
)
] )

where Dy, is the three-dimensional covariant exterior derivative made with the leading order mag-
netic field Bjy. From [23) we learn that B is the torsionless spin connection of the boundary
vielbein E*. By taking the exterior multiplication of (24)—(25]) with E, we find

€apy By NEPNEY =0, eap By AE°NEY =0,

and hence the components By, and By, of the magentic field are traceless.



Next we need to solve Einstein’s equations, order by order in the FG expansion. To do that

we first compute the components of the Weyl tensor as

1 1

oo

K+ e = —5 k:o[(k +2)% — 1] F ge EF (27)
fﬁK“::—et/%eﬁyB%/\EV ”“2 By ANETHO (e (28)
k=0
szp&+%ﬁmﬁﬁwm+e/;EMQl”E
o2t/ lD[O]B& n %Eaﬁ’YFM] ANET| +0O (e (30)

Hence, Einstein’s equations yield:

Equation eag,yf)K B A& = 0: This is the equivalent of Gauss law and to leading and subleading

order simply imposes the symmetry properties of the components of the magnetic field

Equation W, + €y (K By é%éﬁ> A €7 = 0: This is what we have called the dynamical equation.
It reveals that the various coefficients in the FG expansion correspond to geometrical quan-

tities of the boundary. The equation reads
Pl + £_2€ ﬁypé] A EY 4 e 2/t {D[O]B[z] — £—2€ BVF@ ANEY| +0 (e 3t/e) =0. (32)
To leading order it gives
2 o po

and hence it shows that F; ) is proportional to the boundary Schouten tensor, whose details
are given in[Al This follows from the fact that the three-dimensional equation A, + €4, F BN
E7 = 0 can be solved for the one-form F® in terms of the Hodge dual of the two-form
A, provided E“ is a vielbein and hence invertible. Explicitly, if F* = F*3E? we have that
Fog—tr(F)6% = —o 1 (FAg)®. Moreover, from (B3) the tensor Fjy)—tr(Fjy)id. is proportional
to the Einstein tensor, as it should be. Explicitly we have
—%Eﬂ (3) g _Rm-—fEﬁ

where Ric® = Ej|p°® and R = E,|Ric®. For the same reason, from (24)) B, is given in
terms of the Hodge dual of the boundary Cotton-York tensor. Since BE} is symmetric and

traceless we obtain

a * «a Ezl «a
B[2} = —0 ,D[O}F[Q} == 5 C y
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where C* = Dy (3) S In three dimensions the Cotton-York tensor is the only irreducible

conformally invariant tensor [36]. It vanishes if and only if the metric is conformally flat.

Since F [g] and sz‘] are related to each other, the e=2*/‘-component of (32)) relates B[ to I [a]
as
2 64 . _
F[Z] - tI‘(FM])Ea = UJ‘Z*D[O]BE} = ULg*D[O]*Ca. (34)

Moreover, the three-dimensional spatial component of the Weyl tensor reads

~ 3
Wa = 6_t/ €26 gfyFﬁ

+e‘2t/”€82 Fﬁ} ANET+ 0 (e73) (35)

and thus vanishes at the boundary.

Equation W, A é* = 0: This is an algebraic equation whose leading and subleading terms set to

zero the traces of the matrices F 3 8 and F[ff} 5» since it gives

3
02

As a result ([34]) is modified to

8
—eap FGNEP NET + O (e7°) = 0. (36)

EaﬁvF[B} NESNEY 4!/t /2

« £4§<
Fg=o13

Do *C*.
ey

A nice consequence of the above results is that the whole Weyl tensor vanishes at the boundary,
ab o
w ‘8/\/( =0.

From the relationship between the on-shell Weyl tensor and the curvature one can easily find the

asymptotic behavior of the latter e.g. in order to define asymptotic charges.

Not all coefficients of the FG expansion are determined in terms of the boundary geometrical
data £ and B%}. The quantity F[g‘} is an independent coefficient. Actually, it is only possible to

say that it is symmetric
F[g] /\ Ea - 0 y
traceless
Eaﬁf\/F[g] N Eﬁ VAN E7 = 0 y
and that it obeys a conservation law
EQQ,YD[ ]F[g} ANE"=0.
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In a holographic setup this function determines the vacuum expectation value of the energy mo-

mentum tensor in the boundary conformal field theory.

The fact that the general solution to Einstein’s equations requires two different sets of unde-
termined data, {E£°, F[g‘}}, is clearly related to the initial value problem of general relativity. In
particular, we can naturally associate E“ to the boundary initial position and F[g‘} to the boundary
iniatial velocity of the well-posed Cauchy problem that describes the transverse “propagation” of the
boundary geometrical data towards the 4D bulk. In that sense, the vev of the energy momentum

tensor of the boundary CFT can be viewed as an initial velocity.

5 Renormalization methods vs transformations of the canon-

ical variables

Having in mind the holographic application of our results we focus henceforth in the case where
o1 = 1, namely the case where our bulk configurations are asymptotically Anti-de Sitter. However,
we will continue using o, in order to keep track of the signature dependance of our results which

can be used in applications, other than holography, involving asymptotically de-Sitter spacetimes.

In the 3+1 split formalism described in section [3] it appears that the two canonically conjugate
fields that describe “position” and “velocity” are given by {é*, K®}. This is correct on any slice
3 other than the boundary i.e. with ¢ # oo, where these quantities are finite. However, to define
the correct geometrical data on the boundary one needs to multiply é* and K by e~** and then
take the t — oo limit [35]. In this case, from (20)) and (21I]) one finds that

1
K*=——¢*"+0 (e 37
Lo+ 0 () e
hence it would seem that the boundary geometrical data extracted form é* and K are proportional
to each other. In fact, both the vielbein é* and the extrinsic curvature K® could suitably play the
role of the boundary initial position. The question is what plays the role of the boundary initial
velocity. Looking at the expansions of the fields given in the previous section we note that the

three-dimensional component of the on-shell Weyl tensor W has the expansion

. 3
We = e‘t/zﬁeo‘mF& ANET 40 (e . (38)

Defining the one-form P¢ as
W =0, PP NE

its leading behavior is given by F[‘f,j] and hence it could nicely play the role of boundary initial

velocity. To see that note that on any slice ¥, P, is symmetric P, A é* = 0, due to the Bianchi

12



identity, and traceless *P, A é* = 0, by virtue of the first of [I8). In fact we have P* = *IW* and
hence
« 3 —2t/¢ o —3t/¢
P :O'J_g—2€ /F[3]+O(€ /)
Also notice that P® is not in general conserved for t # oo, but it becomes conserved at the
boundary due to

lim et/eeamf)Pﬁ ANeT=0.

t——+o0
The discussion above implies that both pairs of conjugate variables
{er, P},  A{K" P}, (39)

can equivalently describe an initial value formulation at the three-dimensional boundary. It appears
therefore that the boundary is the point where holographic renormalization methods meet the
initial value formulation. Namely, starting from a Dirichlet problem where §¢“ = 0 at the boundary,
i.e. where e is the boundary initial position, one needs to make sure that the boundary initial
velocity is P*. This can be achieved by a transformation of the canonical momentum such that
K* — P* We will show below that this procedure coincides with the standard holographic
renormalization (i.e. [22, 23]). On the other hand, one could have started with a Dirichlet problem
where 0 K = 0 at the boundary i.e. K“ being the boundary initial position. This is equivalent
to not adding the Gibbons-Hawking term in the Einstein-Hilbert action. Again, one needs to
make sure that the boundary initial velocity is given by P® and this can be achieved by the
transformation é* — P or equivalently ¥, — W,.. We will demonstrate below that this second
procedure coincides with the method of Kounterterms [24] 25, [26] where the infinities are cancelled
by the addition of the Euler density.

To be explicit, the essence of holography is the evaluation of the on-shell gravitational action
which is then identified with (minus) the generating functional of connected diagrams of a boundary
conformal field theory in the leading saddle point approximation. The boundary values of bulk
fields are interpreted as external sources for boundary conserved currents. For pure gravity in the
bulk, we have schematically

S OS[E”] = —Waqrr[E£“]. (40)

Since E* plays the role of an external source in the boundary, the variation 6.5 ‘ must be zero

for fixed F“. This is equivalent to the statement of ensuring a well posed Dirichlet problem

for the vielbein, hence a natural starting point for holography is the gravitational action S =

Sk + Sau. Schematically, indicating {\;} = {N, N®, ¢"*, Q°} the lagrange multipliers providing
the constraints C* respectively, the gravitational action reads

o1

=G /., [€ap  K* A&7 A deT — \C] . (41)
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Its on-shell variation reads

= L | e KNP NG, (42)
oM

65 oS 87TG

and hence the presence of the Gibbons-Hawking term ensures that only the variation with respect

to the vielbein survives.

However, one could have not added the Gibbons-Hawking term, in which case we would consider

simply the Einstein-Hilbert action (d) which schematically reads

o ;
Sgp = ——— Yo NdK* + N\C| . 43

Its on-shell variation is given by

01

69p| = ——— | Ta.ASK®. (44)
oM

os 87TG

Since é* and K are proportional to each other at the boundary, both the starting points (42I)
and ([@4]) correspond to the same Dirichlet problem and hence are expected to correspond to the
same boundary physics. Moreover, in both cases we need to ensure that the initial boundary
velocity is the same, given by the boundary value of P*, and here lies the difference between the
two cases; we need different transformations to achieve that. We will show below that the two
different transformations leading to the same boundary initial velocity correspond to the standard

holographic renormalization [22], 23] and to the Kounterterms method [24, 25, 26] respectively.

5.1 Holographic renormalization

The problem that we need to take care of in (42) can be phrased in two different ways; we can
either say that the two-from €,3,/K” A €7 is not a well-defined initial velocity or we can say that
(@2) diverges at the boundary. These two points of view are essentially equivalent. Indeed, by
virtue of the definition (&) and the expansions (37), (B8) we notice that the quantity W/ defined
as

- 2
apy KO NE = OW!, — Llp, — ZZ“ : (45)

has the same near boundary expansion as W,, namely

~ 3 _
W! =t/ gzeaﬁyFﬁ ANEY+0 (e . (46)
Hence, our strategy is to implement the transformation (43]) at the level of the action. Then we
will be sure that the new canonical momentum VV(; will give on shell the proper boundary initial

velocity.
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We implement the transformation (45]) on the restricted phase space defined by the constraints
i.e. the fields appearing in (45]) satisfy the constraints. Then, the insertion of (45) into (4Il)

modifies the gravitational action, when we set to zero the constraints, as

ol ol

S_—/ W!Ade™ — — [BaAéo‘Adt+paAéa+ g8 NEPNET| L (4T)
M

8t GG 302

The first term inside the brackets of (IIZI) vanishes by virtue of the third of (I3 together with
the second of ([I6]). Hence, the transformation (43]), when implemented on the restricted phase
space defined by the constraints, modifies the action by boundary terms. In fact, one should
be able to show that the constraints are not modified and hence that (43]) is a proper canonical
transformation. The two boundary terms are geometrical quantities, namely the curvature and
the volume form defined on the slice. They coincide with minus the original counterterms used
in the context of holographic renormalization [22] 23]. We can subtract them to be left with the

so-called renormalized action S/_  whose on-shell variation yields at the boundary

L BO'J_
os— 87TG£

The holographic interpretation of (48] is that the expectation value of the boundary energy mo-

S

ren.

/6M EaﬁfyF[g] AN E'B AN 6Eﬁ/ + O(e_t/£> . (48)

mentum tensor is related to the Hodge dual of the Weyl tensor as

05! 30, ol ~
ron. apy Fig N EY = — lim e/,
SE~ 81 Gf al 871G toiee ’

Ta =

and hence explicitly
AN _ 3

Recall that Fjg s is traceless, symmetric and conserved, as the energy momentum tensor of a
three-dimensional CF'T should be.

5.2 Kounterterms

We can now try to set up an initial value formalism for gravity starting with the Einstein-Hilbert
action, without adding to it the Gibbons-Hawking term. In this case we wold need to make the

transformations
2

. 4
Yo = CWy — Ppy + EeamKﬁ ANKY, (50)
into (43)), setting to zero the constraints. We get

O-J_€2

G
2

Sgn — Spy = — / [Wa ANAK® + DK, A dBa}
M

O'J_£

* TG

1
{pa NE = ceap KA KP A K”’} :
(51)
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where, in the boundary integral, we have already dropped a term proportional to

/ By, A KA dt
oM

which vanishes since the leading term of the integrand is proportional to e~
in the first line of (EI)), gives the on shell contribution [y, DK, AJB*, which vanishes identically
at the t = oo boundary since the integrand is proportional to e~*/* (notice that the magnetic field

t/t. The second term

is finite in the boundary). Dropping this term we are left with the two boundary contributions in
the second line of (51]). Again, one should be able to show that the constraints do not change and
that the transformation above is canonical.

Remarkably, the boundary term we are left will in (51l) are exactly minus the Euler density

O'J_€2

o ab cd
61nG | Cavealt" AR

X:

o0 AKS — e KON KP AR (52)
- - o — —€q s
817G Jons |” 6 %

hence adding it to (5Il) we would obtain the on-shell action

O'J_€2

TG

As shown above, the variation of (53]) gives exactly the previous result (48]) and hence the stress

Sren.

= Sl =— /Wa/\dKo‘, (53)
S M

o.

tensor is the same as in ([@9).

We conclude that the two procedures, holographic renormalization and Kounterterms, can be
equivalently used to setup an initial value formulation for gravity in the ¢ = oo boundary and -
as we propose - can be used equivalently for its holographic description. At this point we also
notice that the Kounterterm method is intriguingly connected with the geometrical Mac-Dowell
Mansouri formulation of gravity [37, 138, 39, 40}, [41]. Indeed, the sum of the Einstein-Hilbert action
plus the Euler density with the ezact coefficient given in (52)) is the MM action
g J_gz
647G
The two-form W coincides on-shell with the Weyl tensor which, as discussed at the end of [A]

plays the role of the Lorentz component of the curvature of a so(3,2)(so(4, 1))-valued connection

SMM = — /Eabchab VAN WCd . (54)

for oy =1 (0, = —1). Hence, (B4)) coincides on-shell with the renormalized action (53]) and it also

gives a procedure to compute finite conserved quantities associated to spacetimes [24].

6 Conclusions

We presented a detailed analysis of gravity in the 3+1-split formalism having in mind applications

to AdS,/CFTj3 holography. The formalism allows for the setup of an initial value problem at

16



the t = oo boundary. We presented the explicit Fefferman-Graham expansion of the various
quantities involved and noted that their coefficients correspond to geometrical boundary data.
Armed with our explicit results, we have argued that the holographic description of gravity can
alternatively be considered as the formulation of an initial value problem at the boundary. In
this context we have shown that holographic renormalization and the Kounterterm method both
correspond to certain transformations of the canonical variables. In the companion work [19]
we will discuss the emergence of gravitational Chern-Simons in the boundary of four-dimensional
gravity and also the consequences of self-duality in the case of Euclidean signature. We believe that
our techniques and results can provide the basis for extensive studies in AdS,/CFTj3 holography.
Finally, our approach has many similarities with past work on quantum gravityH, in particular on

its holographic formulation [43] 44] [45], and therefore it may be useful in linking the two fields.
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A  Weyl’s Conformal Tensor

Consider a four-dimensional manifold M endowed with a metric structure described by a vielbein

e® and a torsionless so(3, 1)-valued connection w®.

The Riemann tensor, given explicitly as the
curvature of the Lorentz connection, R? = dw® 4 w?. Aw®, can be decomposed into the following

parts which are irreducible representations of the full Lorentz group

Rab — Cab + Eab + Gab’ (55)
where
R
E® = elo A Y G = Ee“ Aeb (56)

being F'* = Ric” — %e“ the traceless part of the Ricci tensor R%, Ric* = R%e’ the Ricci 1-form and
R = ¢,]Ric” = R, the scalar curvature. This decomposition defines the Weyl conformal tensor

C%: it is called “conformal” since its components do not change under conformal transformations.

9We thank Lee Smolin for bringing these works to our attention.
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It is possible to define the Weyl tensor in any dimensions D (actually for D > 3) in the following

way
C®=R® _ 2N SP 4+ e A S?,
where
1 R
Se = Ric® — a
D2 Tom-1)°

is the Schouten tensor. Besides the standard symmetries enjoyed by the Riemann tensor, the
Weyl tensor has the additional feature to be completely traceless, e,|C% = 0, and hence in four
dimensions it has ten independent components. In three dimensions it turns out that the Weyl
tensor vanishes identically and thus the Riemann tensor is given entirely in terms of the Schouten

tensor,
with

Let us go back to the original definition (53]), given in the case of a four dimensional manifold.
When we consider so(3,1)-valued 2-forms A% = 1A% ;¢ A e, such as any term in (55), we can

deal with two different notions of Hodge duality: one concerning the flat, tangent indices

o 1 AN, 1 AN,
*Aab — §€aba’b’Aa b Zeaba’b’Aa b cdec A €d 7 (57>

and one concerning curved, spacetime indices

/ !/ 1 ! q!
*Aab — Aabc’d’* <ec A 6d ) — iAabc/d’EC d cdec A ed ]

The two notions, in general, have nothing to do with each other. But, from the definitions we gave
in (BA)), it turns out that

*Cab:*cab’ *Eab: —*Eab, *Gab:*Gab.

If Einstein’s equations hold, in absence of any source term, Ric® = (R/2+3A)e?, the E% component
of the Weyl tensor vanishes and hence the on-shell Riemann tensor reads R® = C% — Ae® A e,
having the property *R® = *R®. So that the tensor W® = R® 4+ Ae® A e® we used throughout

the paper can be reasonably called the on-shell Weyl tensor.

This tensor has another interesting geometric interpretation. The fundamental fields in gravity,
say the vielbein and the spin connection, can be assembled into a single Lie algebra-valued connec-

tion. For the case of four-dimensional gravity with a non vanishing cosmological constant (the case

18



with vanishing cosmological constant can then be recovered by an Inonu-Wigner contraction) we
consider the Lie group G = SO (3,2) or G = SO (4, 1), depending on wheter o, = +1 respectively,
whose algebra g is generated by the standard four-dimensional Poincaré generators, P, and Jg

with a,b =0,1,2,3, with the introduction of a non-commutativity between translations
[P, By = —AJy .

Picking a g-valued connection A, it is natural to interpret its components along generators as A =
e*P,— %w“bJab, where e? is the vielbein and w? the spin connection. Its curvature F = dA+AAA
can thus be written as 7 = T°FP, — %W“bJab, where T is the standard definition for the torsion and
W = R® 4+ Ae® A e’ precisely. So that W has a geometric interpretation: it is the component

of the curvature of a g-valued connection along Lorentz transformations.

Within this last context one should pay special attention to the Bianchi identities, since the G-
covariant exterior derivative is different from the simple Lorentz-covariant one due to the presence
of the translations. In particular the Bianchi identity reads VF = 0, where VF =dF + AN F —
F N A with, whose components read

Vf)P:DTa—Wab/\ebzo,

V}“‘J — DW® 4 A" AT® — AP AT =0, (58)

where D is the Lorentz-covariant part of the full V. An interesting fact is that it is not possible
to have a configuration with vanishing W and non-vanishing torsion 7%, being the condition

W = 0 even more restrictive than R® = (.

B Lorentzian Yang-Mills theory in first order formalism

We want to develop the first order formalism for a generic YM theory for some Lie group G. Call
A = pdt + A the g-valued connection and F =dt A B + F,with B, = F; =0, a g-valued 2-form
which, on-shell, shall give the curvature of the potential A, say F = dA+ A A A. Pick a manifold
M, endowed with a metric structure g providing the standard Hodge dual operator *. Therefore
we have for the field F

*F=dt\B+*F,
where
) 1 - — .
B = v —9G€ijk <9ﬁEk + §f]k) ) *fz‘j =V —G&jk (gttEk - gtkEt + gtlgkmflm) )

where €;;, = € are the three-dimensional Levi-Civita symbols. It is always possible to choose

well-adapted coordinates in order to set g, = o, and g; = 0. In this way the metric on M can be
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written as
ds* = o, dt? + hy(t, ¥)dz'da?
and hence the dual of F simplifies to@
B=*F, *F=0,"F. (59)

Picking an Ad-invariant, symmetric, non-degenerate bilinear form (e, @) on the algebra, the action
shall read

s=/ ‘%<H*f>+<<dA+AAA>A*f>
M

:/Mdt/\ {(ﬂ/\@?%%((EAfﬂjLU?/\B))

+<(€1A+A/\A> AB>+<¢,@*75)] —/Mdm&@o,fﬂ,

where the last term is actually a boundary term. Equivalently, if we performed the transformation

to bring the metric in the preferred form, the action would read
B ~ 1 - ~
S = —al/ dt A {—(A/\*E) +3 ((EA"E) — (B A B))
M

- al((&fi—kﬂ/\fi) A B) — (p, @*E>} + O—L/ dt A (@, *E).  (60)
oM

It is easy, at this point, to give some interpretations to the fields. ¢ plays the role of a Lagrange
multiplier for the constraint V*FE = 0, the Gauss law, which is obtained by varying the action with
respect to ¢ itself. The dynamical fields, conjugate to each other, are given by the potential A and
the electric field E, while the magnetic field is some external field. The Lagrange multiplier can
be fixed to zero by a gauge transformation, say a certain g € G such that ¢ = g~'¢. Hence we are
left with a residual gauge symmetry given by group elements § € G such that § = 0. Therefore,

within this gauge fixing, the equations of motion read

08 S
sp=A-E=0, (61)
0S . ~
— =—0, ("E)'+ VB =0, 62
2o (D) ©
oS~ L %
— =dA+ANA+0,"B=0, (63)
0B
plus the Gauss law
V'E=0.

10Notice that, in this case, the determinant of the four-dimensional metric reduces to /—g = v/—c 1 h
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If we want to write them only in terms of the curvature it is easy to see that (G3) implies the
Bianchi identity V*B = 0, while combining (6I)) and (G3) we get o (*B) + VE =0.

It is easy to see that if we define the complex g-valued 1-form
E=E+1B, (64)
the equations can be nicely written as
VeE=0, VE—io (€)' =0.

The great benefit we acquire is that this form makes explicit the “global” duality invariance of the

equations of motion
E — & =€,

since the equations are linear and holomorphic in &.

C Example: holography of black holes in AdSy

As an application of our ideas we consider the holographic description of the standard Schwarzschild
AdS,; and also Taub-NUT-AdS, black holes with negative cosmological constant. For positive
cosmological constant they are still solutions to Einstein’s equations but they describe cosmological
spacetimes. Our aim is to identify the right initial values — “position” and “velocity” — which,
by the arguments given in the previous section, is equivalent to finding the boundary metric and

energy momentum tensor.
We start with the metric

dr?
ds® = O’J_m — o, V(r)dr? +r%dQ2 (65)

that gives the standard Schwarzschild AdS, black holes for o, = 1. The difference with the

previous section is the presence of the nontrivial Lapse function N(r)? = V(r)~! [ where

2M 12
Vi) =ok— 4
(r)y=o0.kK " + 1z

The term dQ? in (G5) describes the metric of the horizon which is S?, R? or H? for k = 1,0, —1

respectively. Using stereographic projections the horizon metric can be written in terms of complex

(66)

coordinates {w,w}, with w = = + iy, as

d02 = e*dwdw, e’ = (1+klw*/4)7".

1See @) for a definition of the function N. Here it has not been gauge-fixed to 1.
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The vielbein is given by
e =V(r)"V4r, & =V(r)\r, et =re’dw.
Solving for the vanishing of the torsion constraints we obtain the electric field
K3 = — (% + E%) dz, K*= V() 2edw,
and the magnetic field
B} = —i (&ydw — 5fydu7) , B*=0.

It turns out that the magnetic field is fixed from the boundary, while the electric field depends on
the radial coordinate, describing the extrinsic curvature of the metric €* on the slices ¥, at fixed

radial coordinate.

The three-dimensional component of the Weyl tensor reads
~ M S ~ M
W3 == —ialﬁé. A e* y W. == —Zﬁég VAN e*. (67)
and its three-dimensional Hodge dual P® = *IV* hence reads

P3:—ali—ﬂfé3, Pe :aLr—j\;[é’, (68)
which is manifestly symmetric (it is actually diagonal) and traceless.

However, since the metric is not given in the FG form due to the presence of a nontrivial lapse
function, we can not directly read from the results above the proper initial data. In general one
is not able to compute exactly the diffecomorphism r = r(t), where ¢ is the transverse coordinate
bringing the metric into the FG from, nevertheless we present below a general general argument

in order to compute the boundary data in some simple cases. Consider a metric of the form
ds®> = o N(p)?dp* + hy(p, T)dz'da? (69)

where N(p) = 1+ ((p) with {(p) — 0 as p — oo. For instance this can be achieved in (65]) by
simply defining r/¢ = e?/*. It is clear that if there exists a transformation ¢ = t(p) such that

et = Pl [1 4 (p)] (70)
with
lim €(p) =0, (71)
p—00

the boundary data can be easily extracted by looking at the leading p — oo behavior of the vielbein
e* and of P. The point now is to understand under which circumstances such a transformation
([70) does exist. To bring ([69) in the FG form one needs to solve for

Vo= - oLl (72)
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Then, by virtue of (7I)) the leading term of ([2) is given by ¢ = (/¢. Furthermore in order for
(1) to be true, we need to ask for lim, ., [ ¢(p) to be finite.

In our case we have that [ ((p) e~2P/* as p — 0o and hence the boundary data can be easily
computed. The boundary vielbein reads

E3 =dr, E*=/e"dw,

and describes a conformally flat cylinder R x B, with base manifold B, being S?, R? or H? for
rk = 1,0, —1 respectively. Also, F; 3 Is given by

(] M€2 (]
E*,  Fy= — B (73)

As a consequence, the vacuum expectation value of the stress tensor of the dual theory simply

2M (2

3
Iy =~

reads

MY MY

<T33>s = ULR ) <Toi>s = % .

Hence we conclude that these black holes are generated by the evolution along the radial coordinate

(74)

of the cylinder R x By, which is a simple example of a conformally flat manifold, with initial velocity
(73) determined by the black hole mass M.

We consider now a generalization of the previous case given by the Taub-NUT-AdS black hole
[42]

2
ds* = OL% — o V() (dr +0) + (r* +n?) e dwdw ,

where the lapse function is modified by the NUT charge n to be

( 4n2) r2 —n? 2Mr r? 4+ n?

OLEF T r2 +n? _r2+n2+ 02

V() = -

The shift one-form o is given by

o= —z'gi;leV (wdw — wdw) .

The metric of the horizon is still given by ¢’ = (1 + s|w|?/4)™! with x = 1,0, —1. The presence of
the shift one-form o introduces a non-staticity in the spacetime since the symmetry under 7 — —7

that we had in the previous case is lost. The vielbein é* on the slices >, is now given by
e =vr\2dr+o), & = (r* +n»)Y%dw,

and the electric and magnetic fields read

1
K= —SV/(nV(r)~e,  K*=
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and

B3 = ige“* (wdw — wdw) — = Z n2V(7“)1/2§3 ,
«_ N 1/2 e
B®* = m‘/(r) e .

The Hodge dual of the three-dimensional spatial component of the on-shell Weyl tensor reads
PP =—0,2F(r)é®, P =0, F(r)e (76)
where

Mr (r? — 3n?) + n? (alm + %) (3r? —n?)

F(r) = (r2 +n?2)3

To extract the proper boundary data we use the general argument above that applies in this
case too. Setting as before r/¢ = e?/* the boundary data are read from the leading terms of the

expansions of é* and P®. The boundary vielbein is given by
EP=dr+o, E*=/(e'dw, (77)

which is a sort of a nontrivial line bundle with base manifold the same B, as in the previous black
hole case. Despite being conformally flat the boundary manifold is rather nontrivial due to the
presence of the NUT charge. Its most striking feature is the presence, for some values of the the
NUT parameter, of closed timelike curves (CTCs) [42]. In order to see this consider spherical

coordinates on the base B, and hence we have
dQZ = d6” + f.(0)*d¢*, o =4nf.(0/2)°,

where

sinf ifk=1
f(0)=1< 6 if k=0
sinhd if Kk = —1

In all three cases ¢ is an angular coordinate and we can see that

2
gos = J:(0)” = 16551.(6/2)"

becomes negative for certain values of § and n/¢. For these values the vector 0,, which generates
closed curves parameterized by the angle ¢, becomes timelike. In particular for K = —1 this three-
dimensional spacetime is a 3D slice of the Godel spacetime [42], but it encodes all the features of

such a manifold. Therefore these bulk metrics could be used to study three-dimensional quantum
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field theories (at least endowed with conformal invariance) on spacetimes with causal pathologies.
For Fg we obtain the following results
2M ¢* M¢?

3 ° °
3 E° F[?’]_TE , (78)

3
I =~

and hence the tangent components of the boundary energy-momentum tensor are the same as
before ((74]). What changes here is the background where the NUT charge introduces a nontriviality,
nevertheless keeping it conformally flat. From the initial value problem point of view, these
spacetimes are generated by the evolution of the 3D metric described by (77) with the same initial

velocity as before.
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