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ABSTRACT

In this article the structure of non-stationary curves which are stationary connected in Hilbert space is studied
using triangular models of non-self-adjoint operator. The concept of evolutionary representability plays here
an important role. It is proved that if one of two curves in Hilbert space is evolutionary representable and the
curves are stationary connected, then another curve is evolutionary representable too. These curves are studied
firstly. The structure of a cross-correlation function in the case when operator, defining the evolutionary
representation, has one-dimensional non-Hermitian subspace (the spectrum is discreet and situated in the upper
complex half-plane or has infinite multiplicity at zero (Volterra operator)) is studied.
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1. INTRODUCTION

It is well known (Rozanov, 1967; Hannan, 2009;
Pugachev and Sinitsyn, 2001) that if two stationary
random processes of the second order & (t) and &, (t)

(in what follows we consider that M¢& (t)=0) are
stationary connected, then in the corresponding space
H (H, = v Cy .4, (t ) a =12k =Lo{t, | =[0,%) is the

value space of random processes) they correspond to
the stationary curves of the form ¢ (t)=U,¢&,, , where

U, is a one-parameter group of unitary operators
which always can be represented as U, =", where A

is a self-adjoint and, in general, unbounded operator
in H,. If & (t)(e=12) are nonstationary random

processes, then the question concerning stationary
connectedness, i.e., the cross-correlation function
dependence upon difference t —s , is still opened. The
solution of problem may be found in the framework of
the Hilbert approach to the construction of the
correlation theory of random processes. We will
restrict our consideration to the case when
corresponding curves in  H, are evolutionary

(linearly) representable (Pugachev and Sinitsyn, 2001;
Livshits and Yantsevich, 1979), i.e., may be expressed

as & (t)=e"™¢, (a=12), where A are linear
bounded operators inH,. For simplicity, we assume
that H,=H, =H,, H, are Hilbert

Ha :XCk,aéa(tk ) .

spaces

2. EVOLUTIONARY
REPRESENTABLE STATIONARY
CONNECTED CURVES IN H¢

Let us introduce an infinitesimal correlation matrix
(Pugachev and Sinitsyn, 2001) with components:

W s(t,s)=—(0t +05)K , (t,s)

For evolutionary representable curves one can easily
derive the following expression:

A -A
Wa/;(t,S)—< "i ﬁéa(t),éﬁ(5)> 1)

He
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Lemma 1.

In order for two random processes to be stationary
connected, it is necessary and sufficient that
Ky, (t,s) satisfies the equation:

(ot+0s)Ky, (t,5)=0 2

The necessity is evident, since, in the case of
stationary connected processes, K, (t,s)depends on

the difference t—s and, for the proof of sufficiency,
the new variables U=t+s, V=t-s should be

introduced in Equation 2.
Theorem 1.

If the random processes are stationary connected and
are evolutionary representable, then A, = A".

Proof.

Let (Ka,,,(t,s)) be the correlation matrix for a vector
random process(ff1 (t).&(t))eH,. Then the following
K,s(t,s) in H,
Kaﬁ(t,s):@a(t),gﬂ(s))m, where & (1), (t)H, are

corresponding curves in Hilbert space H,. Since, by

representation  for is valid,

hypothesis, &, (t) are evolutionary representable:
Kaﬂ(t ,S) = <eitA gOa‘eiSA §0ﬁ>H§

In view of the stationary connectedness, K, (t,s)=0
(Lemma 1) and:

_(Wats) 0
(W, (t.9)) —( 0 sz(t,S)]

From the other hand:

A -
i

le(t,s):< a égl(t)-éz(s)>

He

Hence, it follows from the
connectedness that:

<(A1 _A;)iaj 681 (tj )ribl é:z (t| )> =0
j=1 =1

H,
¢

stationary
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ie.
(A, fA;)hl,h2>H: =0

where, h,h, are elements of linear span
L :k\'/ack,zzé:k‘a(tk)' Proceeding to a closure of L, we
derivethat A = A or A, =A’.

Hence, if & (t)and ¢&(t) are evolutionary
representable and stationary connected, then in H, they
are expressed as:

& (t ) :ei[Agoré:z (t) :eitA*§02‘

and the matrix (W, (t,s)) is given by:

Waﬂ (tls):
(2ImAg ©).4 6)),, 0 3)
0 ~(2mAg 0.6 ),
For the stationary and stationary connected

curves A =A =A=A", we arrive to the well-known
representation of the stationary vector curve in
H, : &, (t)=e"¢, (e =12) (Rozanov, 1967).

In the subsequent discussion, we restrict our
consideration to the most interesting case for application,
when the subspace ImAH, is finite-dimensional and let

r be the subspace dimension.
If the nonstationarity rank of the vector curve

(& (1).&(t))in H, is defined as maximal rank of
quadratic forms:

Ng Ny

) (o
®[z]= z <W(tkntl)zk’zl> 'Zk:[ié)j
K

KI=1 E

(1.2)

z;” are complex numbers, then, in the case of

dimimAH =r, one may show that the nonstationarity
rank does not exceed 2r .

Really, if the operator A is included in the operator
complex (Livshits and Yantsevich, 1979; Zolotarev, 2003),

K=(AH0,9,(3)), where (J,)is an involutive

JMSS



Raed Hatamleh et al. / Journal of Mathematics and Statistics 10 (2): 262-266, 2014

matrix [ . =J,, and lep o _(S,m], then we obtain the

following expression for W, (t,s) :

> 031 0n(S) 0
W, (ts)=| " ) 4)
0 —Zl//l‘]lm‘//m(s)
I,m=1
where:
o ()= <eitA So1: 9 >H§ NAOE <eim*5021 ] >H 5)

4

Then we have:

r J— r —_
dz]= D JUu,— D IV,
I,m=1 I,m=1
where:
Np
Z¢| t)z0. v =D v (t)z?
=1

hence it follows that the rank of ®[z] does not exceed

the doubled rank of matrix (J,,,), i.e., 2r.

Theorem 2.

If two curves in H, are stationary connected and one

of them is evolutionary representable, then another curve
is also evolutionary representable.

Proof.

Let & (t)be evolutionary representable curve, i.e.,
& (t)=e"&, . In view of stationary connectedness:

Wi, (t,5) =—(ot +05) Ky, (t,5)=0
But:
(t+0s)K (t,5) = (ot + as)<,§1 t).& (s)>H§

<d§1 ® . (3)> < £ ()9 (s)>
He
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~(IA6 0.5 ), <§1 0,25 (S)>

<gq (0),-iA" &, (5) + 922 (s)>

He

He

Hence, it follows (compare with the proof of
Theorem 1) that:

< —iA gz(s)+d§2(s)> ~0,vheH,,

He

HAE, )+ % 0 or &,(5)=¢™" g,

3. THE STRUCTURE OF W,, (t,5) AND
K, (t,5) FOR STATIONARY
CONNECTED CURVES IN H,

Now we proceed to the investigation of (W,,(t,s))

for the dissipative operator A.J,, =4,,and:
PXACEYS) 0
(W t9)=| —
0 _Z\Vl(t)%(s’)
1=1

If the dissipative operator A has discreet spectrum:
o(A)= {ak+lﬂk} Wichﬂk2<oo
k=1 k=1

then, if r=1, the functions ¢(t) and (t) (index | is

omitted) may be restored only by spectrum and initial
values &, and &, .

Theorem 3.
Let:

Bi .
{xk = a, +i2‘<},k =L
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be arbitrary complex numbers in upper complex
half plane and:

iﬁi < oo,

k=1

and a,a,,---,b ,b,,--- be arbitrary sequences with:
Sa,[  <ccand 3 |b[* <oo
k=1 k=1

then there exists the evolutionary representable Gauss
vector process with matrix Equation 6 and 7:

W (69 {m(t)«p(s) 0]

0 () w(s)
where:
o(t) = ;ak/\k(t),\v(t) = kzibk/\l (t) (6)
with:

k -
Ak(t)=—$95 2] 11

AUU_— @*MV 42

/11( l j= k+lj' -2

U]

Proof.
Let us build a triangular model of operator A acting
in the space ¢? with the help of the set of 4,4,

(Livshits and Yantsevich, 1979; Zolotarev, 2003). Then
consider in ¢ the model curves:

& () =ePe s ) =e™e,

where:

o b,
n=|a [\$p=|D,

Taking into account the expressions (5) for ¢(t) and

w(t), with A=A and the expressions for e™ and ™"
via the corresponding resolvents:
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; 1
e ___* feo
27zi<'f

the contour » encloses the spectrum of operator B

(Pugachev and Sinitsyn, 2001), we obtain the
expressions (6) and (7).

The existence of Gauss vector processes results from
the possibility of the correlation matrix (K, (ts)) to be

restored by the scalar products calculations:
Kup (9)= ("8, €75, )

The Gauss complex valued vector process
(& (1).& (1)) may be reconstructed, but not uniquely

defined, by the correlation matrix (Hannan, 2009).
In our case, the most interesting is the structure:

Kp(t,s)= <ei(t_S)A 501v502>H
First we consider a case when:
by

S = bz :@

where, § is a channel element of dissipative operator A

with discrete spectrum. Then using results from chapter
V (Livshits and Yantsevich, 1979) we derive the
expression:

(t—s):ga. A (t-s) (®)

where, A, (t) are special A-functions (Livshits and

Yantsevich, 1979) built only by the operator spectrum
{4} . For example, if all 4, are different, then:

= it2
A)=>d e
j=1

If £, =0, then we can derive similar expression (8)
for K, (t—s) using formula:

JMSS



Raed Hatamleh et al. / Journal of Mathematics and Statistics 10 (2): 262-266, 2014

R A i Nz =
4

The calculation of resolvent for the triangular model
operator A" on &, =G is reduced to the solution of
inhomogeneous difference equation:

Ay — A
Yir = Y= = Vis1 — Y %)
A=A
Where:
b, A=A
7 zily = f ()“)!
R

f, (A) =((/&*—/u )*15021

Solving Equation (9) for f, (1), we obtain Equation 10:

If (&,) coincides with channel element g of the

operator A, then all y, =1(b, =8, )and (10) changes to

the expression obtained in the reference (Pugachev and
Sinitsyn, 2001).
Taking into consideration (10), for A, (t) we obtain:

1 ¢
A, (t):fque YE (A)d A

Thus:
Ay(t)=b e
M@=E@%ﬂ+@—E@fFWv¢&)

and, in general, if all {4, } are different, then:

k ita;
A= c e
=

If we use as a model operator the Volterra operator:
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Af :i]f (u)du

acting in a space L[ZOYI], then one can easily obtain the

following expressions for ¢(t) and y(t):

o (1) :ja(x)Jo(zdﬂ)du

w(t):jb(x)Jo(z t(I—u))du
0

where, J, is the Bessel function of a zero order.

Using the universal models of dissipative operators
(Livshits and Yantsevich, 1979; Zolotarev, 2003), one
may also consider any case of 2<r <.

4. CONCLUSION

Spectral representation for non stationary curves,
which are stationary connected, in the case when the
operator A satisfies the requirements of completeness,
i.e, it has full chain of decreasing subspaces
H=H,>H, o--- with H, ;6H, =1, may be obtained
using the theory of open systems associated with the
operator colligations containing the operators A or
A" (Livshits and Yantsevich, 1979; Zolotarev, 2003).
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