
Received: 13 June 2021 - Revised: 1 December 2021 - Accepted: 13 December 2021 - IET Electric Power Applications
DOI: 10.1049/elp2.12169

OR I G INAL RE SEARCH

Implementation of a DSP‐based speed‐sensorless adaptive
control for permanent‐magnet synchronous motor drives with
uncertain parameters using linear matrix inequality approach

Ming‐Fa Tsai | Chung‐Shi Tseng | Nan‐Sin Li | Rong‐Maw Jan

Department of Electrical Engineering, Minghsin
University of Science and Technology, Xinfeng,
Taiwan

Correspondence

Ming‐Fa Tsai, Department of Electrical Engineering,
Minghsin University of Science and Technology, No.
1, Xinxing Rd., Xinfeng, Hsinchu, Taiwan.
Email: mftsai@must.edu.tw

Abstract
This paper presents a novel speed sensorless adaptive control scheme for the uncertain
permanent‐magnet synchronous motor (PMSM) drive system using a linear matrix
equalities approach with a digital signal processing (DSP) chip. The dynamic model of the
PMSM drive with eight error states based on the structure of speed estimator, speed and
current controllers is developed. The speed controller, current controller and rotor speed
and position estimators are considered simultaneously and designed together. In addition,
a three‐parameter observer is also designed and the adaptive control law is derived in the
light of Lyapunov stability theorem. The objective of this study is to determine the two
estimation gains and the six control gains such that the closed‐loop system is stable. The
stability condition of the system can be characterized in terms of some linear matrix
inequalities (LMIs). The LMIs problem can be efficiently solved with the help of
MATLAB simulation tool. Differently from the conventional proportional‐integral
controller, a novel controller with a low‐pass filter instead of a pure integrator is pro-
posed. By a suitable adjustment for a design parameter, the steady‐state error can also be
improved. Numerical solutions of the controller and the estimator gains and simulation
examples are provided to illustrate the design procedure and corresponding perfor-
mances. The experimental results by using a TI TMS320F28335 DSP chip with the speed
reference 400, 700, 1000 RPM, respectively and sudden change of the reference
demonstrate the performance of the proposed control scheme.
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1 | INTRODUCTION

Permanent magnet synchronous motor (PMSM) with rotor
flux field‐oriented control (FOC) nowadays have many in-
dustrial applications, such as CNC tools, robots, elevators,
traction drives and electric vehicles, because of the motor
features of high power density, high efficiency, high torque to
inertia ratio and compact structure [1–4]. However, the FOC
vector control of PMSM motor drives requires a rotor po-
sition sensor to correctly orient the current vector orthogo-
nally to the rotor magnetic flux. The traditional method to
determine the rotor position is to employ an optical encoder
or a resolver, which increases the maintenance, weight,

complexity and is expensive so as to add additional cost to
the motor and will reduce the system reliability [5, 6]. These
drawbacks can be avoided by means of sensorless control
method.

Various methods concerning sensorless control of PMSM
motor drives without a shaft sensor were presented [7–9]. In
these methods, the rotor flux angle for the FOC control is
obtained by the integration of the measuring of the PMSM
stator voltage and current signals with the assumption that the
motor parameters are known and constants. The rotor me-
chanical speed is then calculated by the differentiation of the
rotor flux angle. However, the accuracy will be impaired by
drift. In [9], an adaptive flux and speed estimator was presented
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to solve the drift problem for estimating the rotor position in
an accurate and robust way.

During the past decade, there have been many extensive
researches in finding reliable sensorless methods for the rotor
position and speed estimation. They can be classified as two
classes. The first one is the high‐frequency signal injection
method, which is suitable for the PMSM motors with signifi-
cant saliency and operated in low‐speed operation [10–16]. The
other one is the method based on back electromotive force
(EMF) model, which is suitable for the PMSM motors without
saliency and operated in high‐speed operation [17–28].

Regarding the back EMFmethod, it mainly includes phased‐
locked loop (PLL) based observer [17], sliding‐mode observer
(SMO) [18–21], the Kalman filtering method [22], the state
observer [23], the disturbance observer [24], the model adaptive,
fuzzy and neuro network methods [25–28]. Among these
methods, a second‐order PLL observer was proposed in [17], so
that the error angle between the actual rotor flux angle and the d‐
axis angle approaches zero. The estimation based on back EMF
method relies to some extent on the model accuracy of the
motor, which influences the estimation performance. To solve
the problem, SMO method is then commonly used due to its
simplicity and robustness to disturbances and model un-
certainties. In Bernardes et al. [18], a sensorless vector control
that combines two discrete‐time observers, in which one is a
sliding mode current observer and the other one is an adaptive
EMF observer, to estimate the rotor speed and position was
presented and carried out for a wind energy conversion system,
but only tested for the current control. In Fan et al. [19], a wide‐
speed SMO was proposed to improve system chattering and
achieve sensorless control of SVPWM‐FADTC system, in
which the low‐pass filter and the phase compensation were
eliminated. A stator current observer was proposed in Liang
et al. [20] with online one‐parameter stator resistance estimation
based on a supertwisting algorithm (STA) to achieve wide speed
range operation. In Wang et al. [21], a sliding‐mode sensorless
control of PMSM with inverter nonlinearity compensation was
proposed to expand the operating speed range.

An alternative to the SMO method with the capability of
robustness to the parameters variation is by using Kalman filter
[22]. The nonlinear state equations of a PMSM are subjected to
errors owing to parameter uncertainties, inaccurate linearization
and unobserved physical effects. All of these errors are assumed
to influence the state equations as a Gaussian noise in the Kal-
man filter. The optimal/suboptimal state estimation is obtained

by considering the state noise and measurement noise in system
model. This algorithm is effective and is widely used in the
control of PMSMdrives. In Shinnaka [23], aD‐state observer for
rotor flux estimation was proposed, in which no additional
steady‐state condition is required and the system order is
reduced to be minimum second as compared to existing fourth‐
order state observer. In addition to the rotor flux estimation, the
rotor angle can also be estimated from the stator flux [24].

As compared to the one‐parameter estimation [20], the
adaptive observer with more parameters estimation was also
presented in Literature [25–28]. In Kivanc and Ozturk [26], a
sensorless PMSM drive based on stator feedforward voltage
estimation (FFVE) with Model Reference Adaptive System
multiparameter estimation was designed, in which the stator
resistance and rotor flux linkage were estimated. The possible
disturbance effects due to parameter changes can be prevented.
In Ye and Yao [27], an enhanced SMO with fuzzy logic control
method was presented, but without considering uncertain pa-
rameters. The adaptation is for the speed and position estimation
in this scheme. In addition, a sensorless speed control scheme for
partial unknown PMSM drive with three uncertain parameters
considered based on two independent neuro‐network observers
was presented in Tan et al. [28], in which one neuro network was
used for back EMF observer and the other one was for tracking
error observer. The controllers and observers were separately
designed to achieve superior control performances.

Table 1 summaries the comparisons among and the three
previous approaches and this work for sensorless adaptive
control of PMSM drives in recent years. The drawbacks of the
previous approaches are listed as follows:

� At most three uncertain parameters were concerned in their
papers.

� The method in Ye and Yao [27] is adaptive on speed esti-
mation only, but not on system parameters.

� The estimator and controller of their approaches were
separately designed.

These drawbacks motivated the authors to pursue an
alternative solution. The novelty and contribution of this study
is listed as follows:

� The overall system dynamics of the PMSM drive system
with eight error states and five uncertain parameters have
been developed.

TABLE 1 The comparisons among this work and the previous sensorless adaptive control schemes for PMSM drives

Sensorless method MRAS [26] Fuzzy SMO [27] Neuro network [28] This work

Uncertain parameters
considered

Two (Rs and λf ) None Three (Rs, Bm and TL) Five (Rs, Ls, λf , Jm and Bm)

Estimation and
adaptation

Speed estimation and feedforward
voltage estimation (FFVE)

Speed and position
estimation

EMF NN and tracking
error observer NN

Speed/Position estimation and three‐parameter
estimation for adaptive control law

Controller and estimator
design

Separately Separately Separately Simultaneously

Stability analysis By Bode Plot Lyapunov Theory Lyapunov Theory Lyapunov Theory

Abbreviations: MRAS, Model Reference Adaptive System; SMO, sliding‐mode observer.
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� The speed and current controller and rotor speed and po-
sition estimators are considered and designed
simultaneously.

� The adaptive control law with a three‐parameter estimator is
derived by using Lyapunov stability theorem.

� The stability condition can be characterized in terms of
some linear matrix inequalities (LMIs) [29].

� In opposition to try and error, the estimation and control
gains can be obtained systematically by solving the corre-
sponding LMIs with the help of the LMI toolbox in
MATLAB [30].

� Differently from the conventional PI controller, a novel
controller is proposed where a low‐pass filter instead of a
pure integrator is proposed. By a suitable adjustment for a
design parameter, the steady‐state error can also be
improved.

The design procedure of the proposed control scheme is
listed as follows:

Step 1: Modelling of the PMSM motor with uncertain
parameters.

Step 2: Determining the structure of the speed estimator.
Step 3: Determining the structure of the d–q current and

speed controllers.
Step 4: Deriving the overall state equation with eight error

states and five uncertain parameters.
Step 5: Deriving the adaptive control law from the state

equation by using Lyapunov stability theorem.
Step 6: Solving the controllers and estimator gains by using

LMI approach.

Numerical solutions of the control and estimation gains
using the proposed LMI formulation and the simulation ex-
amples are provided to illustrate the design procedure and the
corresponding performances. The experimental results using a
TI TMS320F28335 DSP chip are also given for the verification
of the proposed control scheme.

The rest of this paper is organized as follows: The materials
for the PMSM model description and the problem formulation
and its solution are presented in Section 2. The simulation in
MATLAB and experimental results using the digital signal
processing (DSP) chip are presented in Section 3. Finally, the
conclusions are made in Section 4.

2 | THE MATERIALS FOR MODEL
DESCRIPTION AND THE PROPOSED
CONTROL METHOD

2.1 | Model description

Modelling of the proposed speed sensorless PMSMmotor drive
includes three parts which are the dynamics of the motor, the
speed estimator and the current and speed controllers. It con-
tains eight error states totally to be determined, which are two
states is the speed estimator, two states in the speed controller

and four states in the two current controllers and is integrated
into a matrix state equation in the following to derive the
adaptive control law by using Lyapunov stability theorem.

The dynamic model of a surface‐mounted PMSM motor in
the synchronously d–q rotating reference frame is given by

p
�
id
iq

�

¼

2

6
6
6
4

−Rs
Ls

ωr

−ωr
−Rs
Ls

3

7
7
7
5

�
id
iq

�

þ
1
Ls

�
vd

vq − ωrλf

�

ð1Þ

Te ¼
�
3
2

��
P
2

�

λf iq ð2Þ

where p is the differential operator, id and iq are the stator d‐
axis and q‐axis currents, respectively, vd and vq are the stator d‐
axis and q‐axis voltages, respectively, Rs is the stator resistance,
Ls is the stator inductance, λf is the rotor flux linkage, ωr is the
rotor speed, Te is the electromagnetic torque and P is the
number of poles.

From the Newton's second motion law, the electrome-
chanical equation of the PMSM can be expressed by

Jm
dωm
dt
¼ −Bmωm þ Te − TL ð3Þ

where Jm is the inertia of moment, Bm is the viscous friction
coefficient, TL is the load torque and ωm is the rotor me-
chanical speed with

ωm ¼
2
P

ωr: ð4Þ

The five parameters Rs, Ls, λf , Jm and Bm are assumed to
be uncertain constants or slowly time‐varying. For determining
the stability of the system, the load torque TL in (3) can be
assumed to be zero without loss of generality.

The uncertain parameter of the stator resistance is firstly to
be considered with

Rs ¼ Rs0 þ ΔRs ð5Þ

where Rs0 and ΔRs are the nominal value and uncertain con-
stant term of Rs, respectively. Then Equation (1) can be
rewritten as follows [31].

�
Ls 0
0 Ls

�

p
� id
iq

�

¼

�
−Rs0 0
0 −Rs0

�� id
iq

�

þ

� vd
vq

�

þ

� iq 0 −id
−id −1 −iq

�

Φ
ð6Þ

where

Φ¼

2

4
φ1
φ2
φ3

3

5¼

2

4
ωrLs
ωrλf
ΔRs

3

5: ð7Þ

TSAI ET AL. - 791



It can be remarked that the parameters φ1 ¼ ωrLs and
φ2 ¼ ωrλf in (7) are also considered to be uncertain constants
or slowly time‐varying in the case that the rotor speed is fixed
at some speed or slowly time‐varying during the sampling
period. This assumption is valid in practical digital estimator
because the sampling period of the estimator, which is about
0.1 ms in practical applications, is short enough compared with
the variation of the rotor speed.

Secondly, with the uncertain parameters of Jm, Bm and λf ,
the electromechanical equation in (3) can be expressed without
considering the load torque TL as the following form.

Jm0
dωm
dt
¼ −

Jm0Bm
Jm

ωm þ
Jm0

Jm

�
3P
4

�

λf iq

¼ −
�

Bm0 þ
Jm0Bm
Jm

− Bm0

�

ωm

þ

�
3P
4

��

λf 0 þ
Jm0

Jm
λf − λf 0

�

iq

¼ − ðBm0 þ ΔBÞωm þ
�
3P
4

�
�
λf 0 þ Δλ

�
iq

ð8Þ

where

ΔB ¼
Jm0Bm
Jm

− Bm0 ð9Þ

Δλ¼
Jm0λf
Jm

− λf 0 ð10Þ

In (8)–(10), Jm0, Bm0 and λf 0 are nominal values of Jm, Bm
and λf , respectively. As can be seen from (9) and (10), the per-
turbed terms ΔB and Δλ are uncertain due to uncertain param-
eters Jm, Bm and λf , where J−m ≤ Jm ≤ Jþm, B

−
m ≤ Bm ≤ Bþm,

λ−
f ≤ λf ≤ λþf , ΔB

− ≤ ΔB ≤ ΔBþ and Δλ− ≤ Δλ ≤ Δλþ. Obvi-
ously, it can be obtained that

ΔBþ ¼
Jm0B

þ
m

J−m
− Bm0 ð11Þ

ΔB− ¼
Jm0B

−
m

Jþm
− Bm0 ð12Þ

Δλþ ¼
Jm0λ

þ
f

J−m
− λf 0 ð13Þ

and

Δλ− ¼
Jm0λ

−
f

Jþm
− λf 0: ð14Þ

Conventionally, the rotor mechanical speed is calculated by
the differentiation of the rotor position angle with

ωm ¼
Δθm
Δt

ð15Þ

in which the rotor position angle θm is detected by an encoder
or resolver at the sampling time instant and Δt is the sampling
time interval. This could produce differentiation problem
which can be avoided by using the estimation method as
described in the following.

The speed estimator with (16) and (17) and the structure
shown in Figure 1 is proposed on the assumption that the
position feedback θm from a position sensor or observer is
available.

dθ̂m
dt
¼ ω̂m þ K7

�
θm − θ̂m

�
¼ ω̂m þ K7eθ ð16Þ

Jm0
dω̂m
dt
¼ −Bm0ω̂m þ

�
3P
4

�

λf 0iq þ K8eθ ð17Þ

where K7 and K8 are the estimation gains, which are some
positive constants to be determined later and eθ is the first
error state defined as:

eθ ¼ θm − θ̂m: ð18Þ

The position angle can be expressed as

θm ¼ ∫ ωmdtþ θm0 ð19Þ

where θm0 is the initial position of the motor.
The next error state of the speed estimation is defined as

follows.

e¼ ωm − ω̂m ð20Þ

Then, from (8), (17) and (20), the dynamics of the speed
estimation error state can be obtained primarily as

Jm0
de
dt
¼ −Bm0e − ΔBωm þ

�
3P
4

�

Δλiq − K8eθ: ð21Þ

F I GURE 1 The structure of speed estimator
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Furthermore, by taking the derivative of (18) and (19) with
respect to time and using (16) and (20), the other one error
state dynamics in the speed estimator can be obtained as

_eθ ¼ e − K7eθ: ð22Þ

As shown in Figure 2, in the current and speed controllers,
there are three error states ed2, eq2 and eω2 to be introduced
with the following dynamic equations

_ed2 ¼ −κ1ed2 þ ed ð23Þ

_eq2 ¼ −κ1eq2 þ eq ð24Þ

_eω2 ¼ −κ2eω2 þ eω ð25Þ

where κ1 and κ2 are design parameters with positive constants
and ed , eq and eω are the current control error signals in the
d–q axes and the speed control error signal, respectively,
expressed as follows:

ed ¼ i∗d − id ð26Þ

eq ¼ i∗q − iq ð27Þ

eω ¼ ω∗
m − ω̂m ð28Þ

The reference settings in (26), (27) and (28) are defined,
respectively, as follows.

i∗d ¼ 0 ð29Þ

i∗q ¼ K2eω2 ð30Þ

ω∗
m ¼ constant ð31Þ

where K2 is some positive constant (speed control gain) to be
determined later. It can be remarked that the speed reference in
(31) can be assumed to be zero for regulation problem without
loss of generality. In addition, it can be obtained that each of
the transfer functions of (23), (24) and (25) is 1=ðsþ κ1Þ or

1=ðs þ κ2Þ, which is a low‐pass filter. The behaviour of a low‐
pass filter is similar to a pure integrator at high frequency and is
like a pure integrator if κ1 → 0 (or κ2 → 0).

From (20) and (28) with ω∗
m ¼ 0, it can be derived that

eω ¼ −ω̂m ð32Þ

and

ωm ¼ e − eω: ð33Þ

Hence, based on (26)–(33), the dynamics of the speed
estimation error state in (21) can be rewritten as

Jm0 _e¼ −Bm0e − ΔBðe − eωÞ þ
�
3P
4

�

λ
�
K2eω2 − eq

�
− K8eθ

ð34Þ

Similarly, by substituting (31) into (28), taking the derivative
with respect to time and then using (17), (27) and (30), the
other one error state dynamics in the speed controller can be
obtained as

Jm0 _eω ¼ −Bm0eω −
�
3P
4

�

λf 0
�
K2eω2 − eq

�
− K8eθ ð35Þ

Furthermore, by substituting (29) and (30) into (26) and
(27), taking the derivative with respect to time, respectively and
then using (6), the dynamics of the other two error states in the
current controllers can be obtained primarily as

Ls _ed ¼ −Rs0ed − vd þ ΔRsid − ωrLsiq ð36Þ

Ls _eq ¼ −Rs0eq þ Rs0K2eω2 − vq þ ΔRsiq þ ωrLsid
þ ωrλf − LsK2κ2eω2 þ LsK2eω

ð37Þ

There is still one uncertain parameter Ls which is not yet
considered. Let

Ls ¼ Ls0 þ ΔLs ð38Þ

where Ls0 and ΔLs are the nominal value and uncertain con-
stant term of Ls, respectively, with ΔL−

s ≤ ΔLs ≤ ΔLþs . Let the
voltage commands vd and vq in (36) and (37) be chosen,
respectively, as

vd ¼ K3ed þ K4ed2 þ vad ð39Þ

vq ¼ K1eω þ K5eq þ K6eq2 þ vaq ð40Þ

where K1, K3, K4, K5 and K6 are some positive constants
(control gains) and vad and vaq are auxiliary (adaptive) control
signals, in which all of them can be determined later. There-
fore, substituting (38), (39) and (40) into (36) and (37),
respectively, yieldsF I GURE 2 The structure of the current and speed controllers
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Ls _ed ¼ −Rs0ed − K3ed − K4ed2 − vad þ ΔRsid − ωrLsiq ð41Þ

Ls _eq ¼ −Rs0eq þ Rs0K2eω2 − K5eq − K6eq2 − K1eω − vaq þ ΔRsiq
þωrLsid þ ωrλf − ðLs0 þ ΔLsÞK2κ2eω2 þ ðLs0 þ ΔLsÞK2eω

ð42Þ

Up to now, the dynamics of the eight error states of
(22)–(25), (34), (35), (41) and (42) has been obtained, in which
(23), (24), (41) and (42) belong to the current controllers in the
d–q axes, (25) and (35) belong to the speed controller and (22)
and (34) belong to the speed estimator. Consequently, the
dynamics of overall error states can be expressed as the
following matrix form.

E _η¼ ðAþ ΔAÞη −

0
vad
0
vaq
0
0
0
0

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

− Y

2

4
ωrLs
ωrλf
ΔRs

3

5 ð43Þ

where

η¼

2

6
6
6
6
6
6
6
6
6
6
4

ed2
ed
eq2
eq
eω2
eω
e
eθ

3

7
7
7
7
7
7
7
7
7
7
5

; Y ¼

2

6
6
6
6
6
6
6
6
6
6
4

0 0 0
iq 0 −id
0 0 0

−id −1 −iq
0 0 0
0 0 0
0 0 0
0 0 0

3

7
7
7
7
7
7
7
7
7
7
5

ð44Þ

E ¼

2

6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0 0 0
0 Ls 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 Ls 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 Jm0 0 0
0 0 0 0 0 0 Jm0 0
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3

7
7
7
7
7
7
7
7
7
7
5

ð45Þ

A¼

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

−κ1 1 0 0 0 0 0 0
−K4 M22 0 0 0 0 0 0
0 0 −κ1 1 0 0 0 0
0 0 −K6 M44 M45 M46 0 0
0 0 0 0 −κ2 1 0 0
0 0 0 M64 M65 −Bm0 0 −K8

0 0 0 0 0 0 −Bm0 −K8

0 0 0 0 0 0 1 −K7

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

ð46Þ

ΔA¼

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 ΔM45 ΔM46 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 ΔM74 ΔM75 ΔB −ΔB 0
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3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

ð47Þ

The matrix Y in (44) is usually called regressor matrix, the
matrix E in (45) is a symmetric positive definite matrix which is
nonsingular and in (46) and (47)

M22 ¼ −Rs0 − K3; M44 ¼ −Rs0 − K5;

M45 ¼ Rs0K2 − Ls0K2κ2;M46 ¼ Ls0K2 − K1;

M64 ¼

�
3P
4

�

λf 0;M65 ¼ −
�
3P
4

�

λf 0K2;

ΔM45 ¼ −ΔLsK2κ2; ΔM46 ¼ ΔLsK2;

ΔM74 ¼ −
�
3P
4

�

Δλ; ΔM75 ¼

�
3P
4

�

ΔλK2:

For determining the system stability, let the auxiliary
(adaptive) control signals in (39) and (40) be defined, respec-
tively, as follows.

vad ¼ −iqφ̂1 þ idφ̂3 ð48Þ

vaq ¼ idφ̂1 þ φ̂2 þ iqφ̂3 ð49Þ

where φ̂1, φ̂2 and φ̂3 are estimates of φ1, φ2 and φ3 in (7),
respectively. Then, the overall dynamics of error states in (43)
can be rewritten as follows:

E _η¼ ðAþ ΔAÞηþ Y

2

4
eφ1

eφ2

eφ3

3

5 ð50Þ

where eφ1, eφ2 and eφ3 are the estimated errors and denoted as
follows:

2

4
eφ1

eφ2

eφ3

3

5¼

2

4
φ̂1 − φ1
φ̂2 − φ2
φ̂3 − φ3

3

5: ð51Þ

As stated previously, the parameters φ1, φ2 and φ3 are
assumed to be uncertain constants or slowly time‐varying
during the sampling period. This implies

2

4
_eφ1

_eφ2

_eφ3

3

5¼

2

4

_̂φ1
_̂φ2
_̂φ3

3

5 ð52Þ
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2.2 | Problem formulation and its solution

The main objective of this study is to determine the estimation
gains K7 ∼ K8 in Figure 1 and control gains K1 ∼ K6 in
Figure 2 such that the closed‐loop system in (50) is stable. To
prove the stability, the Lyapunov function is defined as

V ¼ ηTEηþ ρ

2

4
eφ1

eφ2

eφ3

3

5

T2

4
eφ1

eφ2

eφ3

3

5 ð53Þ

where ρ is some positive constant and also called adaptation
gain, then the derivative of the Lyapunov function can be
expressed as

_V ¼ ηT
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Figure 3 shows the three‐parameter observer and adaptive
control scheme. If the adaptive laws for _̂φ1, _̂φ2 and _̂φ3 are
chosen, such that from the second to the fifth items of the
right‐hand side of the equal sign in (54) are zero, as follows:

_eφ1
_eφ2
_eφ3

2

4

3

5¼

2

4

_̂φ1

_̂φ2
_̂φ3

3

5¼ −
1
ρ
YTη¼

2

6
6
6
6
6
6
6
6
6
4

−ided þ iqeq
ρ
eq
ρ

ided þ iqeq
ρ

3

7
7
7
7
7
7
7
7
7
5

ð55Þ

then Equation (54) can be reduced as

_V ¼ ηT
�
AT þ ΔAT þ Aþ ΔA

�
η ð56Þ

If the control gains K1 ∼ K6 and the estimation gains
K7 ∼ K8 are chosen properly such that

AT þ ΔAT þ Aþ ΔA < 0 ð57Þ

then

_V ≤ 0 ð58Þ

which guarantees that the closed‐loop system is stable in the
sense of Lyapunov.

In the rest of this section, the procedure is developed to
determine K1 ∼ K8 in terms of LMI formulation such that
the closed‐loop system is stable. It is clear that the uncertain
(interval) matrix ΔA in (57) is function of three uncertain
parameters, that is, ΔA ðΔLs;Δλ;ΔBÞ and can be character-
ized in terms of the following eight vertex (or corner)
matrices [32].

ΔA¼
X8

i¼1

αiΔAi

with

X8

i¼1

αi ¼ 1; 0 ≤ αi < 1: ð59Þ

and

ΔA1 ðΔLþs ; Δλþ; ΔBþÞ, ΔA2ðΔLþs ; Δλþ; ΔB−Þ, …,
ΔA8 ¼ ΔA ðΔL−

s ; Δλ−; ΔB−Þ: The exact values of αi are not
required in this study.

From the formulation for uncertain matrix ΔA in (59), the
stable condition in (57) is equivalent to

AT þ Aþ
X8

i¼1

αiðΔAT þ ΔA
�

< 0 ð60Þ

Obviously, a sufficient condition for (60) being satisfied is
that the following linear matrix inequalities (LMIs)

AT þ Aþ ΔATi þ ΔAi < 0 ð61Þ

hold for all i = 1, ..., 8. From the analysis above, the problem
of determining the control gains K1 ∼ K6 and estimation gains
K7 ∼ K8 can be formulated in term of solving the LMIs in (61)
for all i = 1, ..., 8.

A necessary condition for (61) being satisfied is that all
diagonal entries of Aþ ΔAi should be negative. This is the
reason why three error dynamics for ed2, eq2 and eω2 are
defined as that in (22), (23) and (24), respectively, which are all
low‐pass filters instead of pure integrators. By the assertion in
(22)–(24), the diagonal entries of Aþ ΔAi at (1,1), (3,3) and
(5,5) are −κ1, −κ1 and −κ2, which are negative and thus some

F I GURE 3 The three‐parameter observer and adaptive control
scheme
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feasible solutions for the LMIs in (61) may be possibly ob-
tained by this arrangement. In other words, if pure integrator
scheme, κ1 ¼ 0 and κ2 ¼ 0, is adopted for ed2, eq2 and eω2
defined in (22)–(24), then the diagonal entries of Aþ ΔAi at
(1,1), (3,3) and (5,5) are all zero and obviously no feasible
solutions for the LMIs in (61) can be found. Note that (61) is
only a sufficient condition for the stability of the closed‐loop
system in (50). However, it does not guarantee that there al-
ways exist the control gains K1 ∼ K6 and estimation gains
K7 ∼ K8 such that LMIs in (61) hold.

For the speed sensorless control of the system, the pro-
posed estimator in (16) and (17) cannot be adopted in practice
since the position angle is not available. However, the position
angle can be obtained by constructing a position observer
using the motor line voltage and current signals. This is
described as follows.

2.3 | The PMSMmodel in the stationary α–β
reference frame is

Ls

2

6
6
4

diα
dt
diβ
dt

3

7
7
5¼ −Rs

�
iα
iβ

�

−
�
eα
eβ

�

þ

�
vα
vβ

�

ð62Þ

where eα and eβ are the phase back EMFs in the α‐axis and
β‐axis components, respectively and can be expressed as [18]

�
eα
eβ

�

¼

�
−ωrλf sin θr

ωrλf cos θr

�

ð63Þ

In (63), θr is the rotor flux angle, which is aligned on the
d‐axis of the synchronously rotating reference frame by the
FOC control and related to the motor mechanical angle by

θr ¼
�
P
2

�

θm ð64Þ

and can be obtained from (63) with

θr ¼ tan−1
�

−eα
eβ

�

: ð65Þ

However, since the neutral point of the PMSM motor is
not available, the rotor flux angle can be obtained by using the
line‐to‐line back EMF components with the following form:

θr ¼ tan−1
�

−eαL
eβL

�

−
π
6

ð66Þ

where eαL and eβL are the line‐to‐line back EMFs in the α‐axis
and β‐axis components, respectively and can be expressed as [7]

eαL
eβL

� �

¼

2

6
4

vab − Rsðia − ibÞ
1
ffiffiffi
3
p ðvab þ 2vbcÞ −

ffiffiffi
3
p
Rsðia þ ibÞ

3

7
5 ð67Þ

However, because the stator resistance is an uncertain
parameter, the rotor position observer can be obtained as (68).

θ̂r ¼ tan−1
�

−êαL
êβL

�

−
π
6

¼ tan−1

�
Rs0 þ φ̂3

�
ðia − ibÞ − vab

1ffiffi
3
p ðvab þ 2vbcÞ −

ffiffiffi
3
p �

Rs0 þ φ̂3
�
ðia þ ibÞ

" #

−
π
6

ð68Þ

Therefore, the feasible estimator is proposed with
considering the load torque as follows.

dθ̂m
dt
¼ ω̂m þ K7

�
2
P

θ̂r − θ̂m
�

ð69Þ

Jm0
dω̂m
dt
¼ −Bm0ω̂m þ

�
3P
4

�

λf 0iq þ K8

�
2
P

θ̂r − θ̂m
�

− T̂L

ð70Þ

where T̂L is the estimate of the load torque, which can be
measured by a torque transducer. Figure 4 shows the pro-
posed overall sensorless adaptive control scheme of the
PMSM drive, in which the speed estimator is worked with a
rotor position observer considering the stator resistance
uncertainty.

3 | RESULTS AND DISCUSSION

3.1 | Simulation analysis

Some simulation examples are provided in this section to
show the design procedure and the performance of the
proposed speed sensorless adaptive control scheme of the
PMSM motor (Sinano 7CB30‐2DE7F) with the parameters
and the uncertainty of the parameters shown in Table 2 and
the maximum and minimum of the parameter un-
certainties in Table 3, some of which are calculated from
Equations (16)–(19). Firstly, the low‐pass filter parameters in
the speed and current controllers are set to be equal with
κ ¼ κ1 ¼ κ2 ¼ 300.

Example 1 By solving the LMIP in (57) using the LMI
toolbox in MATLAB, it can be obtained that
K1 ¼ 28:1579, K2 ¼ 2:38, K3 ¼ 4:8135 � 106, K4 ¼

1:8419 � 104, K5 ¼ 4:91 � 106, K6 ¼ 1:7654 � 104,
K7 ¼ 4:7533 � 106, K8 ¼ 19:7959. Obviously, high
gain solutions, especially for K3 − K7 are obtained in
this case. There may exist more than one solution in
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this case. Therefore, we can search for a more satis-
factory solution by an alternative formulation which is
illustrated in the next example.

Example 2 In this case, the gains K1 − K8 are con-
strained to avoid high gain problem by solving the
following minimization problem.

F I GURE 4 The proposed overall sensorless adaptive control scheme of the permanent‐magnet synchronous motor (PMSM) drive

TABLE 2 The permanent‐magnet
synchronous motor (PMSM) motor
parameters (p = 8)

Parameters (unit) Rs ðΩÞ Ls ðmHÞ λf ðWbÞ Bm ðNm=rad=sÞ Jm ðkg ⋅ m2Þ

Nominal value 3.55 5.92 0.0579 2:4 � 10−4 1:96 � 10−4

Lower bound ‐ ‐ 0.0521 2:16 � 10−4 1:57 � 10−4

Upper bound ‐ ‐ 0.0637 2:64 � 10−4 2:35 � 10−4

TABLE 3 The minimum and maximum
uncertainty of the parameters

Parameters uncertainty ΔRs ðΩÞ ΔLs ðmHÞ Δλ ðWbÞ ΔB ðNm=rad=sÞ

Uncertainty Value 1:775 0:296 0:0029 0:12 � 10‐4

Minimum uncertainty ‐ −0:592 −0:0144 −0:598 � 10‐4

Maximum uncertainty ‐ 0:592 0:0216 0:896 � 10‐4
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min
X8

j¼1

βjKj

subject to ATi þ Ai < 0; ∀i¼ 1; :::; 8

ð71Þ

where Ai ¼ A þ ΔAi. This method minimizes the sum of all
gains K1 − K8 with semi‐positive weightings β1 − β8. The
minimization problem in (71) is also called eigenvalue prob-
lem (EVP) [29] which can also be efficiently solved by the
LMI toolbox. It can be obtained that K1 ¼ 0:3589,
K2 ¼ 2:6250, K3 ¼ 0:3498, K4 ¼ 0:3369, K5 ¼ 106:8066,
K6 ¼ 0:3379, K7 ¼ 968:8025, K8 ¼ 0:7883 by solving the
EVP in (71) with βj ¼ 1 ðj ¼ 1; :::; 8Þ for equal weightings.
Obviously, the gains have been greatly reduced. Figure 5
shows the simulation response with the reference setting
ω∗
m ¼ 100 rad/s with the adaptation gain ρ¼ 0:1. However,

as can be seen, a large steady‐state error occurs in this case.
As stated previously, the behaviour of the transfer function
from eω to eω2 is like a pure integrator if κ → 0, which can
improve the steady‐state error. Figure 5 also illustrates the
step response of the speed with the above same parameters,
but with κ ¼ 10. As can be seen, the steady‐state response has
been improved with almost zero error, but there exists some
oscillation in the transient state.

Example 3 In this case, the control gains K1 − K8 are
the same as in Example 2. However, a time‐varying κ as
in (72) is used to improve the steady‐state error.

κ ¼ 300 e−5t ð72Þ

The estimated speed response, three parameters for
adaptive control and the back‐EMF trajectory are shown in
Figure 6. As can be seen, the steady‐state error can be

improved dramatically with approaching to zero by a time‐
varying κ, in which κ ¼ 300 at t = 0 and eventually κ ¼ 0 as
t→ ∞. The three estimated parameters for the adaptive

F I GURE 5 The simulation responses for the estimated and actual
speed by the reference setting of 100 rad/s with κ equal to 10 and 300,
respectively

F I GURE 6 The simulation responses with 100 rad/s reference setting
and a time‐varying κ as in (72): (a) estimated and actual speed, (b) adaptive
parameters estimation and (c) the back‐EMF vector trajectory

798 - TSAI ET AL.



control are also convergent to steady value, respectively, in
which φ̂3 is the estimation of the variation of the stator
resistance Rs and near the value given in Table 3. It should be
noted that from the stability analysis in the previous Section, it
only guarantees that all error states are bounded. However, by
the scheme of decaying κ with time exponentially, the steady‐
state errors for the speed estimation error e and speed con-
trol error eω can approach zero. The simulation responses for
the 50‐RPM reference setting is shown in Figure 7 which in-
dicates the control scheme can operate in ultralow speed
operation.

Figure 8 shows the simulation speed responses with the
load torque of 0.2 Nm added at the time of 1.0 s. As can been
seen, there exists some oscillations in the transient state due to
the exponential decay of κ to a low value. For faster settling of

the speed response without oscillation, the κ can be reset
repeatedly to the original value and then decay to a low value,
especially against the sudden change of external load.

3.2 | Experimental verification

For the experimental verification, the proposed controller is
implemented by a TI TMS320F28335 DSP chip embedded on
an eZdsp control board with the structure shown in Figure 9.
The encoder processing circuit is used for getting the rotation
speed and position data from the enhanced quadrature encoder
pulse module in the DSP chip for comparison with the esti-
mated speed and position data. A photo of the experimental
platform was taken in Figure 10, in which the switching fre-
quency of the inverter with rating of 1 kW is 15 kHz. The code
composer studio (CCS 8.3) is used to develop the control
software. The flow chart of the control software is shown in
Figure 11, which contains the main program and three inter-
rupt service routines (ISRs). The main program executes step
by step the initialization of system control and input/output
functions, the setting of interrupt vector table, the permission

F I GURE 7 The simulation responses with 50 RPM reference setting:
(a) the estimated and actual speed and (b) the three‐phase currents

F I GURE 8 The simulation speed responses for the load torque
sudden change of 0.2 Nm at 1.0 s

F I GURE 9 The DSP‐based permanent‐magnet synchronous motor
(PMSM) motor drive experimental structure

F I GURE 1 0 A photo picture of the experiment platform
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of interrupts and then does a waiting loop for the interrupts
occurred. The EPWM1 ISR which interrupts the main pro-
gram every 0.067 ms executes the overall adaptive control al-
gorithm and FOC control scheme including the Clarke and
Park coordinate transformation by using the estimated rotor
position angle.

There are two motor phase currents detected, each of
which is measured by using a LEM LA‐55P current sensor
followed by a two‐stage operational amplifier for conversion
and low‐pass filtering as a voltage signal. The detected current‐
to‐voltage signals are then read by the DSP chip through a
multi‐channel 12‐bit built‐in A/D converter via the ADC ISR.
The line voltages for the calculation of the rotor flux angle
estimation in Figure 4 are obtained in the DSP chip. For the
comparison with the estimated motor speed, the actual motor
speed can be obtained by using an incremental encoder (SBY‐
20‐5ME‐88‐058‐13) which generates A and B pulse signals
with 2000 pulses per revolution (PPR) and one Z pulse signal
per revolution. The control signals in the DSP chip can be
viewed on the oscilloscope by using a 12‐bit SPI‐DAC con-
verter (DAC335‐4) via the DAC ISR with output voltage scaled
in the range from 0 to 5 V outside the DSP control board.

Three cases of the speed reference setting by 400, 700 and
1000 RPM, respectively, with a time‐varying κ as in (72) for
each case have been tested to verify the performance of the
proposed control scheme in the experiment.

3.2.1 | 400‐RPM case

Figure 12 shows the actual and estimated speed signals, the
back‐EMF vector trajectory in steady state, the actual andF I GURE 1 1 The flow chart of the DSP‐based control scheme

F I GURE 1 2 The experiment with speed reference 400 RPM: (a) the actual and estimated speed signals, (b) the back‐EMF vector trajectory in steady state,
(c) the actual and estimated signals of the rotor flux angle and (d) the parameters estimation
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estimated signals of the rotor flux angle and the conver-
gence behaviour of the three estimated parameters. As can
be seen, the estimated speed signal is convergent to the
actual speed signal with nearly zero error and no overshoot
in the actual speed response by using the time‐varying
parameter κ. But the estimated speed signal has some
overshoot in the transition state, which may be caused by
the fast decay of time‐varying parameter κ. The back‐EMF
vector trajectory is nearly a circle in steady state and the
estimated rotor flux angle is also close to the actual rotor
flux angle. In addition, the three estimated parameters are
convergent to λ̂f ¼ 0:072 Wb, L̂s ¼ 2:07 mH and
ΔR̂s ¼ −0:056 Ω, respectively. The performance of actual
speed response in Figure 12a is better than that in Tan et al.
[28] when Rs is changed.

3.2.2 | 700‐RPM case

As can be seen from Figure 13, the estimated speed signal is
convergent to the actual speed signal with nearly zero error and
no overshoot in the actual speed response. The overshoot of
the estimated speed in the transition state is smaller than that in
the 400‐RPM case. The back‐EMF vector trajectory is nearly a
circle in steady state and the estimated rotor flux angle is also

close to the actual rotor flux angle. The three estimated pa-
rameters are convergent to λ̂f ¼ 0:051 Wb, L̂s ¼ 4:47 mH and
ΔR̂s ¼ −0:321 Ω, respectively.

3.2.3 | 1000‐RPM case

With the speed reference 1000 RPM, the actual and estimated
speed signals, the back‐EMF vector trajectory in steady state
and the actual and estimated signals of the rotor flux angle are
shown in Figure 14. As can be seen, the estimated speed signal
is convergent to the actual speed signal without overshoot in
the transition state by using the time‐varying parameter κ and
the back‐EMF vector trajectory in steady state is more circular
than that in Figures 12b and 13b due to higher speed opera-
tion. The estimated rotor flux angle is close to the actual rotor
flux angle as well.

3.2.4 | Speed reference sudden change

The experiment results of the step responses with speed
reference changes from 400 RPM up to 700 RPM and up to
1000 RPM and then from 1000 RPM down to 700 RPM and
then down to 400 RPM are illustrated, in Figure 15a,b

F I GURE 1 3 The experiment with speed reference 700 RPM: (a) the actual and estimated speed signals, (b) the back‐EMF vector trajectory in steady state,
(c) the actual and estimated signals of the rotor flux angle and (d) the parameters estimation
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respectively. It can be seen that in both the cases, the estimated
speed has faster response than the actual speed in the transient
state and is close to the actual response in the steady state. The
performance of the actual speed response is better than that in
Kivanc and Ozturk [26] when the speed is stepped down with
stator resistor variation.

4 | CONCLUSION

This study has proposed a novel speed sensorless adaptive
control scheme for the uncertain permanent‐magnet syn-
chronous motor (PMSM) drive system using an LMI approach
with a DSP chip. The results and contribution of this study can
be concluded as follows:

1. A rotor position observer instead of an optical encoder is
constructed by using the commanded motor line voltage
and current signals.

F I GURE 1 4 The experiment with speed reference 1000 RPM: (a) the
actual and estimated speed signals, (b) the back‐EMF vector trajectory in
steady state and (c) the actual and estimated signals of the rotor flux angle

F I GURE 1 5 The experiment results of the actual and estimated speed
with speed reference changes: (a) step‐up change 400 RPM–700 RPM–
1000 RPM and (b) step‐down change 1000 RPM–700 RPM–400 RPM

802 - TSAI ET AL.



2. The overall system dynamics of the PMSM drive system
with eight error states and five uncertain parameters (Rs, Ls,
λf , Jm and Bm) have been developed.

3. The speed and current controller and rotor speed and po-
sition estimators are considered and designed
simultaneously.

4. The adaptive control law with estimator is derived by using
Lyapunov stability theorem.

5. The stability condition in the sense of Lyapunov can be
characterized in terms of some linear matrix inequalities
(LMIs).

6. In opposition to try and error, the estimation and control
gains can be obtained systematically to avoid high gain by
solving the corresponding LMIs with the help of the LMI
toolbox in MATLAB.

7. Differently from the conventional PI controller, a novel
controller is proposed where a low‐pass filter instead of a
pure integrator is proposed. By a suitable adjustment for a
design parameter, the steady‐state error can also be
improved.

8. Numerical solutions of the control gains and the estimator
gains using the proposed LMI formulations and simulation
examples are provided to illustrate the design procedure
and corresponding performances.

9. The experimental results by using a TI TMS320F28335
DSP chip with the speed reference 400, 700, 1000 RPM,
respectively and sudden change of the reference
demonstrate the performance of the proposed control
scheme.

The proposed sensorless adaptive control scheme can be
applied to induction motor in our future study.
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