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l  lntroduction

ln this paper, M′e have studied some properties of

conditiontt probability and its relation with fuzzy sets

Even when we realize that interpretation of numerical

value bet、veen fuzzy sets and prObability meaAsures are

philosophically distinct, basic operations such as in―
tersection and union Of two fuzzy values can be inter―

preted as mぶ ilnuln intersection and miniIIlum unlon

of two prObabilities. Considering this reasonぅ 、ve de―

ine three approxiIIlate conditional probabilities of two

fuzzy sets M′hich are based on lninimurn,independent

and ■1ゅomum probability intersection bet、 veen tM′o

everits、 い71oreover,conditional probability of tM′O fuzzy

sets can be illterpreted as probabilistic lnatching of two

fuzzy sets(BttdWin」.F.and Martin T.P.,1996)121

and as a basis of getting sirnilarity of t、vo Fuzzy sets

and constructing equivalence classes inside their do―

main attributet

By using this property, 、ve construct fuzzy func―

tional dependency(FFD)and prOVe that it satisaes

classica1/Crisp relational databaAse by example.Con―

sidering the concept of FFD, various deFlnitions and

the notation have been devised since 1988  Among

t h e m  a r e , R a i u  a n d  M t t u m d a r ( 1 9 8 8 ) 1 1 2 1 , d e a n e d  F F D

base On the membership Function of the fuzzy rela―

位on.■iptthy(1990)‖制prOpOSed deSnition of the
FFD in terms of fuzzy Hamming we18ht・  A.Kiss

(1991)[81, conStructed FFD by using weighted tu―

ple.G.Chen(1995)t51,Cuber。 (1994)161 andヽ V.Liu

(1992,1993)1111, introduced dennition of the FFD
based On the equahty of tM′ o possibility distributions,

nevertheless they used a difFerent type of iコaplication

and difFerent expretton of cut or,S.Liao(1997)μq,

save design of the FFD by introducing semantic prox―
imity.HOwever,from the technical point Of view,we re―

alized that Our cOnstructed FFD is difFerent from mOst

FFD,which generally start wFith the deinition of classi―

cal functional dependency and H′eaken the equality re_

latiOn into a(gradu劇)reSemblance rdation(and then

16↓h Fuzzy System Symposium(Akila,September 6-8,2000)

c h o o s e  a n  a p p r o p d a t e  i m p h c a t b n ) ( B O S C , P , D u b d s ,

D.,and Prade,Hぅ1998)〔4ト

2  Prelinlinary

2.l  Conditional Probability

σθ角冴びサぢθ,0′Pttbab夕ぢけυ Of an event is the probability
of the event occurring given that another event has

already occurred.

Dennition 2.l Given ttr and D are two events Over

a sample spaceび  P(rlつ )is deined as conditional

probabllity for H given D. Relation between cOndi―
tional and uncOnditional probability Satistt the f0110w―
ing equationi

PlrrlD=響 , 0

where suppose D is an event such that P(D)≠0`

In particular,cOnditional probabllity satisies some ax―

lons as fO1lows:

1・P ( A lβ) = O i f  A  a n dコ a r e  d i s i o i n t ,

2.P(■ lβ)+P(ム lβ)=1,

3.P(Dlβ )=1

2.2 Functional Dependency(FD)

nιttcサぢθttar ttePcηJc,cy(FD)as one type of integrity

constraints has been known and used widely in the de‐

sign of database system,

DeinitiOn 2.2 Given y is the set of attributes and

兄 is a relation over y. The functional dependencies

ズ → y h o l d s  O v e r員( y ) i r i

VをあらC■,(ち[ズ1=ら〔ズl→ちtyl=むブtyl), (2)

where X,y⊆y andち〔判 denotes the resthctiOn of
the tupleサ,tO the attributes belonging to X.
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FDs satistt some prOperties,such as(Armstrong's Ax―
10mS)111:

1 . R e n e x i v i t y t  y⊆ズ→ χ→ y,

2. A u g m e n t a t i o n :ば→ y a n d  z⊆y,W h e r e  y i  s e t

o f  a t t r i b u t e s )→XUZ→ y,

3 . T r a n s i t i v t t y :ば→ y  a n d  y→ z )→ χ → Z .

2.3  11tnprecise]Data and Fuzzy Sets

ln the real―world application, data are often ilnpre―

cise. The level oF precise data is assigned froln けθサar

サθttθTcηce(TI)tO Crtw data,where tOtalignorance and

crisp express the most imprecise and the inost precise

representation of data respectively.

Fuzzy set can be used as a connector tO represent

iI■precise data fron■サθtarサβれθrtrttCC to crぢsP data, The

f01lowing deflnition shoM′s how fuzzy set can be used to

represent total ignorance and crisp data.

Deflnition 2.3 Let y be universal set,where y=

{竹1,竹2,…Ⅲ竹れ}・ 助 サar竹 角θrattcc(TI)oVer y and crtw

of竹サ∈し
「are deflned as

TI over y

Crisp(竹ぢ)

respectively

= {1/竹1,…・,1/毎,},     (3)
= (0/伍1,・・・,0/竹を_1,1/匂t,  (4)
0/竹ぅ■1,…り0/切71},

3   Conditional PrObability of TwO

Fuzzy Sets

Due to Dellnition 2,1,conditional probability can be

represented by the following formula:

PIFrla=響 ・

The problem is ho、v can we interpret P(灯 ∩D)〕 if r

and D are two events. ヽ ちヽe realize that numericai val―

ues of bOth fuzzy and probability philosophically have

difFerent meaning. In the fuzzy, numerical value can

be interpreted as the level of preference or silnilarity.

Therefore,intersection of twO Inembership Functions is

overlapping bet覇′een theln and it can be treated by us―

ing minilnuln functiOn,

On the other hand, numerical value of an event in

probability proportionally express the number of ways
that the event lnight occur. Every、vay is assumed hav―

ing the same value and provided by a function called

basぢc PTθbab材づサυ assをθ■mc角むas followsi

Pし)=品,V竹∈弘
w h e r e  y  i s  s e t  o f  a l l  w e y s . I n t e r s e c t i o n  o f  t w o  e v e n t s

can be interpreted as the number of the same 、 vays

belong to both Ofthen■that the two events lnight occur.

In the situation of lack of inforHlation,intersection Of

two events can be interpreted intO three interpretations

as follows:

1.働 jnウ 角 切陶 PT9ba防 ′,切 げ れ をcrsccttθ 免,

P(rr∩ D)mh=max(oぅ P(「 )十 P(D)-1),

2.ぢれ冴qpc角ガeれけprθbattrtty Or,ηけctt ecをぢθ角ぅ

P(ガ ∩D)ind=P(〃 )・P(D),

3.例 o"岡 竹岡 prθ babぢ ′枕 7o/ぢ 角をCTSccけ ぢθ角ぅ

P(rr∩ D)max=min(P(r),P(D)).

Relation among them is shown as follows:

P(Fr∩ D)min≦ P(灯 ∩D)hd≦ P(ダ ∩D)max.

Now, we deine cθ 角冴,拐θttar proba防サ材y between twO
fllzzy sets based on the three interpretations above as

f o l l o w s .

Deinition 3.l Let r={χf/切1,…,χ4/竹n}and θ=
(χ?/竹1,hⅢ χ乳/切れ}are two fuzzy sets over y =
{竹1〕包2,…,包■},P(/lθ)iS deaned as conditional prob―
ability for r givenクち
1. Based on miniinum probability of intersection i

P(メlθ)=

It call be proved that,

P(r,メ)≦  1)

P(メlθ)十P(メ|サ)≦ 1`

2. Based on independent probability intersection:

帥 =響 ・ 0

1t can be proved that,

P(/,メ)
P(す|サ)十P(メlθ)

3. Based on maxilnurII probability intersection i

К湖 =  0

1t can be proved that,

P(メ,r)= 1)
P(メlβ)十P(rし)≧ 1.

Conditional probability in(7), prinCipally is the
sane asんzz7死′attυc ca材れatty(DubOis and Pradeぅ
1982『1)益shOWn in the following eqllationi

Ｅ
じ

く
一　
〓

( 8 )

where lFI=Σ “μF仰)and intersectionおdeined as
minimum.Kosko pl has pOinted out the analogy be―
tween r(jtt c)and a COnditional probability P(九lβ),
where D and F play the same role.

qの=T,
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4  Fuzzy Functional Dependency

This section is the lnain concern in our paper. In this

section, M′e introduce the construction of fuzzy func―

tional dependency(FFD)by applying the concepts of

collditional probability of tM′o fuzzy sets as discussed

in Section 3, Froln the technical point of vie覇ら V`e

realize that our FFD is diCerent ttom most FFDs as

mentioned in Section l.Generally,most of FFD start

with the deflnition of classical functional dependency

(see Deinition 2.2)and weaken the equality rel筑lon

into a(graduぷ)reSemblance relation(and then choose
an appropriate imphcahon)[句̀

Deinitio■ 4.l Civenげ is the set of attributes and兄

is a relation Overし「. The fuzzy functional dependencies

ズ ～→ y h01ds Over兄(y)ifFi

V密⊆ズぅVυ⊆L

if t(密〕g)∈兄 then PR(217)≦PR(υl密)  (9)

Here X)y⊆y,けdenOtes the tuple in relation tt and
PRし lυ)iS called the cθ免あけわれα′ク的batt121y ttra↓ぢθtt for
″givenダ̀  If there are tt tuples inゴそ,then

PR(伊 1伊)=
Σ推l min(P(伊|むt(メ)),P(ylむ,(y)))

Σ子とをlP(ケ|をぅ(y))   う

where tを (ズ)andし t(y)denOte the restriction of the

tuple tt to the tttributes belonging to χ  and y,re―

spectively.

Let X={al)a2,…ぅa駒}ぅ″け={χ1/al)…Ⅲぅχ名/a純}ぅand
″た=モχ1/alぅ.,,χ比/an))then

P(密↓|をた)=
Σ色l min位1)χ夕)
Σとlχ夕  '

M′here ttt and 2ん are tH′o fuzzy sets over X.

Our consideration to apply IIlinimuln function for cal一

culation of conditional probability of two fuzzy sets as

shown in(11)Such tt P(密 |サ,(ズ))and P(ylと ,(y))in

(10),With the objective of getting similarity of two
fuzzy sets and deve10ping their equivalence classes in―

side attribute!Y and y,respectively.

It can be prOved that the FFD satisnes some basic

inference rules such as死 "e″殉売y,a竹す向c角サaをづθ71,and

歩ratts材2ttどけダwhicll are sinilar to Armstrong's Axioms

as fol10ws.

1 . R e n e x i v i t y : y⊆X→ χ ～→ y,

2 . A u s m e n t a t i o n i ( x～→ Y a n d  Z⊆y )→ X U Z～ →

1/,

3.Transitivity:(I～ → y and予
ア～→ Z)→ (X～ → Z)`

PttθI :

1・y ⊆  χ , in the sense of number of cOnditions
or constraints ofあr is greater or equal to num―

ber of conditions or constrぶnts of予
ア
〕implies that

P(y)≧ P(χ ).Related to Deinition 4 1,we have
PR(何ly)≦PR(71″)that means X～ → y.

2。Since from DeFlnition 4.1, if χ  ～ → y →

PR(″ lυ)≦ PR(υl密)iS true,then it must be also
true for PR(密 and Z17)≦  PR(yl毎 a免冴Z)→

ズ ∪Z～ → y.The reason is P(X)≧ P(χ ∪Z),

whereぢY u Z is unlon of conditiOns Or constraints

ofズ and Z々

3. S i n c e  r e l a t i o n  t t  s a t i s i e sズ～→ y a n d  y～ →

Z)PR(伊 ly)≦ PR(yl伊)and PR(ylz)≦ PR(zlυ))
we have PR(何 lz)≦ PR(zlo).Thusぅ 見 satisies

メ ～→ Z`

Example 4.l Given a relation兄 (χ,y),iS Shown in
Table 4,1.

Tabl 4.l Relation兄 (X,
Rec ズ y

１

２

３

４

５

６

密 1

切っ

Z3

密1

密2

露4

ｙ

υ

ダ

υ

ダ

ｇ

4、1. we trv to nnd com

PR(ol171)and PR(υ llol)as f0110Ws.

T a b l e  4 . 2  R e l a t i o n兄(ズ= " 1ぅy = 9 1 )

Rec X =何 1 y = y l ズ =筋 l a n d
y =レ 1

１

２

３

４

５

６

P (露

P (何

P (密

P (・

P (。

P ( a

密1 ) = 1

22)=0

2 3 ) = 0

2 1 ) = 1

2 2 ) = 0

密4)=0

P (υ

P (ダ

P ( y

P (υ

P (ν

P ( 7

lυl ) = 1

1υ2)=0

1υl ) = 1

1 y l ) = 1

1υ2)=0

172)=0

m

m

m

m

m

m

t n ( 1 , 1 ) = 1

i n ( 0 , 0 ) = 0

i n ( 0 , 1 ) = 0

i n ( 1 , 1 ) = 1

in(1,0)=0

in(0,0)=0

Σ 2 3

From Table 4.2)

PR(211υl)=2/3くPR(711何1)=1・
The resulttleads tO cOnclusion that by kno、vingザ▼=″ 1,
it certainly give y=伊 1,。therwise by knowing y=yl)

the probability to giveと将 = 密l is equal to 2/3.By
using the same wav,、ve ind that,

PR(何21y2)=2/3<PR(y21"2)=1,
PR(密3171)=1/3<PR(υll何3)三1,
PR(何 41伊2)=1/3<PR(伊 21何4)=1,

F i n a l l y , r e l a t e d  t o ( 9 ) ) W e  c O n c l u d e  t h抗ズ ～→ y .

Exalnple 4.2 Given Table 4,1,relation betM′ een two

attributes,五百and予
ア
and suppose that M′e Mrant tO knoM′

relation bet、veen a given paFtial area ofすて and a given

partial area of予
′
 H′hich are represented by two fuzzy

sets r and θ,respectively.Let suppose that the mem―
bership function of r iS,

μ(ア)=(1/伊1,0・5/″2,0・1/露3},

and membership function of θ is,

μ(θ)=(1/ダ1,0.2/y2}

By using both membership functiOns above,Table 4 1

is transfOrmed into Table 4.3 as follo覇′s.

From Table 4、 1, parison betH′een

( 1 0 )
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Table 4,3 Relationえ (X=す ,y=θ

Rec X=メ y =θ ズ=メ

and

y =。
１

２

３

４

５

６

P(メ|"1)=1
P(メ1密2)=0・5
P(メ1密3)=0・1
P(メ1露1)=1
P(メ1密2)=0・5
P(す1密4)=0

P(glダ1)=1

P(θlυ2)=0・ 2

P(θlυl)=1

P(θlυl)=1

P(θlυ2)=0,2

P(01υ2)=0・2

1

0 . 2

0 . 1

1

0 . 2

0

Σ 3.1 3.6 2.5

From Table 4,3,it is shown that

PR(r19)=o.694<PR(θlす)=0・806.

We conclude that it is more realistic to stt that r～→

g than θ～→メ.

5  Conclusion

ln this paper,科′e introduced a proposal offuzzy func―

tional dependency(FFD),where relation between two

attribute domains is based on the concept of condi―

tional probability. Froln the technical pointt of view,

the FFD is difFerent from most FFD,which generally

start with the deFInition of classical functional depen―

dency and weaken the equality relation into a(gradual)

resemblance relation(and then choose an appropritte

implication)141.We alSO proved that inference rules,

which are similar to Armstrong)s Axloms tll for the
FFD,are both sound and complete.
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