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a b s t r a c t 

The past decade has seen a boom in environmental adsorption studies on the adsorptive removal of pol- 

lutants from the aqueous phase. A large majority of works treat kinetic modeling as a mere routine to 

describe the macroscopic trend of adsorptive uptake by using common models, often without careful ap- 

praisal of the characteristics and validity of the models. This review compiles common kinetic models and 

discusses their origins, features, modified versions (if any), and applicability with regard to liquid adsorp- 

tion modeling for both batch adsorption and dynamic adsorption systems. Indiscriminate applications, 

ambiguities, and controversies are highlighted and clarified. The appropriateness of linear regression for 

correlating kinetic data is discussed. This review concludes with a note on the current scenario and the 

future of kinetics modeling of liquid adsorption. 

© 2017 Taiwan Institute of Chemical Engineers. Published by Elsevier B.V. All rights reserved. 
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. Introduction 

Adsorption is one of the most widely used technologies for

emoving pollutants from contaminated aqueous media. It is

referred over other methods because of its relatively simple

esign, operation, cost effectiveness, and energy efficiency [1] . The

mportance of adsorption for water and wastewater treatment is

rowing in view of the presence of emerging contaminants, such

s pharmaceuticals and personal care products (PPCPs), in water

odies [2,3] . 

Water pollutants in the environmental adsorption literature

an be generally categorized into six groups: (i) heavy metals,

ii) phenolics, (iii) dyes, (iv) pesticides, (v) PPCPs, and (vi) others

hydrocarbons, inorganic anions, etc.). These pollutants are found

issolved in water and wastewater in various concentrations.

umerous solid adsorbents with wide-ranging characteristics have

een developed for removing these dissolved pollutants [4–9] .

asic classes of adsorbents include activated carbon, zeolite, clay,

esoporous silica, polymeric resin, and metal-organic frameworks.

The design and scale-up of an adsorption system require

nowledge of adsorption equilibrium and kinetics. The develop-

ent of kinetics understanding is largely limited by the theoretical

omplexity of adsorption mechanisms. Many models of varied

omplexity have been developed to predict the uptake rate of the
∗ Corresponding author. 
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dsorptive into the adsorbent [10,11] . Pseudo-first-order (PFO) and

seudo-second-order (PSO) models are the two most commonly

sed empirical models in liquid adsorption studies. 

Most works focus on the novelty of the material. The kinetics

tudies in these works, in which experimental data are fitted to

FO and PSO models, serve merely to complement the adsorbent

valuation. Strong knowledge of the origins, strengths, and limi-

ations of these models is sorely missing, as evident from these

orks. Little effort is made to investigate the underlying physico-

hemical phenomena after the model fitting is completed. As such,

he model parameters are merely empirical constants that have no

istinct theoretical significance. Several works have attempted to

ationalize these two empirical models and find the theoretical dif-

erences between them [12–15] . 

Ho [16] reviewed the applications of second-order models to

dsorption systems. Liu and Liu [17] summarized the useful ki-

etic models for biosorption. Plazinski et al. [16] reviewed the ad-

orption kinetic models that had been theoretically associated with

urface reaction mechanism. Batch and dynamic adsorption mod-

ls were discussed by Alberti et al. [10] . However, these reviews

ere limited to selected models, and the discussion may have been

verly complex for general or beginner readers. This review adopts

 more general approach to reporting the major studies. It aims for

 wider audience while retaining the essence of the kinetic studies.

The objective of this review is to promote better understanding

f the kinetic modeling of liquid adsorption systems. While the

ocus is on batch adsorption, continuous fixed bed adsorption is

iscussed as well. Kinetic models relevant to aqueous adsorption
ights reserved. 

sorption kinetics models for the removal of contaminants from 
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Fig. 1. Adsorption of an adsorptive molecule onto the internal surface of a porous 

adsorbent pellet. Step 1 is film diffusion, and Step 2 is pore diffusion. 
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kinetics in environmental remediation are presented. This paper

also attempts to clarify ambiguities and doubts with regard to

these models. The features and applicability of the models are

discussed with reference to the literature. Theoretical origins or

interpretations and modified versions of models are discussed

where applicable. 

The second objective is to highlight concerns in model discrim-

ination. Issues arising from the selection of linear or nonlinear

regression are brought to light. Certain widely used statistical

error functions for regression and model comparison purposes are

presented. This paper concludes with a summary of the modeling

scenes of liquid adsorption kinetics, along with comments on the

future of the field from the authors’ perspective. 

2. Principles of adsorption process 

Adsorption is a surface phenomenon in which adsorptive (gas

or liquid) molecules bind to a solid surface. However, in practice,

adsorption is performed as an operation, either in batch or contin-

uous mode, in a column packed with porous sorbents. Under such

circumstances, mass transfer effects are inevitable. The complete

course of adsorption includes mass transfer and comprises three

steps [18] : 

Step 1: Film diffusion (external diffusion), which is the transport

of adsorptive from the bulk phase to the external surface

of adsorbent. 

Step 2: Pore diffusion [intraparticle diffusion (IPD)], which is the

transport of adsorptive from the external surface into the

pores. 

Step 3: Surface reaction, which is the attachment of adsorptive to

the internal surface of sorbent. 

Fig. 1 depicts the trajectory of an adsorptive molecule during

adsorption. The first two steps are transport steps, and the last step

is a reaction step (Step 3, not labeled in Fig. 1 ). Each step presents

a resistance to the adsorptive. The overall adsorption rate (as mea-

sured through an experiment) is determined by total resistance,

which is the sum of the three component resistances in series [19] .

The reduction of any component resistance increases the adsorp-

tion rate. The third step is typically very rapid compared with the

first and second steps, and therefore poses negligible resistance.

If one step contributes dominantly to the total resistance, to the

point that reducing the other two resistances only marginally in-

creases the adsorptive uptake rate, then the step is called a sole
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
ate-controlling step. The transport resistances depend on numer-

us factors, including adsorbent and adsorptive types, their proper-

ies, and operating conditions. The rate-controlling step can change

uring the adsorption process [20] . For dye adsorption on pine

awdust, the controlling mechanism switches from surface reaction

o IPD when the adsorbent is 80% saturated [21] . 

Two types of interaction, namely, physical and chemical, are

ossible between adsorbent and adsorbate [22,23] ; the former is

nown as physisorption, and the latter is chemisorption. Physisorp-

ion is a result of attractive forces between sorbent and adsorbate

olecules [24] , whereas chemisorption provides a stronger bond as

t involves the transfer or sharing of electrons between adsorbent

nd adsorbate species. As a guideline, an isosteric heat of adsorp-

ion with magnitude between 5 and 40 kJ/mol indicates physisorp-

ion as the dominant adsorption mode, while one between 40 and

25 kJ/mol indicates chemisorption [25,26] . 

The monolayer capacity of an adsorbent is its capacity to ac-

ommodate a single layer of adsorbed species on the adsorbent

urface. Often, when adsorptive concentration is high, because

f intermolecular attraction, additional layers stack onto the first

onolayer, thereby forming multilayer adsorption, which is physi-

al in nature [22] . 

The heterogeneity of the adsorbent surface significantly af-

ects adsorption equilibrium and kinetics. Heterogeneous adsor-

ents contain more than one type of adsorption site that can bind

he adsorbate, and each site type has a different heat of adsorption.

urprisingly, Langmuir isotherm, which is based on homogeneous

urface sites, can describe a large number of adsorption systems,

any of which possess heterogeneous surface characteristics [27] . 

Adsorption study comprises two main aspects: equilibrium and

inetic studies. The attainment of equilibrium in adsorptive load-

ng by the adsorbent is governed by thermodynamics. The rate of

dsorptive uptake is dependent on the adsorption mechanism. The

nderstanding of adsorption equilibrium has matured, as a wide

ariety of equilibrium isotherms exist for describing the equilib-

ium uptake of any target adsorptive. Conversely, adsorption ki-

etics theory is developing far more slowly despite its importance

o practical applications of a given sorbent. The basis for kinetics

tudy is the kinetic isotherm, which is obtained experimentally by

racking the adsorbed amount against time. Kinetic investigations

evelop a model to describe the adsorption rate. Ideally, the model

hould, with minimal complexity, (i) reveal the rate-limiting mech-

nism and (ii) extrapolate to operating conditions of interest. Ac-

omplishing these two targets should enable one to identify oper-

ting conditions with minimal mass transfer resistance and predict

dsorbent performance. 

. Modeling the kinetics of batch adsorption 

.1. Kinetic experiment 

Adsorption kinetics can be represented by a plot of uptake vs.

ime; this plot is known as a kinetic isotherm. This plot forms the

asis of all kinetics studies because its shape represents the under-

ying kinetics of the process. The kinetics are dependent on mate-

ial factors, such as adsorbent and adsorbate types, and experimen-

al factors, such as temperature and pH [28,29] . Typically, a batch

xperiment is conducted to collect kinetic data. Ensuring constant

xperimental conditions during batch adsorption is important. 

The kinetic isotherm should ideally shed light on the intrinsic

inetics, which are the chemical kinetics on the adsorbent surface

n the absence of transport limitations. Batch operation is an at-

ractive method for studying intrinsic kinetics. Mass transfer effects

re relatively easily reduced or eliminated by applying (i) high ag-

tation speed (reduced film thickness) and (ii) small particle size

reduced pore diffusion resistance) [30] . 
sorption kinetics models for the removal of contaminants from 
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The adsorptive uptake per unit mass of adsorbent, q (mg/g) is

 = 

( C 0 − C ) V 

m 

(1) 

here C 0 = initial concentration of adsorptive in the bulk liquid

mg/l); C 0 =concentration of adsorptive in the bulk liquid at time t

mg/l); V = volume of the bulk solution (l); m = mass of adsorbent

g) 

.2. Adsorption–reaction model 

.2.1. Pseudo-first-order (PFO) equation and pseudo-second-order 

PSO) equation 

.2.1.1. Pseudo-first-order equation. The pseudo-first-order (PFO)

quation was proposed by Largergren in 1898 for adsorption of ox-

lic and malonic acid onto charcoal [31] . It has the following dif-

erential form: 

dq 

dt 
= k 1 ( q e − q ) (2) 

here q = adsorption capacity (mg/g); t = time(min) and k 1 = rate

onstant (1/min). Upon integrating with the initial conditions of

 = 0 when t = 0, Eq. (2) yields 

 = q e ( 1 − exp ( −k t ) ) (3) 

ts linearized form is 

n ( q e / ( q e −q ) ) = k 1 t (4) 

lotting ln(( q e - q )/ q e ) vs. t gives a straight line that passes through

he origin with a slope k 1 for systems that obey this model. 

The rate constant k 1 is a function of the process conditions. It

s reported to decrease with increasing initial bulk concentration

32–35] , which may be understood as follows: 1/k 1 is the time

cale for the process to reach equilibrium; a longer time is needed

smaller k 1 ) if the initial concentration ( C 0 ) is larger. Some reports

ave found that k 1 is an increasing function of C 0 or independent

f C 0 [36,37] . k 1 value is expected to be influenced by experimental

onditions, such as pH and temperature. As equilibrium behavior

isotherms) is affected by these two factors, isolating their effects

o k 1 value would be experimentally difficult. As expected, small

article size is associated with large values of k 1 [38] . 

The PFO model has been argued to be valid for long adsorption

imes when the system is near equilibrium [11,39] . The model has

lso been shown to be valid only at the initial stage of adsorption

40,41] . No generalization can be drawn from this apparent con-

radiction because systematic comparisons are made impossible by

he high variability of experimental conditions, such as concentra-

ion range and adsorbent dosage. No consensus has been reached

n “standard” operating conditions; as such, a wide array of data

re reported from which no meaningful comparisons or conclu-

ions with regard to kinetics can be drawn [17,42,43] . An example

f this situation is in parametric studies (where the effects of the

perating parameters are studied), in which only the range of the

ariable parameter under study is reported, whereas the accompa-

ying set of constant conditions is not completely stated. 

The rate-controlling mechanism depends on the experimental

onditions and surface coverage (adsorption time). Consequently,

he validity of a model is limited to a certain operating range of

he assumed mechanism under which it is developed or inter-

reted. Douven et al. [44] defined three dimensionless numbers

hat define the range of validity of three kinetic models. Pseudo-

rst-order models are valid only under either of these two sets of

onditions: (i) reaction control and Henry regime adsorption, or (ii)

eaction control and high adsorbent dose. A modified PFO was pre-

ented [45] 

dq 

dt 
= k 1 

q e 

q 
( q e − q ) (5) 
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
ith the linearized form 

q 

q e 
+ ln ( q e − q ) = ln ( q e ) − k 1 t (6) 

his modified form considers a variable rate constant k 1 q e / q and

utperforms PFO and PSO in monitoring the adsorption kinetics of

yes on activated carbon [45] . Theoretical derivations of this mod-

fied PFO model have been given by Azizian and Bashiri [46] and

udzinski and Plazinski [47] . 

.2.1.2. Pseudo-second-order model 

This model assumes that the uptake rate is second order with

espect to the available surface sites [48] . 

dq 

dt 
= k 2 ( q e − q ) 

2 (7) 

here k 2 is the pseudo-second-order (PSO) rate constant. Other

ymbols have the same meanings as in the PFO model. Integrating

q. (7) with initial conditions of q = 0 when t = 0 and subsequent

earrangement obtains the linearized form. 

t 

q 
= 

1 

k 2 q 
2 
e 

+ 

t 

q e 
(8) 

he initial rate of adsorption ( q ( t → 0)) is k 2 q 
2 
e . A plot of t 

q v s t gives

 straight line for PSO-compliant kinetics. The slope is 1 
q e 

, and the

ntercept is 1 

k 2 q 
2 
e 

. Other linearized forms are available but less fre-

uently used [49] . 

Most environmental kinetic adsorption can be modeled well by

SO, thereby indicating its superiority to other models. Similar to

FO’s k 1 , the constant k 2 is a time scale factor that decreases with

ncreasing C 0 [50–53] . The effects of pH and temperature on k 2 are

ot well studied because of difficulties that arise from the effects

n equilibrium isotherm shapes. Small particle size yields a larger

 2 value because of reduced IPD resistance [38] . 

Douven et al. [44] proposed an adsorption–diffusion model

ased on pore diffusion and Langmuir surface reaction. Their

odel provides an excellent fit to PSO kinetics if the following con-

itions are fulfilled: (i) reaction control, nonlinear (saturated) ad-

orption, and (ii) a sufficient amount of adsorbent to adsorb half

f the adsorptive in the bulk phase. They argued that those PSO

inetics that cannot be modeled by their model are controlled by

n unknown mechanism, at least over a certain time range. 

.2.1.3. Remarks on pseudo-first-order equation and pseudo-second-

rder equation. The PFO and PSO models are the most popular

odels in environmental adsorption kinetics studies. However, in

ost cases, PFO is inferior in terms of fit to the pseudo-second-

rder model by a least-square discrimination procedure; its q e is

ften much farther from the experimental value compared with

hat given by the pseudo-second-order model [54–56] . 

Plazinski et al. [11] showed that PSO’s wide applicability over

FO does not necessarily stem from a physical basis, but a math-

matical basis. During PSO model linearization, the random errors

n measured q e values are not altered as heavily as in the case of

FO. The calculated q e is often less than, but close to, the exper-

mental value. An advantage of applying PSO is that equilibrium

 e value is not required for data fitting. However, experimental q e 
oes provide a check on the calculated q e and is therefore advised.

Numerous environmental adsorption studies fit the PFO and

SO models to the same set of kinetic data. Better fits are de-

ermined using the statistical least squares method. Under con-

rolled reactions, the rate constants ( k 1 and k 2, respectively, for

FO and PSO) are regarded as reaction rate constants. However,

n most adsorption studies, the adsorption is generally assumed

o be performed in a reaction-controlled regime, without explicit

eports on whether any effort has been made to reduce/eliminate
sorption kinetics models for the removal of contaminants from 
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the transport influences. The fitted rate constants k 1 and k 2 are

most probably lumped constants that combine reaction and diffu-

sion effects under specific experimental conditions. These lumped

constants are merely empirical constants without physicochemi-

cal significance, as they cannot relate to the underlying adsorption

mechanisms [57] . Kinetic studies of this type are largely a data cor-

relation exercise that, on the one hand, provides little insight into

the controlling mechanisms and, on the other hand, complicates

further analysis (if any) for design and scaling purposes. 

The mixed reaction diffusion rate constant is complex to re-

solve for complete elucidation of the intrinsic kinetics [58] . If the

obtained rate constant is a reaction rate constant (rather than a

mixed reaction–diffusion constant), then the Arrhenius equation

can be applied meaningfully to calculate its adsorption activa-

tion energy [59,60] . For column design, studying the diffusion-

controlled kinetics and reaction-controlled kinetics in separate

experiments rather than single experiments is advisable [61–63] . 

The PFO and PSO models lack theoretical basis as they are not

derived based on a pre-assumed reaction mechanism. They re-

mained largely empirical until 2004, when Azizian proposed his

interpretation of these topical models based on Langmuir surface

kinetics [64] . According to his theoretical interpretation, which is

supported by other studies, PFO fits better when C 0 is high, while

PSO fits better when C 0 is not excessively high. As high concentra-

tion is not definitive, exceptions are common [65–67] . 

Although PFO and PSO models are associated with surface re-

action control systems [12,13,68] , Rudzinski and Plazinski [39] il-

lustrated mathematically that PFO fit can be an indication of

IPD and/or surface reaction-controlled kinetics. Plazinski [69] later

found that PFO could be derived by assuming film diffusion control

and/or surface reaction control processes. k 1 has different physical

meanings under these different regimes. Under his model, k 1 is in-

variant with initial bulk concentration in the case of film diffusion-

controlled kinetics. 

Plazinski et al. [70] found that the PSO model can simulate the

behavior of an IPD model. Under such transport control, k 2 value

should be assumed as a transport rate constant. However, as men-

tioned above, PSO, like PFO, has long been assumed to be a rep-

resentation of surface reaction-controlled kinetics, where k 2 is the

reaction rate constant. 

The aforementioned interpretations apparently indicate that

PFO and PSO are not a model of defined mechanism but, rather,

a highly flexible formula that combines many different models

with different controlling mechanisms. This concept is especially

true for PSO, which demonstrates good fitting over the whole time

range for almost all liquid adsorption systems. Over a wide range

of agitation speeds, which correspond to cases of reduced film dif-

fusion resistance, PSO correlates the broad spectrum of kinetic data

equally well [54,71,72] . This finding shows that PSO is merely a

general formula with a k 2 value that is a result of complex inter-

play between different controlling mechanisms. Exploiting the em-

pirical nature of PSO, Azizian and Fallah [73] proposed modified

PSO models for improved data fit. 

In short, efforts to determine the rate-controlling mechanism

based on PFO or PSO curve fit are essentially futile, as multiple

conclusions are possible according to the existing theories of these

two models. A better approach would be careful control of ex-

perimental conditions to effect an appropriately controlled regime,

which would obtain semi-empirical, albeit more meaningful, k 1 or

k 2 values. 

Despite the availability of alternative models, PSO and PFO

remain the most popular model for batch processes. All kinetic

phenomena are lumped into the rate constant k in an obscure

manner. No meaningful mechanism can be confidently postulated

from these models. However, for either batch or continuous

system design, a lumped analysis is sufficient [74–77] . As these
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
mpirical models are more descriptive than predictive, the ki-

etic experiments for design purpose should be conducted under

onditions as close as possible to the target large-scale opera-

ion. The practical significance, high curve-fitting capability, and

asy manipulation of these lumped kinetic models may explain

heir continuing widespread acceptance in the modeling of liquid

dsorption kinetics. 

.2.2. Elovich equation 

First proposed by Roginsky and Zeldovich in 1934 to describe

he adsorption of CO on manganese dioxide, the Elovich equation

s expressed as [78] 

dq 

dt 
= α exp ( −βq ) (9)

he integrated form is 

 = 

1 

β
ln ( 1 + αβt ) (10)

he more frequently used form is based on the assumption

βt >> 1. The linearized form is 

 = 

1 

β
ln ( αβ) + 

1 

β
ln t (11)

inetics observing the Elovich equation should produce a straight

ine on the plot of q vs. ln t . The slope is 1/ β , and the intercept is

ln( αβ)]/ β . α is the initial adsorption rate (mg/g ·min), and β is a

esorption constant related to the extent of surface coverage and

ctivation energy for chemisorption. 

The Elovich equation neglects desorption and is known to de-

cribe chemisorption well [79] . It is physically unsound as it pre-

icts infinite q at long periods of time. Therefore, it is suitable for

inetics far from equilibrium where desorption does not occur be-

ause of low surface coverage. 

Many works have attempted to establish a theoretical basis for

he Elovich equation [80–82] , and most of these works assume

trong heterogeneity at the adsorbent surface. 

This model has found applications in liquid phase kinetics mod-

ling. Largitte and Pasquier [83] found Elovich equation to be

he best fit for lead adsorption onto activated carbon. Elkady et

l. [84] discovered that dye adsorption on eggshell biocomposite

eads followed Elovich kinetics. As expected from their physical

eanings, the constants α and β increase with increasing initial

ye concentration. When the bulk solution temperature increased,

bserved values of α increased, but β decreased [85] . 

.2.3. First-order reversible reaction model 

The surface reaction can be considered a first-order reversible

eaction [34] 

 ↔ B (12)

ith adsorption rate constant k a and desorption rate constant k d .

tarting from the rate equation, 

d C B 
dt 

= −d C A 
dt 

= k a C A − k d C B (13)

e can arrive at the final form 

n 

(
1 − C A0 − C A 

C A0 − C e 

)
= −( k a + k d ) t (14)

here C A0 = initial bulk concentration of adsorptive (mg/l) 

C A = concentration of adsorptive in bulk solution at time t

mg/l) 

C e = equilibrium concentration of adsorptive (mg/l) 

To calculate k a and k d , two simultaneous equations are needed:

q. (13) and the equilibrium relation 

k a 

k 
= 

C Be 

C Ae 

. (15)

d 
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his ratio is a constant that is analogous to the Henry constant in

he Langmuir isotherm. This is the limiting form for Langmuir ki-

etics model when adsorption is in the Henry regime. In the Lang-

uir kinetics model, maximum adsorbable species A is bounded

y the monolayer capacity. However, in a first-order reversible re-

ction model, such saturation effects are not considered in the re-

ction scheme given by Eq. (12) . 

This form closely resembles the PFO equation. In practice, dif-

erences between their fitting suitability are insignificant [86–88] . 

.2.4. Avrami equation 

The adsorption rate coefficient might have a temporal depen-

ency during the adsorption process [89] . A kinetic system with a

ime-dependent rate coefficient is said to exhibit “fractal-like ki-

etics.” The Avrami rate equation is one model that describes such

inetic behavior [90,91] . The equation is 

dq 

dt 
= k · n · t n −1 ( q e − q ) (16) 

here k is the Avrami kinetic constant, and n is a model constant

elated to the adsorption mechanism. k n t 
n −1 can be construed as

he effective rate coefficient. The integral form is (for q ( t = 0) = 0) 

 = q e − q e exp ( −k t n ) (17) 

his rate equation is first order with respect to the driving force

 q e - q ) but can be of fractional order with respect to t , as n can be

n integer or fraction. For n = 1, a PFO results. 

The uptake of Cu(II), Mn(II), and Pb(II) was excellently corre-

ated by this Avrami rate equation by using nonlinear regression

92] . 

The linearized form is 

 n 

(
l n 

q e 

q e − q 

)
= n · ln k + n · ln t (18)

he values of n and k can be obtained from the slope and intercept,

espectively, from a plot of l n ( l n q e 
q e −q ) vs . l n t . For the adsorption of

ercury on chitosan membranes, two straight lines are found on

his plot, giving two n values and two k values for the mercury

dsorption process [91] . 

Models that describe kinetics of fractional orders are lacking.

he general order model was developed to compensate for the de-

ciencies of PFO and PSO, which has preset integral reaction orders

93,94] . In the general order model, the reaction order n can be an

nteger or non-integer rational number, and must be determined

y an experiment. The general order model reads 

dq 

dt 
= k n ( q e − q ) 

n (19) 

ith the integrated form 

 = q e − q e (
k n q 

n −1 
e t ( n − 1 ) + 1 

) 1 
n −1 

; n � = 1 (20)

n two recent studies, the general order model with fractional or-

er best describes the adsorption of pharmaceuticals [95] and syn-

hetic dye onto activated carbon [96] . 

The Avrami model and general order model can be combined

nto a general equation form [97,98] 

dq 

dt 
= k n t 

m −1 ( q e − q ) 
n (21) 

he integrated expression is 

 = q e − 1 (
k n ( n −1 ) t m 

m 

+ 

1 

q n −1 
e 

) 1 
n −1 

; n � = 1 (22)

he subscript n in k n denotes the reaction order with respect to the

riving force. For n = 1, Eq. (21) reduces to the Avrami Eq. (16) ; for

 = 1, Eqs. (21) and ( 22 ) reduce to Eqs. (19) and ( 20 ), respectively. 
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad
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.3. Adsorption–diffusion model 

.3.1. Crank model 

A typical model that considers IPD is Fick’s second law [99] 

∂q 

∂t 
= 

D 

r 2 
∂ 

∂r 

(
r 2 

∂q 

∂r 

)
(23) 

q. (23) describes the diffusion of adsorptive in a spherical parti-

le. Symbols D and r respectively denote the intraparticle diffusiv-

ty (cm 

2 /min) and the radial distance (cm) from the center of the

article. External diffusion and surface reaction are assumed to be

ore rapid than IPD. In this equation, the adsorbed amount q is a

unction of t and r , i.e., q = f(r,t ). 

Assuming that q at the particle’s external surface is constant

i.e., infinite volume of bulk solution) and the particle is ini-

ially free of adsorbate, Crank presented an analytical solution for

q. (23) [100] : 

q 

q e 
= 1 + 

2 R 

π r 

∞ ∑ 

n =1 

( −1 ) 

n 

n 

sin 

nπ r 

R 

exp 

(
−D n 

2 π2 t 

R 

2 

)
(24)

he average value of q in the spherical particle of radius R at any

articular time is q̄ , calculated as 

¯
 = 

3 

R 

3 

∫ R 

0 

q r 2 dr (25) 

ubstituting Eq. (24) into Eq. (25) and integrating 

q̄ 

q e 
= 1 − 6 

π2 

∞ ∑ 

n =1 

1 

n 

2 
exp 

(
−D n 

2 π2 t 

R 

2 

)
(26) 

he bulk-phase adsorptive concentration is 

 = C 0 − m 

V 

q (27) 

or a short time q̄ 
q e 

< 0 . 3 , Eq (26) can be simplified as 

q̄ 

q e 
= 6 

√ (
Dt 

πR 

2 

)
(28) 

he diffusion coefficient D for a short time can be determined from

 plot of q̄ 
q e 

vs. 
√ 

t . The long time behavior q̄ 
q e 

> 0 . 85 for Eq. (26) is

xponential [83] , as given by Eq. (29) 

q̄ 

q e 
= 1 − 6 

π2 
exp 

(
−D π2 t 

R 

2 

)
(29) 

q. (29) is sometimes called Boyd equation [101,102] . 

.3.2. Vermeulen model 

Vermeulen proposed an approximate solution to Eq. (26) that is

alid over the entire time range [103,104] . 

q̄ 

q e 
= 

√ 

1 − exp 

(
−D π2 t 

R 

2 

)
(30) 

n the linearized form, 

n 

( 

1 −
(

q̄ 

q e 

)2 
) 

= −D π2 t 

R 

2 
(31) 

q. (31) has been given different names in the literature. It is

lso known as Dumwald–Wagner model [105–107] or pore-surface

ass diffusion model [108–110] . This equation is used to check

hether intrapaticle diffusion is the sole rate-limiting step [106] .

 straight line on a plot of ln ( 1 − ( q̄ 
q e 

) 
2 
) vs . t passing through the

rigin indicates IPD is the sole rate-controlling step. More impor-

antly, Eq. (31) is used to determine the IPD coefficient [105,108] . 
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3.3.3. Weber–Morris IPD model 

Weber and Morris [111] proposed a model for modeling adsorp-

tion kinetics limited by IPD. 

q = k id 
√ 

t + B (32)

where k id is the IPD rate constant [mg/(g •min 

0.5 )], and B is the

initial adsorption (mg/g). This model is often referred to as the IPD

model. 

A plot of q vs 
√ 

t should be linear. The k id and B correspond to

the slope and intercept, respectively. k id generally increases with

increasing initial adsorptive concentration [112-114] . 

This model is the third most common candidate model for liq-

uid adsorption kinetics in environmental remediation after the PFO

and PSO models. For kinetics controlled solely by IPD, the line

should pass through the origin ( B = 0) [115-117] . However, in most

studies, this plot (i) shows multilinearity over the entire adsorption

period and (ii) provides better fit if not forced through the origin

( B > 0) [36,118–120] . 

Multilinearity is an indication of multiple mechanisms that con-

trol the process [121] . Each linear segment represents a controlling

mechanism or several simultaneous controlling mechanisms. In the

initial step, external surface adsorption or instantaneous adsorp-

tion occurs. In the second step, IPD begins. In the third step, the

system approaches equilibrium. Adsorption slows as surface cover-

age nears saturation. Given the kinetic data, defining the time pe-

riod for each line segment is somewhat arbitrary. Piecewise linear

regression is helpful in this case [122] . 

The pore diffusion rate constant decreases from the first step

to the last step, thereby signaling the diminishing role of IPD and

the increasing role of other mechanisms [123,124] . McKay et al.

[125] stated that extrapolation of the linear segment to the ordi-

nate intercept gives a B value that is proportional to the boundary

layer thickness. A large B value corresponds to large film diffusion

resistance. Raji and Pakizeh [126] found that higher bulk liquid

concentration increases both the IPD rate constant and the bound-

ary layer effect indicated by a higher B value. 

Douven et al. [127] derived a theoretical background for the

Weber–Morris IPD model based on Langmuir surface kinetics. They

reported that film diffusion dominates for very short times over

the entire adsorption course and can be excluded for model deriva-

tion. The range of validity is somewhat more limited than that

commonly acknowledged in literature. They found that the IPD

model is valid if these conditions are fulfilled: intraparticle control,

Henry regime adsorption, and infinite volume of bulk solution. 

The initial adsorption behavior at t = 0 is rarely investigated.

Wu et al. reported a decrease in initial adsorption ( B value) when

smaller adsorbent particles are used [121] . A negative B value in

Eq. (32) can be explained by the combined effects of film diffusion

and surface reaction control [128] . 

Used almost exclusively for batch process in the past, the

Weber–Morris model was recently applied to a fixed bed setting

[129] . 

3.3.4. Bangham model 

Bangham’s model assumes IPD to be the only rate-controlling

step. It is typically used in the following form [130,131] : 

l og 

(
l og 

C 0 
C 0 − q.m 

)
= l og 

(
k 0 m 

2 . 303 V 

)
+ αl ogt (33)

where k 0 and α are constants. 

This model has been used to check whether pore diffu-

sion is the sole rate-controlling mechanism. A linear plot of

l og( l og 
C 0 

C 0 −q.m 

) vs. log t is observed if the assumption is true. Pes-

ticide removal by activated carbon was shown to be controlled by

pore diffusion in this model [131] . 
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad
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.3.5. Linear film diffusion model 

When the accumulation of adsorptive on the sorbent surface is

qual to the adsorptive diffusion rate across the liquid film (bound-

ry layer), as in a film diffusion-dominated system, the bulk liquid

hase concentration of adsorptive can be expressed as [132] 

dC 

dt 
= −k f ( C − C s ) (34)

here k f =film diffusion coefficient (min 

−1 ), and C s =adsorbate

oncentration at the liquid–solid interface (mg/l). At short times,

 s is negligibly small ( C s ≈0). Eq. (34) can then be integrated to

ield 

C 

C 0 
= exp 

(
−k f t 

)
(35)

he film diffusion coefficient can be estimated from a plot of –

n( C / C 0 ) vs t . 

.3.6. Mixed surface reaction and diffusion-controlled kinetic model 

MSRDCK) 

Despite good overall linearity in the t/q vs t plot of PSO kinet-

cs, deviation from linearity is spotted in some cases at the initial

imes of adsorption. A kinetic model that includes the surface re-

ction and film diffusion control has been developed to correct for

his initial time deviation [133] . 

dq 

dt 
= k 

(
1 + 

τ 1 / 2 

t 1 / 2 

)
( C 0 − γ q ) ( q e − q ) (36)

here γ = 

( C 0 − C ) 

q e 
(36a)

 = 

4 π r 0 D 

γ
(36b)

= 

r 2 0 

π D 

(36c)

ith r 0 = particle radius (cm); D = film diffusivity (cm 

2 /min); The

ntegrated form of Eq. (36) is 

 = q e 
exp 

(
at + b t 1 / 2 

)
− 1 

u eq exp 
(
at + b t 1 / 2 

)
− 1 

(37)

here u eq = 1- C e / C 0 ; C e = equilibrium concentration of bulk solu-

ion (mg/l); 

 = k C 0 ( u eq − 1 ) (37a)

 = 2 k C 0 τ
1 / 2 ( u eq − 1 ) (37b)

he constants a and b account for surface reaction and diffusion,

espectively. This model is able to capture both the initial curved

ortion of the linear PSO plot and the entire time range of ad-

orption for dye removal by chitosan and P-g-pAPTAC microspheres

133] . Picloram herbicide adsorption onto montmorillonite clay is

est fitted by this mixed model [134] . 

.3.7. Multi-exponential model 

The multi-exponential model is an attractive candidate model

or adsorption kinetics that has multiple parallel routes that con-

ribute to the total adsorbate uptake [135] . In a system with widely

ifferent particle sizes, the adsorption kinetics on small and large

articles may be controlled by different mechanisms with kinetic

arameters that have different orders of magnitude. A similar situ-

tion arises when the total uptake is contributed by the adsorption

n the sites of widely different energies or on pores of widely dif-

erent sizes. The multi-exponential model reads 
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[  
 = q e 

[
1 −

∑ N 
i =1 a i exp ( −k i t ) ∑ N 

i a i 

]
(38) 

here k i is the rate coefficient for route i (total N route contribut-

ng to the total uptake q ), and a i is the weight coefficient that re-

ects the share of route i . 

Chiron et al. used multi-exponential model ( N = 2, so-called

ouble exponential model) to describe the co-adsorption of Cu(II)

nd Pb(II) onto amine-grafted silica [136] . Each metal was ad-

orbed via a two-step mechanism, namely, external particle dif-

usion and IPD. The k values for lead were nearly double that of

opper. 

Marczewski et al. [137] used carbon particles of different sizes

or organic pollutant adsorption and found a good fit to the kinetic

ata through a triple-exponential model. Quadruple-exponential

tting was performed by Derylo–Marczewska et al. [138] for dye

dsorption on mesoporous carbon. 

For N = 1, this model is reduced to the PFO model. 

.3.8. Other models 

The list of models covered here is by no means comprehen-

ive. Other models that are useful for adsorption or adsorption–

iffusion modeling but are not discussed here are parabolic diffu-

ion [139,140] , hyperbolic model [141,142] , two-site nonequilibrium

odel [143] , branched pore diffusion model [144] , nonlinear film

ransfer model [132] , second-order reversible reaction model [145] ,

nd mixed-order rate equation [146,147] , among others. 

. Correlating the kinetic data 

.1. Linear fitting vs. nonlinear fitting 

Linear regression analysis is simple to implement and is appli-

able to a broad array of kinetic adsorption systems [16] . The usual

ractice in environmental adsorption studies is to fit the linearized

orm of PFO, PSO, and other relevant models to the data sets. The

est-fit model is determined based on the correlation of determi-

ation ( R 2 ) value, and the obtained model parameters are cross-

hecked with the experimental values. One problem is that differ-

nt linearized forms of the PSO model provide sometimes-widely

ifferent parameter values [117] . Nonlinear regression is recom-

ended to circumvent this problem, and it has been shown to be

etter than linear regression such that more realistic values of q e 
nd k values, and often a higher correlation coefficient ( R 2 ) value

re obtained [24] . A similar situation applies to PFO kinetics mod-

ling and breakthrough modeling [148] . 

During nonlinear regression, model parameters are first esti-

ated and then continuously evolve toward the values that min-

mize a predefined error function. This evolution is based on a

elected optimization algorithm (e.g., Levenberg–Marquardt algo-

ithm), which determines how the estimated set of values con-

erges toward their final optimized values [149] . Despite the accu-

acy and consistency of nonlinear regression over linear regression,

ts popularity does not penetrate deep into the community. 

A large number of works disregard PFO in favor of PSO as an

utcome of model discrimination by linear regression based on

he marginal differences in R 2 values. Some publications caution

gainst this unscrupulous discrimination [11] . First-order kinetics,

hich has been ascribed to PSO by linear regression, surprisingly

ts PFO by nonlinear regression [150] . 

Fit quality depends on the experimental error and range of

ime. Linearized PFO shows better fit for initial periods than later

imes [11] . In addition, PFO is prone to experimental error, whereas

SO is less sensitive to experimental error. A large experimental er-

or can make the right model fit poorly and the wrong model fit
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
dequately, thereby providing misleading kinetic information. For-

unately, the nonlinear forms of kinetic models are more robust to-

ard experimental errors and are hence preferred, especially when

xperimental errors are not controlled. 

The effect of linearizing a model is altered error distribution

f the data set. Linear regression yields a Gaussian distribution of

he errors in the data set. However, the linearized data set might

ave a distorted error distribution if plotted on linearized axial set-

ings by using the model parameters determined from the nonlin-

ar method [151,152] . One concrete evidence of this error structure

istortion is in the PSO linear plot. The ordinate t/q value is un-

efined at t = 0 because q is supposedly zero. Applying linear re-

ression will force the error distribution to be Gaussian by defining

ew values for the model parameters, which can be different and

ven illogical [55,153] . Different linear transformations modify the

rror structure differently. Hence, careful choice of the linearized

orm is advised. 

At least five linearized forms of PSO are available [49] . Ku-

ar [150] found that the most popular form of PSO ( t/q vs. t )

as not the best form. Ho [49] and Nouri et al. [154] found

hat the most commonly used form is the best linearized form

hat yields the most accurate and reliable parameter values, sec-

nd only to those obtained by the nonlinear regression method.

his difference shows that the accuracy of the linearized form and

he linearization-induced numerical error are dependent on the

dsorbent–adsorbate type and experimental conditions. 

To the best of our knowledge, no thorough analysis of the lin-

arization issues has been reported for kinetic adsorption models.

his condition can be attributed to two factors. First, the primary

nterest of most studies lies in materials development and eval-

ation, and not on model development. Second, benchmark val-

es against which the obtained parameters from linear and non-

inear analyses can be confidently compared are insufficient. The

est at hand for the community is experimental equilibrium ca-

acity. However, adsorption systems that take a long time to sat-

rate add further complexity to the determination of equilibrium

apacity and its subsequent verification by models [155,156] . 

Whether linear or nonlinear regression is used for model fit-

ing is not clearly reported in some works. This obscurity is regret-

able because the linear or nonlinear method can affect the accu-

acy of the fitted parameters and, more importantly, the eventual

odel attribution of the data set. Such works prevent any mean-

ngful comparisons by upcoming similar works. 

Malpractices are common to the point of gaining ground in liq-

id systems modeling [43] . In addition to the aforementioned lin-

arization issue, these malpractices include inappropriate data fit-

ing (selective or forced fitting) and statistical discrimination bias. 

With the advent of computing technology, nonlinear regression

as become less of a hassle and should therefore be prioritized

ver the linear method. Whenever possible, a comparison should

e made between the linearized and nonlinear models in terms of

t quality and reasonability of the determined parameters before

eciding on the best model. 

.2. Error functions 

Error functions are statistics that quantify the error between

he model parameters and experimental values. Linear regression

s a standard method developed based on the least squares crite-

ion [157] . Model parameters are captured well by the slope and

ntercept, both of which are clearly defined as functions of the

xperimental data. The fitted parameters are set by regression to

inimize the sum-of-squares errors between the predicted and

xperimental values. In standard nonlinear regression, the fitted

arameters are also set to minimize the sum-of-squares errors

149] . However, other error functions can be defined as the objec-
sorption kinetics models for the removal of contaminants from 
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n  
tive function in place of the most commonly used least squares

function for data regression. Unlike linear regression, nonlinear re-

gression is an iterative procedure, during which model parameters

values are iterated based on a chosen algorithm to minimize the

predefined error function ( R 2 is to be maximized) [49] . This regres-

sive iteration is conveniently accomplished by using computing

software, such as Matlab, OriginPro, Mathematica, and SPSS. 

In the literature, these error statistics are calculated in addi-

tion to the correlation of determination ( R 2 ) to confirm and sup-

port the model already discriminated by R 2 . High R 2 values cor-

respond to low error statistics in most cases. When the R 2 values

are too close to discriminate the PFO and PSO models, RMSE (see

Eq. (42) for definition) comes in handy [158] . El-Khaiary and

Malash [43] raised a concern about the possible bias in taking R 2 

as the goodness-of-fit criterion for models that have different de-

grees of freedom. 

Some notable error functions are listed as follows. The coeffi-

cient of determination is restricted to 0 < R 2 ≤ 1. An R 2 value

closer to unity indicates a better fit. A detailed discussion about

these statistics is presented elsewhere [159,160] . 

For Eqs. (39) –( 48 ) and ( 48a ), the notation is: q cal =model-

predicted value and q exp =experimental value. Subscript i is omit-

ted from q cal and q exp for clarity. 

(1) Sum-of-squares of errors (SSE) 

SSE = 

n ∑ 

i =1 

( q cal − q exp ) 
2 (39)

(2) Chi-squared statistic, χ2 

χ2 = 

n ∑ 

i =1 

( q exp − q cal ) 
2 

q cal 

(40)

(3) Mean sum-of-squares error (MSE) 

MSE = 

1 

n 

n ∑ 

i =1 

( q cal − q exp ) 
2 (41)

(4) Root mean sum-of-squares error (RMSE) 

RMSE = 

√ 

1 

n 

n ∑ 

i =1 

( q exp − q cal ) 
2 (42)

(5) Normalized standard deviation, 	q (%) 

	q ( % ) = 100 

√ 

1 

n − 1 

n ∑ 

i =1 

(
q exp − q cal 

q exp 

)2 

(43)

This function is also known as average relative standard er-

ror (ARS). 

(6) Average relative error (ARE) 

ARE = 

1 

n 

n ∑ 

i =1 

∣∣∣∣q exp − q cal 

q exp 

∣∣∣∣ (44)

(7) Coefficient of determination (a.k.a. correlation coefficient)

( R 2 ) 

R 

2 = 

∑ n 
i =1 ( q cal − q exp ) 

2 ∑ n 
i =1 ( q cal − q exp ) 

2 + 

∑ n 
i =1 ( q cal − q exp ) 

2 
(45)

An adjusted R 2 is used to eliminate the goodness of fit con-

tributed by (large) sample size and gauge the intrinsic fit

quality. 

Adjusted R 

2 , = 1 −
(
1 −R 

2 
)
·( n −1 ) / ( n −1 −p ) (46)

P = number of model parameters 
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
(8) Sum of absolute error (SAE) 

SAE = 

n ∑ 

i =1 

| q cal − q exp | (47)

(9) Marquadt’s percent standard deviation (MPSD) 

MP SD = 100 

√ 

1 

n − p 

n ∑ 

i =1 

(
q exp − q cal 

q exp 

)2 

(48)

 modified MPSD is 

 error = 

√ (
1 

n − p 

) n ∑ 

i =1 

( q exp − q cal ) 
2 (48a)

. Modeling works on batch adsorption systems 

In this section, representative works are selected from the

iterature for an overview of the current state. General trends

re discussed, and interesting findings are mentioned. The kinetic

nvestigations of adsorption systems that involve the removal

f heavy metal ions from water are provided in Table 1 . The

odeling studies of selected adsorption systems that involve the

queous-phase removal of other pollutant categories are tabulated

n Tables 2 –5 , and 6 . The best-fit model is emboldened. For such

iverse adsorption systems, PSO exhibits good fit over the entire

ime course, thereby showing its ability to depict, by its own,

arious mechanisms. 

.1. Heavy metals 

Table 1 lists the adsorption systems where heavy metal ions

re removed from water. The adsorbents are representative of

he major classes in the literature. The adsorbent dose ranges

rom 0.01 g/l to 200 g/l, while the initial concentration ranges

rom 50 ppm to 500 mg/l. Despite this wide range, PSO prevails

ver PFO in most cases. For lead-sawdust [37] and chromium-

ydrotalcite [161] adsorption systems, both pseudo models provide

omparable fit goodness (i.e., R 2 value). PFO is selected because

he predicted q e agrees better with the experiment. The works in

able 1 shows that no distinct set of conditions that favor the PFO

an be observed. The Weber–Morris plot rarely passes through the

rigin. For metal adsorption onto CaCO 3 –maltose hybrid adsorbent,

he first segment of the multilinear line passes through the origin

116] . 

.2. Dyes 

Table 2 shows the adsorption systems in which synthetic dyes

re removed from water. Similar to heavy metals, PFO-compliant

inetics is difficult to come by. The attribution of the adsorption

ystems to PSO could be decided by a matching q e value when

he R 2 values are quite close [102,183-185] . Hameed and El-Khaiary

102] found from Boyd’s plot that the diffusion coefficient, D , de-

reases with the increase in dye concentration. The general order

odel best describes the uptake of reactive violet 5 by cocoa shell

ctivated carbon, dictated by the highest R 2 
adj 

and lowest modified

PSD [96] . The order of reaction increases with initial adsorptive

oncentration and ranges between 1.20 and 1.38. How much this

athematical advantage boosts its profiling of the uptake kinetics

s unclear because the general order model is a three-parameter

odel (as opposed to the two parameters of PFO or PSO). 

.3. Phenolics 

Table 3 shows some works on the removal of phenol and phe-

olic compounds from wastewater. The PFO correlates the kinetics
sorption kinetics models for the removal of contaminants from 

rs (2017), http://dx.doi.org/10.1016/j.jtice.2017.01.024 

http://dx.doi.org/10.1016/j.jtice.2017.01.024
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Table 1 

Selected works on the removal of heavy metal ions from water. 

Adsorbate Adsorbent Adsorbent 

dose (g/l) 

Temperature 

( °C) 

Initial adsorptive 

concentration, C 0 (mg/l, 

except otherwise stated) 

Experimental uptake, 

q exp (mg/g, except 

otherwise stated) 

Candidate model (the best fit model(s) in 

bold) 

Discrimination Reference 

Cr Calcined Mg–Al–CO 3 hydrotalcite 0.5 30 10 20 PFO , PSO R 2 , χ2 [161] 

Pb Biomass-added crosslinked chitosan beads 200 20 73.4 0.28 PFO, PSO R 2 [162] 

Ni Polyurethane foam 10 30 50 2.18 PFO, PSO R 2 [163] 

Pb Carbonized rubber waste sawdust 0.5 30 20 35.8 PFO, PSO, IPD R 2 [37] 

Pb Zeolite–NaX 12 30 10 90% removal PFO , PSO, first order reversible reaction 

model , Elovich, Bangham, IPD 

R 2 [164] 

Cu; Mn; Pb Pecan nutshell 5; 5; 4 25 30 0; 30 0; 30 0 85; 95.2; 175.5 Avrami fractionary order , PFO, PSO, 

Elovich, IPD 

R 2 ; 	q [92] 

Pb Acid activated bentonite 10 30 5 0.330 PFO, PSO , IPD R 2 ,RMSE [165] 

Pb; Functionalized 0.01; 25 1; 0.43 mmol/g; PSO , IPD – [166] 

Hg magnetic mesoporous silica 0.01 1 0.5 mmol/g 

Cd, Chestnut shell 10; 25 100; 9.86; PSO , IPD R 2 , 	q [117] 

Cu, 10; 100; 9.61; 

Pb. 10; 100; 8.81; 

Zn 10 100 9.26 

Pb; CaCO 3 –maltose hybrid 4/7; – 811.5; 1884.2; PFO, PSO , IPD R 2 [116] 

Ni; 4/7; 43.8; 37.4; 

Mn 4/7; 565.2; 332.5; 

Cu; 4/7; 572.4; 566.9; 

Co; 4/7; 43.4; 63.5; 

Cd; 4/7; 410.1 367.5 

Pb Low silica nano-zeolite X 1.5 45 15 789.12 PFO, PSO R 2 [167] 

Re (VII); Modified waste paper gel 2; 30 20; 0.96 mmol/g; PFO, PSO R 2 [168] 

Mo(VI) 2 20 4.99 mmol/g 

As Pine leaves 20 25 10 0.0232 PFO, PSO R 2 [169] 

Cu Diamine-modified mesoporous silica on 

multiwalled carbon nanotube (MWCNT) 

1 25 100 45 PSO , IPD R 2 [124] 

Cd; Sodic bentonite clay 10; 20 0.394 mmol/l; 0.038 mmol/g; PFO, PSO , IPD R 2 , χ2 , RMSE [170] 

Pb 10 0.394 mmol/l 0.035 mmol/g 

Pb Weak acidic cation resin 1 25 50 47.75 PFO, PSO , IPD, external diffusion model, 

pore- surface mass diffusion model 

R 2 ,ARE [108] 

Hg Mercapto-grafted rice straw 1 50 0–400 45.3 PFO, PSO , Elovich, IPD, Pore diffusion 

model, Film diffusion model 

R 2 , 	q [60] 

( continued on next page ) 
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Table 1 ( continued ) 

Adsorbate Adsorbent Adsorbent 

dose (g/l) 

Temperature 

( °C) 

Initial adsorptive 

concentration, C 0 (mg/l, 

except otherwise stated) 

Experimental uptake, 

q exp (mg/g, except 

otherwise stated) 

Candidate model (the best fit model(s) in 

bold) 

Discrimination Reference 

Hg Sugarcane bagasse 5 30 76 14.7 PFO, PSO R 2 [171] 

Hg Palm shell activated carbon 2 30 200 69.35 PFO, PSO , IPD R 2 [172] 

Cd Ionic imprinted silica-supported hybrid 

adsorbent 

4 25 300 29.1 PFO, PSO , Elovich, IPD R 2 [173] 

Pb; Tea waste 0.6; 25 20; 26.33; PSO R 2 [174] 

Cd; 0.6; 20; 11.58; 

Cu 0.6 20 15.62 

Thallium(I) Prussian blue immobilized on alginate 

capsules 

0.4 – 50 54.7 PFO, PSO , Crank model MSE [175] 

Hg MCM-41 modified by ZnCl 2 1/3 20 50 87 PFO, PSO , Elovich, IPD, Dumwald Wagner, 

Crank 

R 2 [126] 

Pb Iron-loaded ash nanoparticles 0.1 25 25–200 822.5 PFO, PSO , IPD, Elovich R 2 [176] 

Pb Polyacrylamide Zr(IV) iodate 10 50 200 5.57 PFO, PSO , IPD RMSE,SAE, 

χ2 , 	q 

[120] 

Pb Activated carbon/Fe 3 O 4 @SiO 2 –NH 2 0.8 30 100 81.3 PFO, PSO R 2 [177] 

Cd; Polyaniline grafted 4.5; 25 220; 98.45; PFO, PSO R 2 , χ2 [178] 

Pb crosslinked chitosan 4.5 220 90.45 

Cd Corn stalk xanthates 5 40 100 9.86 PFO, PSO R 2 [179] 

Pb Metal organic framework MIL-101 

functionalized by ethylenediamine 

1 25 500 70.42 PFO, PSO , IPD R 2 [180] 

Pb Ethylenediaminetetraacetic acid 

-Zr(IV)iodate 

10 25–50 10–60 26.04 PFO, PSO , IPD, Elovich R 2 [33] 

Hg Montmorillonite modified with 

dimercaprol; 

2; 30 10 3.179; PFO, PSO R 2 [181] 

Vermiculite clay modified with dimercaprol 2 4.9605 

Cu; Layered double hydroxide intercalated with 1.2; 25 20–30ppm 17; PFO, PSO R 2 [182] 

Ag; MoS 4 
2 − ion 1.2; 16; 

Pb; 1.2; 16; 

Hg 1.2 24 
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Table 2 

Selected works on dyes removal from water. 

Adsorbate Adsorbent Adsorbent dose 

(g/l) 

Temperature 

( °C) 

Initial adsorptive 

concentration, C 0 (mg/l, 

except otherwise stated) 

Experimental uptake, 

q exp (mg/g) 

Candidate model (the best fit model(s) 

in bold) 

Discrimination Reference 

Methylene blue Broad bean peels 1.5 30 325 167.52 PFO , PSO R 2 [185] 

Malachite green Oil palm trunk fiber 1.5 30 300 97.78 PFO , PSO, IPD, Elovich, Boyd R 2 [102] 

Malachite green Maize husk leaf 2.5 50 200 73.9 PFO , PSO R 2 [183] 

Methylene blue Zeolite NaA 1 30 120 50.7 PFO , PSO, IPD R 2 [184] 

Methylene blue; Mesoporous carbon – – – 0.107; PFO, PSO, multi-exponential model R 2 , modified RMSE [138] 

Methyl orange 0.115 

Methyl red Metal organic framework MIL-53(Fe) 0.1 25 100 76.94 PFO, PSO , IPD R 2 [186] 

Congo red Polypyrrole-polyaniline nanofiber 1 25 100 100 PFO, PSO , IPD R 2 [187] 

Basic yellow 28 Calcined eggshell 2 25 50 23.31 PFO, PSO R 2 [188] 

Reactive violet 5 Cocoa shell activated carbon 2.5 25 10 0 0 399 PFO, PSO, general order model , IPD R 2 , R 2 
adj 

, modified 

MPSD 

[96] 

Malachite green Graft copolymer derived from 

amylopectin and poly(acrylic acid) 

2 35 500 245.098 PFO, PSO , Second order, IPD R 2 , χ2 [113] 

Acridine orange; Food waste hydrochar 0.5; 40 50; 99.323; PFO, PSO R 2 , χ2 [189] 

Rhodamine 6G 0.5 50 94.277 

Methylene blue Poly(cyclotriphosphazene-co-4,4 ′ - 
sulfonyldiphenol) 

nanotube 

0.75 25 100 69.16 PFO, PSO , IPD R 2 [118] 

Basic blue 41 Nanoporous silica 0.5 30 60 113.264 PFO, PSO , IPD R 2 [35] 

Methylene blue Methyl-functionalized mesoporous silica 1 45 2.5–20 15.87 PFO, PSO , IPD R 2 [190] 

Orange II Surfactant coated zeolite 4 35 250 59.17 PSO R 2 [191] 

Basic Fuchsin dye Calcined mussel shell 5 25–155 200 186.67 PFO, PSO , IPD R 2 , χ2 ,MSE, 	q [192] 

Methylene blue Magnetic metal organic framework 

Fe 3 O 4 –Cu 3 (BTC) 2 

1 30–50 100 84 PFO, PSO R 2 [193] 

Methylene blue; Montmorillonite- 0.5; 30 150; 345.0; PFO, PSO , IPD R 2 , S 2 (unexplained) [194] 

Methyl orange pillared graphene oxide 4 50 131.8 

Acid brilliant 

scarlet 

Crab shell waste activated carbon 0.5 20 500 988.5 PFO, PSO , Elovich, IPD R 2 [195] 

Malachite green Tetraethylenepentaamine functionalized 

activated carbon 

0.2 25 50 217.175 PFO, PSO , IPD R 2 [196] 

Procion blue 

PB;Remazol 

Bentonite-Mg(OH) 2 composite 2; 25 120; 40.4; PFO, PSO R 2 [32] 

brilliant blue R 2 120 47.21 

Eriochrome black T Crosslinked polyzwitterionic acid 1.5 25 10ppm 4.07 PFO, PSO R 2 [197] 

Rhodamine B Activated carbon from biomass 

gasification residue 

0.05 25 20 215.7 PFO, PSO , IPD, Elovich R 2 [198] 
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aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
f phenol adsorption in a multistage external loop airlift reactor

199] . In this reactor setup, air bubbles are sparged through the so-

ution at a superficial velocity of 2.19 cm/s to enhance mass trans-

er. As in all other surveyed phenolics works, PSO fits better than

he other models. 

.4. Pesticides 

Table 4 shows some selected works on the adsorptive removal

f pesticides from water. Out of the 16 surveyed papers, two pa-

ers reported that PFO is better than PSO [131,210] , and one pa-

er reported that both are equally acceptable [24] . Boyd’s equation

as used to determine the effective diffusion coefficient, which de-

reases with the increase in initial pesticide concentration [210] .

FO produces convincing q e and R 2 values for the adsorption

nto waste rubber tire activated carbon [131] . Marco–Brown et al.

134] applied the mixed surface reaction and diffusion-controlled

inetic model to picloram herbicide adsorption on montmoril-

onite. The downward curvature at the initial times of the linear

SO plot warrants the application of the mixed surface reaction

nd diffusion-controlled kinetic model. According to this model,

he lack of fit at the initial period is a diffusion effect. All other

ases in Table 4 are fitted well by PSO. 

.5. Pharmaceuticals, personal care products, and endocrine 

isruptors 

This class of pollutants is gaining attention in environmental

dsorption due to their growing presence in water bodies. Table 5

rovides some modeling works on this rising class of pollutants.

ome noteworthy findings are summarized below. 

(i) PFO does not converge for three pharmaceuticals, namely,

carbamazepine (CBZ), oxazepam (OXZ), and piroxicam (PIR),

on non-activated carbon prepared from paper mill sludge

[221] . However, it converges for the adsorption of those

pharmaceuticals on commercially activated carbon and per-

forms better than PSO for the adsorption of OXZ and PIR. 

(ii) Dimetridazole (DMZ), which has the smallest molecules in

the study, fits PFO better [222] . By contrast, trinidazole

(TNZ), which has the largest molecules in the study, fits PSO

better. 

(iii) In the presence of sodium dodecylsulfate surfactant, the rate

constant k 2 increases with the initial concentration of Thior-

idazine hydrochloride (THCl) [223] , whereas k 2 decreases at

higher initial THCl concentration in the absence of surfac-

tant. 

.6. Other pollutants 

Table 6 shows other common pollutant adsorption kinetics. For

he kinetics of phosphate removal, PFO and PSO fit equally well

115] . The first portion of the IPD curve passes through the origin,

hereby indicating IPD control at the initial period of adsorption

115] . In the case of Patulin adsorption, PFO with an R 2 value of

.8885 outperforms PSO [234] . 

. Modeling the kinetics of fixed bed adsorption 

.1. Breakthrough curve 

Industrial adsorption processes typically run in continuous

ode in fixed bed [239,240] . Breakthrough curve is the plot of

oncentration versus time at the column exit. Polluted stream

asses through the column packed with fixed bed of adsorbent

articles. As the pollutants are adsorbed in the bed, cleaned stream
sorption kinetics models for the removal of contaminants from 

rs (2017), http://dx.doi.org/10.1016/j.jtice.2017.01.024 
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Table 4 

Selected works on pesticides removal from water. 

Adsorbate Adsorbent Adsorbent dose 

(g/l) 

Temperature 

( °C) 

Initial adsorptive 

concentration C 0 (mg/l, 

except otherwise stated) 

Experimental uptake, 

q exp (mg/g, except 

otherwise stated) 

Candidate model (the best fit model(s) in 

bold) 

Discrimination Reference 

Monocrotophos Waste jute fiber carbon 0.5 28 40 39.84 PFO , PSO, IPD, Boyd R 2 ,SSE [210] 

Methoxychlor; Waste rubber tire AC 0.1; 25 12; 112; PFO , PSO R 2 [131] 

Atrazine; 0.1; 12; 104.9; 

Methyl parathion 0.1 12 88.9 

Carbofuran Rice husk biochar 1 30 50 24.6 PFO, PSO , Elovich, IPD R 2 , χ2 [24] 

2,4- 

dichlorophenoxyacetic 

acid 

Pumpkin seed hull AC 1 30 400 253.56 PFO, PSO R 2 
adj 

; RMSE [211] 

Diuron Volcanic ash derived soil 200 30 5 μg/l 43.4 μg/g Hyperbolic model, PFO, PSO, Elovich, Boyd, 

IPD, two-site nonequilibrium model 

R 2 [212] 

Bentazon Fruit husk AC 1 30 250 131.08 PFO, PSO , IPD R 2 [67] 

Mesosulfuron-methyl Propyl sulfonic acid functionalized 

phenyl-periodic mesoporous 

benzene-silica 

2 25 20 9.68 PSO R 2 [213] 

Picloram Montmorillonite clay 16 25 5 mmol/l Fractional uptake is 

measured instead of 

absolute uptake 

PFO, PSO, MSRDCK , IPD R 2 [134] 

2,4- 

dichlorophenoxyacetic 

acid 

Combustion-synthesized carbon 2 25 0.5 mmol/l 0.245 mmol/g PFO, PSO , IPD R 2 [214] 

Paraquat; Organomontmorillonite modified by 3.2; 45; 300; 74.0058; PFO, PSO R 2 ,SSE [215] 

Amitrole zwitterionic surfactant 3.2 5 40 3.6502 

Glyphosate; Metal organic framework UiO-67 0.03; 25 0.1 mmol/l; 1.9 mmol/g; PFO, PSO , IPD R 2 [216] 

Glufosinate 0.03 0.1 mmol/l 0.87 mmol/g 

2,4- 

dichlorophenoxyacetic 

acid 

Iron oxide nanoparticles doped 

carboxylic ordered mesoporous carbon 

1 30 500 312.54 PFO, PSO R 2 
adj 

; RMSE [217] 

Fenarimol Magnetic iron oxide/Polygorskite clay 

composite nanoparticles 

10 20 5 344 μg/g PFO, PSO , IPD R 2 ,standard 

errors of 

estimates 

[218] 

Mesosulfuron-methyl HMOR zeolite 2 25 8 3.4 PSO R 2 [219] 

Thiamethoxam; Acid-treated chestnut shell 20 25 10 0.2777; PFO, R 2 , [220] 

Acetamiprid; 0.3227; PSO , modified 

Imidacloprid; 0.3462; IPD RMSE 

Primicarb 0.4196 

Dicamba Loponite-starch derived mesoporous 

carbon 

0.5 25 250 220 PFO, PSO , IPD R 2 [119] 

P
le

a
se

 
cite

 
th

is
 

a
rticle

 
a

s:
 

K
.L.

 
T

a
n

,
 

B
.H

.
 

H
a

m
e

e
d

,
 

In
sig

h
t
 

in
to

 
th

e
 

a
d

so
rp

tio
n
 

k
in

e
tics

 
m

o
d

e
ls
 

fo
r
 

th
e
 

re
m

o
v

a
l
 

o
f
 

co
n

ta
m

in
a

n
ts
 

fro
m

 

a
q

u
e

o
u

s
so

lu
tio

n
s,

Jo
u

rn
a

l
o

f
th

e
T

a
iw

a
n

In
stitu

te
o

f
C

h
e

m
ica

l
E

n
g

in
e

e
rs

(2
0

17
),

h
ttp

://d
x

.d
o

i.o
rg

/1
0

.1
0

1
6

/j.jtice
.2

0
17.0

1.0
2

4
 

http://dx.doi.org/10.1016/j.jtice.2017.01.024


1
4
 

K
.L.
 Ta

n
,
 B

.H
.
 H

a
m

eed
 /
 Jo

u
rn

a
l
 o

f
 th

e
 Ta

iw
a

n
 In

stitu
te
 o

f
 C

h
em

ica
l
 E

n
g

in
eers

 0
 0
 0
 (2

0
17

)
 1

–
2

4
 

A
R
T

IC
L
E

 IN
 P

R
E
S
S

 

JID
:
 JT

IC
E
 

[m
5
G

;
 M

arch
 2

0
,
 2

0
1
7
;2

1
:4

7
 ]
 

Table 5 

Selected works on the removal of PPCPs from water. 

Adsorbate Adsorbent Adsorbent dose 

(g/l) 

Temperature 

( °C) 

Initial adsorptive 

concentration C 0 
(mg/l,except otherwise 

stated) 

Experimental uptake, 

q exp (mg/g, except 

otherwise stated) 

Candidate model (the best fit model(s) in 

bold) 

Discrimination Reference 

Thioridazine 

hydrochloride 

(THCl) 

Activated charcoal 0.1 25 0.4 mmol/l 0.750 mmol/g PFO, PSO , IPD R 2 [223] 

Dimetridazole; Commercial AC and petroleum coke AC 0.2; 25 150 2.1; PFO, PSO , R 2 [222] 

Metronidazole; 0.2; 1.703; diffusion model 

Ronidazole; 0.2; 1.762; 

Trinidazole 0.2 1.508 

Diphenhydramine Montmorillonite clay 5 22 10 0 0 0.66 mmol/g PFO, PSO , Elovich, parabolic diffusion R 2 [224] 

Amoxicillin Quaternized cellulose from flax noil 0.4 50 80 130.89 PFO, PSO , Elovich, IPD R 2 [225] 

Ciprofloxacin; Biomass AC 0.75; 30 100; 107; PFO, PSO , R 2 , 	q [226] 

Norfloxacin 0.75 100 165.02 IPD 

Ibuprofen; Bamboo waste AC 2; 25 120; 61.6; PFO, PSO , IPD R 2 ; 	q [227] 

Clofibric acid 2 120 55.20 

Cephalexin; MgO nanoparticles 0.45 20 200 184.9; PFO, PSO , IPD R 2 [228] 

Cefixime 171.6 

Ciprofloxacin Layered chalcogenides 0.133 25 50 204.31 PFO, PSO , IPD R 2 [229] 

Sulfamethazine; N-doped porous carbon 0.3 45 150; 487.5; PFO, PSO , IPD R 2 [230] 

Chloramphenicol 150 490 

Tetracycline Petroleum coke AC 0.1 50 100 995.79 PFO, PSO , IPD R 2 [231] 

Diclofenac; Cocoa shell AC 2.5; 25 150 51.63; PFO, PSO, R 2 
adj 

; [95] 

Nimesulide 2.5 57.49 general order model Standard 

deviation 

Prami; Oxidized potato peel 1; 25 50 31.1; PFO, PSO R 2 [232] 

Dorzo 1 30.4 

Carbamazepine; non-activated carbon prepared 0.15; 25 5 10.1; PFO, PSO R 2 , S yx [221] 

Oxazepam; from paper mill sludge 0.25; 12.4; (unexplained) 

Sulfamethoxazole; 0.25; 1.45; 

Piroxicam; 0.25; 5.03; 

Cetirizine; 0.4; 7.9; 

Venlafaxine; 2.0 9.2; 

Paroxetine 24.9 

Ibuprofen; Ricehusk AC; 2.4; 30 100; 42.7; PFO, PSO , Elovich, IPD R 2 [233] 

Tetracycline Peach stone 2.4 100 41.7 
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aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
s produced at the column exit. The concentration of pollutants in

he column effluent will increase with time because of the limited

dsorption capacity in the bed. Fig. 2 shows a typical breakthrough

urve. The gray-colored zone is the mass transfer zone where ad-

orption takes place and concentration varies axially. Breakthrough

ccurs (at time t b in Fig. 2 ) when the leading front of this zone

called mass transfer front) reaches the column exit. The nor-

alized breakthrough concentration C b / C 0 is arbitrarily defined at

 b / C 0 = 0.05 in Fig. 2 . If high-purity raffinate (effluent) is the

esired product, then the breakthrough concentration marks the

aximum permissible limit of the raffinate concentration. 

The breakthrough experiment is important because this is the

ost probable mode on which any candidate adsorbent will be run

hould they become commercialized. Therefore, dynamic column

reakthrough experiment is important for evaluating newly devel-

ped adsorbents. The capacity of the bed can be calculated from

he breakthrough curve via mass balance [241] 

 = 

Q C 0 
∫ t= ∞ 

t=0 1 − C 
C 0 

dt − ε πD 2 L 
4 

C 0 

m 

(49) 

here q = adsorbed amount per unit mass of adsorbent (mg/g),

 = feed flowrate (ml/min), C 0 = feed concentration (mg/ml), C = ef-

uent concentration (mg/ml), D = column diameter (cm), L = bed

eight (cm), ε=bed void fraction (cm 

3 void/cm 

3 bed), m = adsor-

ent mass (g), and t = time (min). The second term is a correction

erm that accounts for the non-adsorbed adsorptive remaining in

he voids of the bed. In the liquid adsorption literature, the correc-

ion term is often dropped. This condition can be acceptable only

f the correction term is much smaller than the first term. 

The shape of the breakthrough curve reveals important infor-

ation on the mass transport dynamics and adsorption kinetics

242] . Factors that influence the kinetics would influence the shape

f the breakthrough curve. A more dispersed curve is usually as-

ribed to higher mass transfer resistance [242] , and shorter break-

hrough time indicates a lower bed capacity [108,233] . 

The equilibrium loading for a bed section varies with time. Ini-

ially, the mid-column establishes equilibrium with a very dilute

olution. As the mass transfer zone progresses to the mid-column

 Fig. 2 ), the solution concentration that passes through the mid-

olumn becomes increasingly concentrated, and the mid-column

ill then have to establish equilibrium with an increasing solution

oncentration. This flow-through adsorption is called dynamic ad-

orption, as opposed to batch adsorption, which is static. 

The study of column breakthrough dynamics involves simulta-

eously solving three conservation equations [243] : ( 1 ) mass bal-

nce, ( 2 ) energy balance, and ( 3 ) momentum balance. These bal-

nce equations are usually derived from physical situations and

ast in partial differential equations form. For liquid phase stud-

es, heat effects and pressure drop are negligible. Therefore, only

ass balance needs to be solved. The mass balance equation is 

∂C 

∂t 
+ v 

∂C 

∂z 
+ 

1 − ε 

ε 
ρp 

∂q 

∂t 
= D L 

∂ 2 C 

∂ z 2 
(50) 

here v = interstitial liquid velocity (cm/s), ρp = adsorbent particle

ensity (g/cm 

3 ), D L = axial dispersion coefficient (cm 

2 /s), and z is

he spatial coordinate for the column length (cm). A suitable rate

quation for ∂q 
∂t 

is required. A simple rate equation is the linear

riving force (LDF) model 

∂q 

∂t 
= k ( q e − q ) (51) 

n continuous adsorption, q e is a variable in space and time, con-

trained by the equilibrium isotherm. Eq. (51) is actually PFO, but

he k value here is a transport parameter (mass transfer coeffi-

ient). If Langmuir surface kinetics is assumed, then 

∂q 

∂t 
= k a C ( q m 

− q ) − k d q (52) 
sorption kinetics models for the removal of contaminants from 
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Fig. 2. A typical S-shape breakthrough curve. The corresponding position of the mass transfer zone in the column is shown on top of the curve. ( C b = breakthrough concen- 

tration; C 0 = feed concentration; t b = breakthrough time; t s = saturation time) [269] . 
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where q m 

is the monolayer capacity of the adsorbent in mg/g. 

Thomas [244] gave an exact solution to Eq. (50) by substitut-

ing Eq. (52) into Eq. (50) and neglecting axial dispersion (D L = 0,

plug flow). Despite the analytical expression for the breakthrough

curve, the mathematics involved is complex and cumbersome. Fur-

thermore, Langmuir kinetics and zero axial dispersion do not re-

flect most real adsorption systems. As a result, many numerical

methods have been developed to solve Eq. (50) . Although powerful

computers are available, these rigorous models involve many in-

terdependent kinetic/transport parameters that need to be known

before simulation [245] . The trial-and-error fitting of simulated re-

sults to experimental curves is required to confirm the truthfulness

of these parameters. Hence, simplified models with fewer param-

eters that retain accuracy without the need for a complex numer-

ical solution are desirable in the environmental adsorption stud-

ies [246] . Some common breakthrough models are presented in

Section 6.2 . In most cases, C is given as a function of t at fixed

height Z , the value of which is the bed length. 

6.2. Kinetic models for dynamic adsorption 

6.2.1. Bohart–Adams model and Yoon–Nelson model 

6.2.1.1. Bohart–Adams model. The fixed bed model proposed by

Bohart and Adams is perhaps the most well-known [247] . The

Bohart–Adams model is a simplified solution for the rigorous mass

balance equation that assumes (i) a negligible axial dispersion and

(ii) a rate of the following form, which is equivalent to a rectangu-

lar isotherm. 

∂q 

∂t 
= k BA C ( q e − q ) (53)

For a rectangular isotherm, equilibrium q e is independent of the

solution concentration, that is, q e = q 0 =constant for all adsorptive

concentration. The linearized form of the Bohart–Adams equation
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
s written as 

n 

(
C 0 
C 

− 1 

)
= 

k BA N 0 Z 

u 

− k BA C 0 t (54)

here k BA =Bohart–Adams rate constant (cm 

3 /(mg •min)), N 0 =ad-

orption capacity per unit volume of sorbent bed (mg/cm 

3 ), and

 = superficial velocity (cm/min). Plotting ln( C 0 / C –1) versus t gives

k BA C 0 as slope and k BA N 0 Z /u as intercept. In the literature of liq-

id adsorption, the Bohart–Adams model often takes a limiting

orm, as given by Eq. (55) , valid for C / C 0 << 1. 

n 

C 0 
C 

= 

k T q 0 m 

Q 

− k T C 0 t (55)

n alternative form of the Bohart–Adams model [Eq. (54)] is Eq.

56) , which is often incorrectly referred to as the Thomas model. 

n 

(
C 0 
C 

− 1 

)
= 

k T q 0 m 

Q 

− k T C 0 t (56)

here k T =Thomas rate constant (cm 

3 /(mg •min)), q 0 =maximum

olid phase at saturation (mg/g), and m = adsorbent mass in col-

mn (g). 

Eqs. (54) and ( 56 ) are mathematically equivalent [248] . The

isattribution of Eq. (56) to Thomas has become almost a conven-

ion that is difficult to redress. The Thomas model should refer to

he analytical solution of Eqs. (50) and ( 52 ) to set the attribution

ight [248] . 

This paper seeks to name the model equations correctly while

aintaining consistency with literature. Careful naming has to be

dhered to for this apparent awkwardness to be addressed. In this

aper, incorrect but widely adopted naming will be enclosed in

uotation marks. For example, Eq. (54) shall be called Bohart–

dams model, while Eq. (55) shall be called ‘Bohart–Adams model.’

q. (56) will be referred to as ‘Thomas model.’ The analytical solu-

ion for Eqs. (50) and ( 52 ) is rightfully named the Thomas model. 

The assumption of an irreversible, rectangular isotherm does

ot work for most adsorption systems, thereby resulting in the
sorption kinetics models for the removal of contaminants from 
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Fig. 3. Comparison of rectangular (A) and Langmuir (B) isotherms ( b r and b L are Langmuir constants in l/mg) [248] . 
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imited applicability of the Bohart–Adams equation. In fact, the

ohart–Adams model is a limiting case for the Thomas model

hen the Langmuir isotherm of the latter is highly favorable (i.e.,

arge Langmuir constant, b L or b R in Fig. 3 ) [248] . Rectangular and

angmuir isotherms are shown in Fig. 3 . The Thomas model, which

ssumes Langmuir adsorption characteristics [Eq. (52)] , is more re-

listic and provides a better fit to breakthrough data. 

.2.1.2. Yoon–Nelson model 

Yoon and Nelson proposed a simpler model to predict respirator

artridge service life [249] . The linearized form is 

n 

(
C 

C 0 − C 

)
= k Y N ( t − τ ) (57) 

here k YN is the rate constant (min 

−1 ), and τ is the time (min) re-

uired for 50% adsorbate breakthrough. Both parameters can be es-

imated through a ln ( C 
C 0 −C ) versus t plot. The distinctive feature is

hat no detailed information about the adsorbent particles and bed

roperties is required for modeling purpose. This concise model

as shown better fit than the Bohart–Adams model in many situa-

ions, e.g., adsorption of Cd(II) on leaf powder [250] , pharmaceuti-

al adsorption on pillared clay [251] , and cephalexin adsorption by

ctivated carbon [129] . The adsorption capacities calculated from

he breakthrough curve and from the Yoon–Nelson model show a

ood match in Cd(II) adsorption [250] . 

The Yoon–Nelson model is mathematically equivalent to the

ohart–Adams model. The Yoon–Nelson parameters can be con-

erted to Bohart–Adams parameters, and vice versa [252] . The

homas model is different from the Yoon–Nelson and Bohart–

dams models in that the Thomas model is an exact solution that

as no linearized form. 

.2.1.3. General equation for Bohart–Adams model, ‘Thomas model,’

nd Yoon–Nelson model. The Bohart–Adams model, ‘Thomas

odel,’ and the Yoon–Nelson model are the three most popu-

ar models for fixed bed modeling. They conform to a general
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
quation form [252] . 

onlinear form : 
C 

C 0 
= 

1 

1 + exp ( a − bt ) 
(58) 

inearized form : ln 

(
C 0 
C 

− 1 

)
= a − bt (59) 

or Bohart–Adams model, a = k BA N 0 Z/u and b = k BA C 0 . For the

Thomas model,’ a = k T q 0 m /Q and b = k T C 0 . For the Yoon–Nelson

odel, a = τ k YN and b = k YN . 

.2.2. Bed depth service time (BDST) 

In another model proposed by Hutchins [253] , the BDST model

akes the following form: 

 0 t = 

q 0 m 

Q 

− 1 

k BA 

ln 

(
C 0 
C 

− 1 

)
(60) 

his form is actually a rearranged form of the linear Bohart–

dams equation. Therefore, comparing its adequacy of fit against

he Bohart–Adams model using the same set of experimental data

s meaningless. The BDST and Bohart–Adams model parameters are

nter-convertible. 

.2.3. Clark model 

Clark proposed a kinetic equation based on bed differential

ass balance and Freundlich equilibrium behavior [254] . The lin-

arized form is 

 n 

((
C 0 
C 

)n −1 

− 1 

)
= l n A − rt (61)

here n is the Freundlich heterogeneity parameter, and 

 = exp 

(
k C N 0 Z 

u 

)
(61a) 

 = k C C 0 . (61b) 

here k C =Clark adsorption rate coefficient [cm 

3 /(mg •min)]. 

The Clark equation successfully modeled the breakthrough

urves of lead ion adsorption onto a natural zeolite [255] and phar-

aceutical adsorption on pillared clay [251] . It was able to predict

he breakthrough behavior at various bed lengths [255] . 
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6.2.4. Wolborska model 

The Wolborska model was proposed to describe the break-

through curve at the low concentration range [256] . The linearized

form is 

ln 

(
C 

C 0 

)
= 

βa C 0 
N 0 

t − βa Z 

u 

(62)

where C 0 = feed concentration of adsorptive (mg/l), βa =kinetic co-

efficient for external mass transfer (min 

−1 ), N 0 =maximum amount

adsorbed per unit volume of adsorbent (mg/l), and u = superficial

velocity (cm/min). 

From a ln ( C C 0 
) versus t plot, N 0 and βa can be determined

from the slope and intercept, respectively. This model becomes a

Bohart–Adams model if k BA =βa / N 0 . In many instances, this model

provides good fit only to the initial portion of the breakthrough

curve [257-259] . It has provided good fit for ln( C / C 0 ) < –2 in

the case of copper(II) removal by cation exchange resin [259] and

methylene blue removal by melon peel [260] . 

6.2.5. Modified dose response (MDR) model 

Yan et al. [261] proposed the MDR model, the integrated form

of which is 

C 

C 0 
= 1 − 1 

1 + 

(
C 0 Qt 
q 0 m 

)a (63)

where C 0 =bed inlet concentration of adsorptive (mg/l), m = adsor-

bent dose (g), Q = feed flowrate (l/min), q 0 = maximum adsorption

capacity of bed (mg/g), and a = model constant. 

Applications of the modified dose response model were carried

out by Zeinali et al. [262] and Singh et al. [263] . 

7. Modeling works on fixed bed adsorption systems 

Column studies that attempt to model the breakthrough curves

are relatively scarce. Table 7 shows some fixed bed modeling stud-

ies on the separation of pollutants from aqueous media. The effects

of influent adsorptive concentrations, flowrate, and bed height are

well studied. Generally, the column saturation capacity increases

with influent concentration but decreases with increasing flowrate

[264,265] . 

‘Thomas model’ and Yoon–Nelson model provide equally good

fit as they should because of their mathematically equivalent

forms. Likewise, ‘Bohart–Adams’ and Wolborska show similar suit-

ability at the initial period of adsorption [257,258,263,264] because

of their similar mathematical forms. As expected, ‘Bohart–Adams

model’ fits the initial kinetics because it is a limiting form for

C / C 0 << 1. The Wolborska model is similar in form to the ‘Bohart–

Adams model’ and hence shows a similar fit. 

In [203] , the Clark model was able to track the phenol up-

take onto chemically modified resin. The fitted n was 2.451, which

is close to the n value (2.060) given by the Freundlich isotherm,

thereby indicating the suitability of the Clark model. 

Although some models, like the ‘Thomas model’ and Clark

model, have some theoretical origins, they are in oversimplified

form and applied much like empirical models are. One prominent

drawback of an empirical model is its limited range of validity. It is

usually valid only within the range of operating conditions under

which it is fitted. Extrapolation of the model to extended operating

range does not promise good results. How the fitted model will re-

spond when operating conditions change is not well studied. The

parameter in the model that should be changed to reflect the pos-

sible deviation in kinetic behavior is also unclear. Often, a refitting

is warranted under such situations to obtain a new set of model

parameters. The Clark model is able to predict the breakthrough

curves recorded for shorter beds [255] . 

Some issues pertinent to fixed bed kinetics modeling are the

following: 
Please cite this article as: K.L. Tan, B.H. Hameed, Insight into the ad

aqueous solutions, Journal of the Taiwan Institute of Chemical Enginee
(i) Experimental bed capacity is not provided. Only predicted

capacities can be inferred from the fitted parameters of

the model. The predicted capacities from different models

have no experimental values to compare with. A compari-

son with the Langmuir isotherm monolayer capacity is un-

reliable. Models are differentiated based solely on R 2 or sta-

tistical error functions. 

(ii) Experimental bed capacity is provided, but batch adsorption

capacity is not. The fixed bed performance has no reference

for comparison. 

Modeling should be carried out only for a properly charac-

erized fixed bed system. The modeling results would be well

orth the effort if the column performs well and in a repeatable

anner. 

. Concluding remarks and outlook 

A number of theoretical interpretations have been proposed

or PFO and PSO models, which are the most common empirical

odels in liquid adsorption. These two models are supposed to

t chemical reaction controlled kinetics. However, theoretical in-

erpretations have revealed that successful fitting of these pseudo

odels alone is no guarantee of chemisorption control. Diffusion

r combined diffusion–reaction control is also possible from a the-

retical perspective. No single theoretical background can explain

he kinetics in each and every case fitted by the PFO or PSO

odel. Two reasons are possible: (i) these theoretical derivations

re based on certain assumptions or experimental conditions and

ence have a restricted range of validity; (ii) PFO or PSO is a com-

ination of several models with multiple controlling mechanisms

hat are not captured by a single interpretation. More often than

ot, these interpretations involve parameters (e.g., surface adsorp-

ion and desorption constants) that are difficult to obtain from ex-

eriments. Determining the values of these physical parameters

s not straightforward, thereby limiting their potential widespread

pplications. 

Pseudo-second-order model can describe all adsorption systems

irtually, asserting its superiority in curve fitting. Numerous en-

ironmental studies have adopted a lumped approach to kinetics

odeling using PSO. Despite the excellent curve fit, the obtained

umped rate constant has no clear kinetic significance because of

nclear kinetic regime. Furthermore, these studies seldom seek to

urther understand the underlying adsorbent–adsorbate behavior.

wo reasons are accountable for this lack of interest. First, these

orks focus on the novelty of adsorbent material rather than the

inetics. Second, relating to existing theoretical interpretations is

ifficult as the applicability range of these theories is not clearly

efined nor experimentally proven. The pseudo-order models have

alue in their simplicity and ease of use for modeling and process

imulation. The model rate constants can be made to bear certain

hysicochemical significance by the proper control of experimen-

al conditions. With regard to model fitting, nonlinear regression

hould be preferred over linear regression to avoid the bias in-

uced by linearization transformation. 

From a design perspective, a lumped approach to kinetic mod-

ling would suffice. However, a mechanistic (theoretical) model is

referred to understand the mechanism that controls the over-

ll adsorption kinetics. Embedding the mechanism into a model

ould greatly enhance the predictive capability of the model and

nable process simulation and optimization over a wide range of

perating conditions, thereby saving experimental cost. However,

olving mechanistic models of such complexity is computation-

lly demanding and time consuming. Therefore, a balance between

umped and mechanistic approach of modeling is advised for prac-
sorption kinetics models for the removal of contaminants from 

rs (2017), http://dx.doi.org/10.1016/j.jtice.2017.01.024 

http://dx.doi.org/10.1016/j.jtice.2017.01.024


K
.L.
 Ta

n
,
 B

.H
.
 H

a
m

eed
 /
 Jo

u
rn

a
l
 o

f
 th

e
 Ta

iw
a

n
 In

stitu
te
 o

f
 C

h
em

ica
l
 E

n
g

in
eers

 0
 0
 0
 (2

0
17

)
 1

–
2

4
 

1
9
 

A
R
T

IC
L
E

 IN
 P

R
E
S
S

 

JID
:
 JT

IC
E
 

[m
5
G

;
 M

arch
 2

0
,
 2

0
1
7
;2

1
:4

7
 ]
 

Table 7 

Selected works on fixed bed modeling for the removal of various pollutants from water. 

Adsorbate Adsorbent Temperature 

( °C) 

Influent adsorptive 

concentration, 

C 0 (mg/l, except 

otherwise stated) 

Influent flowrate, 

ml/min 

Experimental bed 

saturation capacity, 

q exp (mg/g, except 

stated otherwise) 

Candidate model (the 

best fit model(s) in bold) 

Regression type Discrimination Reference 

Pb Natural zeolite clinoptilolite 25 2.513 mmol/l 1 0.574 mmol/g Clark nonlinear R 2 ,RMSE [255] 

Cu; Spirogyra biomass 25 50 0.6 26.7; ‘Thomas’, nonlinear R 2 [263] 

Pb granules 56.1 Yoon–Nelson, MDR, 

‘Bohart-Adams’, 

Wolborska 

Phenol Nmethylacetamide-modified 

hypercrosslinked resin 

– 501.2 1 199.8 ‘Thomas’, Clark nonlinear – [203] 

Atenolol; 

Isoproturon 

Granular activated 

carbon (GAC) 

25 500 μg/l; 

150 μg/l 

1.5; 

1.5 

34.44; 

19.5 

BDST, ‘ Thomas’ , 

Wolborska, 

nonlinear RMSE, MPSD [266] 

Yoon-Nelson , Clark 

Caffeine; GAC 25 15; 2; 255.4; BDST linear – [267] 

Diclofenac 10 3 182.9 

Dichloromethane; GAC 30 12,380; 20; 29.48 mmol/g; ‘Thomas’, Yoon–Nelson, – R 2 [262] 

Toluene 294 90 1.94 mmol/g Yan 

Chemical oxygen 

demand (COD) 

and color in cotton 

textile wastewater 

Rattan AC 28 251.65(COD); 

486.87 Pt/Co(color) 

10 73.23; 

100.15 Pt/Co 

‘Thomas’, 

‘Bohart-Adams’, 

Yoon–Nelson 

linear R 2 , ARE [264] 

Nitrate Aminated polystyrene resin 25 200 1 317.83 ‘Thomas’, Yoon–Nelson, 

Bohart-Adams 

nonlinear R 2 [268] 

Methylene Blue Pine cone biomass 25 70 12 42.49 ‘Thomas’, BDST, 

Yoon-Nelson 

nonlinear R 2 [265] 

Salicylic acid; Metal modified bentonite 25 14 2 4.964; Yoon Nelson, – ARE,MPSD [251] 

Carbamazepine; 4.592; Clark, MDR 

Caffeine 3.469 

Mercury Chemical-modified rice straw – 50 4 205.05 ‘Bohart-Adams’, 

‘ Thomas’ , BDST, 

Yoon-Nelson 

linear R 2 [76] 

Cephalexin Walnut shell AC 30 100 6 139.98 ‘Bohart-Adams’, linear SSE, R 2 , R 2 
adj 

[129] 

‘Thomas’, Yoon-Nelson 

Orange G Basic anion exchange resin – 750 1.13 1386 ‘Thomas’, Yoon–Nelson, 

Wolborska 

nonlinear R 2 [257] 

Phenol Modified rice husk – 500 22/3 1341.46 Bohart–Adams, ‘ Thomas’, 

Yoon–Nelson , Wolborska 

linear R 2 ,ARE [258] 
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tical design purposes. A practical model should have an empirical

form with physicochemically sound parameters. 

The adsorption operation is complex from a theoretical perspec-

tive. The as-measured total uptake rate can be contributed by a

single adsorption route or multiple parallel adsorption routes. Each

route is controlled by different mechanisms at different adsorption

times. Tracking these changes in all adsorption systems is virtu-

ally impossible for the whole period by using a universal model.

An immediately viable approach would be to divide the adsorption

course into several periods and model each period with a theo-

retically sound model to probe into such complex mechanism. A

composite model can then be constructed for the entire process

on the basis of these models. Starting with simple models that

consider only a single rate-controlling step in each period before

more complex models are engaged is always wise. Considering the

complexities and restriction of the theoretical models, the empiri-

cal or at best ‘rationalized’ empirical models, such as the pseudo-

order models, shall remain relevant and attractive in the modeling

of liquid adsorption kinetics for practical purposes. 
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