
463

Thermal–economic modelling and optimization
of gas engine-driven heat pump systems
S Sanaye∗ and M Chahartaghi
Energy Systems Improvement Laboratory (ESIL), Iran University of Science and Technology, Tehran, Iran

The manuscript was received on 9 November 2009 and was accepted after revision for publication on 11 January 2010.

DOI: 10.1243/09576509JPE920

Abstract: Gas engine-driven heat pump (GEHP) modelling and optimization are presented in
this article. Heat pump cycle modelling included a compressor, condenser, evaporator, expansion
valve, and gas engine to drive the compressor. To validate the modelling output results, they were
compared with experimental results, and acceptable difference per cent points were obtained
and reported.

For the optimal design of GEHPs, the total annual cost (sum of operating and investment costs)
was defined as the objective function in terms of technical and economic parameters of the
system. The genetic algorithm optimization technique was used to obtain the design parameters
at the minimum total cost of the system. Eight design parameters of the system (condenser and
evaporator pressures in cooling and heating modes, inlet air mass flowrate to indoor and outdoor
heat exchangers, and gas engine rotational speed in cooling and heating modes) were selected.
The values of the design parameters for a case study were obtained and reported when the total
annual cost of the system was minimum. Furthermore, at that system optimal design point, the
investment and operating costs were found to be 64.23 per cent and 35.67 per cent of the total
cost, the fuel consumptions of the gas engine were 0.956 and 0.658 kg/h, respectively, and the
coefficients of performance (COPs) of the GEHP were 1.61 and 1.64 in the cooling and heating
modes, respectively. The variation of optimum design parameters in various cooling and heating
loads was studied. Finally, sensitivity analysis and the change in design parameters with the
change in fuel price and investment cost were studied.

Keywords: gas engine-driven heat pump, vapour compression refrigeration cycle, gas engine,
thermal–economic modelling, optimization, genetic algorithm

1 INTRODUCTION

Heat pumps are important for the cooling and heating
of buildings. Heat pumps with a vapour compres-
sion refrigeration cycle include two low (evaporator)
and high (condenser) temperature levels. They usu-
ally have two heat exchangers inside and outside the
building. Indoor and outdoor heat exchangers are the
condenser and evaporator in the heating mode, and
the evaporator and condenser in the cooling mode,
respectively. A reversing valve switches the position of
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the evaporator and the condenser in the heating and
cooling modes [1].

Based on the type of driving engine used for rotat-
ing the compressor shaft (an electrical motor or a
gas engine), heat pumps are categorized into electri-
cal heat pumps and gas engine-driven heat pumps
(GEHPs) [2]. Considering the lower price of natural gas
in comparison with electricity, these systems are used,
especially in regions with reliable resources of natural
gas with low operational cost [3, 4].

A GEHP system mainly consists of two parts: a heat
pump system (consisting of a compressor, condenser,
expansion valve, and evaporator) and a gas engine.

Considering the importance of using GEHPs in air
conditioning equipment, modelling and optimizing
these systems are essential from the technical and
economic points of view.
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In some models, individual components such as the
evaporator, compressor, condenser, expansion valve,
and gas engine were studied in detail, and then the
integrated system was analysed; in other models,
system operating parameters such as COP and heat-
ing/cooling capacities were studied without a detailed
analysis of system components.

Hepbasli et al. [5] reviewed GEHP systems for res-
idential and industrial applications. In their study,
the historical development of GEHP systems was
briefly given and the operation of these systems was
described. GEHPs were then modelled for system
performance analysis (the capacity of heat exchang-
ers and the COP of GEHP) using energy and mass
conservation equations.

Zhang et al. [2] established a steady-state model to
estimate the operation of GEHPs. Models of the com-
pressor and internal combustion engine were devel-
oped based on manufacturers’ data and experimental
results, while a model of heat exchangers was obtained
from the mass and energy conservation equations.
Finally, system modelling was validated by comparing
the modelling outputs with the experimental data.

Nowakowski et al. [6] discussed the field testing
of high-efficiency, natural gas, engine-driven heat-
ing and the cooling system for residential and light
commercial applications. A product description was
provided and the basic operating principles were dis-
cussed. Field test results were presented, which con-
firm high seasonal operating efficiencies with heating
and cooling COP ranges, depending on climate, appli-
cation, and user comfort preference. Operating costs,
comfort considerations, and life considerations were
also briefly addressed.

Yagyu et al. [7, 8] tested the performance of a gas
engine-driven Stirling heat pump. They estimated the
total COP, and stated that if the heat pump system
could be pressurized up to 5 MPa, COP would be
improved.

The technical and economic optimization of ther-
mal systems has been a subject of interest for many
years. Wall [9, 10] presented a method for the technoe-
conomic optimization of a vapour compression refrig-
eration cycle. He considered the total annual cost of a
heat pump, including the sum of the initial investment
and power consumption costs, as the objective func-
tion. Furthermore, equipment cost functions were
introduced, and the minimum value of the objective
function was obtained using the Lagrange multipliers
method.

Cammarata et al. [11] also used a thermoeco-
nomic method to optimize air conditioning systems.
Their objective function included parameters such
as inlet fresh air mass flowrate, coefficient of per-
formance, and the inlet water temperature of the
cooling and heating coils. The global optimum value
of the objective function was reached by applying the
mathematical direct search method.

Sanaye and Malekmohammadi [12] presented a
method of obtaining the thermal and economic
optimum design of air conditioning systems with
a vapour compression refrigeration cycle. They pre-
sented an optimization procedure with the total cost
of the system (including the sum of the initial invest-
ment and electricity costs) per unit cooling load of
the system as the objective function. By changing
the values of condenser and evaporator tempera-
ture levels and air mass flowrate, the objective func-
tion was minimized using the Lagrange multipliers
method.

Selbas et al. [13] performed the technical and eco-
nomic optimization of the vapour compression refrig-
eration cycle. In their method, optimum values of heat
transfer surface area for heat exchangers as well as sub-
cooling and superheating degrees were obtained for
various operating conditions of the system. Further-
more, variations in equipment cost with subcooling
and superheating degrees were investigated.

In this article, the heat pump cycle is modelled
using thermodynamic characteristics of the compo-
nents and empirical relations. A model was applied
to obtain the gas engine power based on variations
in crank angle. Using the heat pump and gas engine
models simultaneously, GEHP operating characteris-
tics, such as COP and fuel consumption, were obtained
in both cooling and heating modes of operation. The
capacity of heat exchangers, the compressor power
consumption, the efficiencies of GEHP elements, and
the technical characteristics of the system can be
obtained using the presented model.

In the optimization section, the total annual cost
of the system, including the initial investment cost as
well as the operating cost (electricity and fuel costs),
was considered as the objective function. Consider-
ing the fact that the system operates in both hot and
cold seasons during a year, the annual operating cost
includes the costs of operation during both heating
and cooling modes.

The optimum value of the objective function was
obtained by changing the values of eight selected deci-
sion variables in the permissible operating ranges,
considering the constraints of the problem. The
optimum values of design parameters were pre-
sented in both cooling and heating modes. Further-
more, other technical characteristics of the system
such as COP, fuel consumption, and elements’ effi-
ciency were computed at the optimal design condi-
tion.

The values of minimum total cost and the corre-
sponding optimal design parameters were presented
at various cooling and heating capacities. Finally, the
sensitivity analysis of the change in the optimum
values of decision variables with the fuel price and
initial investment cost was performed. The optimiza-
tion method was based on the genetic algorithm (GA)
technique.
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In summary, this article contributes the following in
the modelling and optimization of GEHPs.

1. Proposing a heat pump model with the capability
of predicting the operating characteristics of the
heat pump cycle as well as evaluating the validity
of modelling outputs with experimental results.

2. Performing the detailed analysis of a gas engine and
its effects of geometrical and technical specifica-
tions on optimum design parameters and estimat-
ing losses such as heat loss, friction loss, mass loss,
and exhaust loss.

3. Proposing a GEHP model (considering the simulta-
neous operation of both heat pump and gas engine
systems) to compute COP and fuel consumption in
both cooling and heating modes of operation.

4. Introducing an objective function as the sum of the
initial investment and operating costs in both cool-
ing and heating operating modes and introducing
eight independent variables with their permissi-
ble ranges. Furthermore, computing the values of
design variables for which the minimum value of
the objective function was obtained (optimum val-
ues of design parameters) using the GA optimiza-
tion technique at various values of cooling/heating
capacity.

5. Investigating the effects of change in the invest-
ment and fuel costs on the value of the objec-
tive function as well as optimum design values
(sensitivity analysis).

6. Computing and drawing the energy flow diagram
for the GEHP system.

2 THERMAL MODELLING OF GEHPS

In this section, the heat pump cycle (vapour
compression refrigeration cycle) and the gas engine
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Fig. 2 T –s diagram of a vapour compression refrigera-
tion cycle

cycle are modelled. Figure 1 shows the schematic view
of a GEHP and Fig. 2 shows the T –s diagram of the
vapour compression refrigeration cycle.

2.1 Compressor

The compressor power consumption was obtained
from

Ẇcomp = ṁrwcomp = ṁr (h2 − h1) = ṁr

(
h2s − h1

ηs

)
(1)

The refrigerant mass flowrate was computed from

ṁr = ηv ρ1
Vcomp Ncomp

60
(2)

The volumetric efficiency for the scroll compres-
sor with R407C was computed as a function of the
compression ratio [14]

ηv = a0 + a1

(
Pdis

Psuc

)
, 2.5 � Pdis

Psuc
� 6.5 (3)
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Fig. 1 Schematic diagram of a typical GEHP cycle
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The following relation was used to compute the
isentropic efficiency of the scroll compressor in the
mentioned range of compression ratio [14]

ηs = b0 + b1

(
Pdis

Psuc

)
+ b2

(
Pdis

Psuc

)2

(4)

2.2 Condenser

The heat transfer rate in the condenser was computed
from

Q̇con = ṁrqcon = ṁr(h2 − h3) (5)

In the steady state, the heat absorbed by air passing
through the condenser is equal to the heat released
from the refrigerant, and was computed from

Q̇con = ṁa,con cp,a (Ta,con,o − Ta,con,i)

= ρa,con V̇a,con cp,a(Ta,con,o − Ta,con,i) (6)

2.3 Expansion valve

In the isenthalpic throttling process [15]

h3 = h4 (7)

In steady flow condition, the values of mass flowrate
in the expansion valve and the compressor are the
same (ṁexv = ṁr).

2.4 Evaporator

The heat transfer rate in the refrigerant side of the
evaporator was computed from

Q̇eva = ṁrqeva = ṁr (h1 − h4) (8)

In steady flow condition, ṁr is constant in the cycle
and is equal to the mass flowrate in the compressor.
Also, the heat extracted from the air by the evaporator
is equal to the heat absorbed by the refrigerant, and
was obtained from

Q̇eva = ṁa,eva cp,a (Ta,eva,i − Ta,eva,o)

= ρa,eva V̇a,eva cp,a(Ta,eva,i − Ta,eva,o) (9)

2.5 Gas engine

A spark ignition internal combustion gas engine was
used to drive the compressor of the heat pump with
the vapour compression cycle.

The heat release process during the combustion of
an air and fuel mixture in the cylinder was computed
as a function of crank angle [16, 17]

x = 1 − exp
[
−

(
θ − θs

θd

)n]
, θs < θ < θs + θd (10)

The values of θs, θd, and n were obtained from a wide
range of experimental data for spark ignition engines.

Assuming that the gases in the cylinder are ideal
gases and by differentiation of the above equation
in terms of crank angle (θ), using the first law of
thermodynamics in differential form, and consider-
ing the heat and mass losses in the engine cylinder,
the following four ordinary differential equations were
obtained in dimensionless form. The values of pres-
sure, output work, heat loss, and mass of gases in the
cylinder were obtained by solving these four equations
simultaneously

dP̃
dθ

= −γ
P̃

Ṽ

dṼ
dθ

+ (γ − 1)

Ṽ

×
[

Q̃
dx
dθ

− α̃(1 + βṼ )

(
P̃Ṽ
m̃

− T̃w

)]
− γ

C0P̃
ωge

(11)

dW̃
dθ

= P̃
dṼ
dθ

(12)

dQ̃loss

dθ
= α̃(1 + βṼ )

(
P̃Ṽ
m̃

− T̃w

)
(13)

dm̃
dθ

= −C0m̃
ωge

(14)

The dimensionless parameters in the above rela-
tions are listed in Table 1.

Table 1 Dimensionless factors in engine modelling [16]

Parameter Value

Dimensionless pressure P̃ = P
P1

Dimensionless volume Ṽ = V
V1

=
[

1 + rc − 1
2

(1 − cos θ)

]
/rc

Dimensionless
temperature

T̃ = T
T1

Dimensionless heat loss Q̃loss = Qloss

P1V1

Dimensionless heat of
combustion

Q̃ = Qin

P1V1
= 1

1 + AF
qLHV

RT1
ηcomb ηv,ge

Dimensionless mass
of gases inside the
cylinder

m̃ = m
m1

Dimensionless heat
transfer coefficient

α̃ = αT1(A0 − 4V0/b)

P1V1ωge

β factor β = 4V1

b(A0 − 4V0/b)

Blow-by factor C0 = ṁloss

m

Subscript ‘1’ in Table 1 refers to the state of gases at the beginning of
the compression process; ωge = 2πNge/60 is the engine frequency
(rad/s).
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At the end of the combustion process, the indicated
work for the cycle was computed, and the indicated
thermal efficiency (ηth) was obtained from

ηth = W̃

Q̃
(15)

2.6 Heat pumps and GEHPs

After estimating engine indicated work and thermal
efficiency depending on spark angle (time), the com-
pressor power consumption and engine indicated
power output (Ẇge,i) were then related using the
following equation

Ẇcomp = Ẇge,i ηm ηbelt (16)

ηth = Ẇge,i

Q̇in

= Ẇge,i

ṁfuel qLHV ηcomb
(17)

Combining the above equations, the fuel mass
flowrate can be computed from

ṁfuel = Ẇge,i

ηth ηcomb qLHV
= Ẇcomp

ηm ηbelt ηth ηcomb qLHV
(18)

The ratio of compressor rotational speed to engine
rotational speed (Kbelt) was defined in the form

Kbelt = Ncomp

Nge
(19)

Furthermore, the values of COP of the GEHP in
cooling and heating modes were obtained from

COPc = Q̇eva,c

Q̇in,c

= Q̇eva,c

ṁfuel,c qLHV ηcomb
(20)

Combining equations (17), (18), and (20), one has

COPc = Q̇eva,c

Ẇcomp,c

ηm,c ηbelt ηth,c

= qeva,c

wcomp,c
ηm,c ηbelt ηth,c

= COPHP,c ηm,c ηbelt ηth,c (21)

COPh = Q̇con,h

Q̇in,h

= Q̇con,h

ṁfuel,h qLHV ηcomb
(22)

and from equations (17), (18), and (22) one has

COPh = Q̇con,h

Ẇcomp,h

ηm,h ηbelt ηth,h

= qcon,h

wcomp,h
ηm,h ηbelt ηth,h

= COPHP,h ηm,h ηbelt ηth,h (23)

3 OPTIMIZATION

3.1 Objective function and decision variables

The objective function was defined as the total annual
cost of the system including initial investment (Cinv)

and operating (Copr) costs

Ctot = Cinv + Copr (24)

The initial investment cost of the components of the
GEHP system was computed as

Cinv = Ccomp + Cihx + Cexv + Cohx + Cge (25)

Considering the fact that GEHPs work in both cool-
ing and heating modes (at different operating condi-
tions such as refrigerant pressure, mass flowrate, and
efficiency) during a year, the cost of system compo-
nents must be determined based on the working hours
of the cooling and heating modes in a year. There-
fore, the ratios between the annual operating hours of
the system in cooling and heating modes to the total
annual operating hours of the system in a year (τc and
τh) were defined to determine the initial investment
cost of the components in each operating mode. Then
the weighted average of a component cost (Ci) during
the year was computed from

Ci = τcCi,c + τhCi,h (26)

The operating cost of the system was also obtained
from

Copr = Cfuel + Cel (27)

Based on the model presented by Wall [9, 10], the heat
pump element costs were computed (Appendix 2).

The indoor and outdoor heat exchangers were the
condenser and evaporator in the heating mode, and
the evaporator and condenser in the cooling mode,
respectively.

The purpose of optimization is to minimize the
system total cost (Ctot). In this article, various oper-
ating parameters of the system were selected as
design parameters. These parameters include evapo-
rator pressures in cooling and heating modes (Peva,c

and Peva,h), condenser pressures in cooling and heat-
ing modes (Pcon,c and Pcon,h), air mass flowrate in the
indoor heat exchanger (ṁa,ihx),air mass flowrate in
the outdoor heat exchanger (ṁa,ohx), and gas engine
rotational speed in cooling and heating modes (Nge,c

and Nge,h). The minimum value of the total annual
cost was obtained considering the permissible range
of system operation in cooling and heating modes.
The optimization was performed by applying the GA
method.
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The objective function was defined as a function of
the mentioned eight design parameters

Ctot = f (Peva,c, Peva,h, Pcon,c, Pcon,h, ṁa,ihx,

ṁa,ohx, Nge,c, Nge,h) (28)

The algorithm of computations to minimize the
objective function is shown in Fig. 3.

3.2 Optimization method (GA)

The GA technique was used to optimize the objective
function in this article. GA is a general-purpose search
method and a non-deterministic optimization tech-
nique based on the principles of evolution observed
in nature [18].

In the GA used in this article, the selection function
was stochastic uniform and the crossover fraction was

0.8. The termination criterion of the algorithm was the
difference in the error value equal to 10−6 compared
to the previous generation that achieved at about 220
generations (Fig. 4). Considering the unchanged value
of the objective function in the next iteration, the
optimization computation was terminated.

3.3 System constraints

In the optimization process, the design parameters or
decision variables change in permissible ranges. The
optimum values of the design parameters minimize
the total annual cost of the system (Ctot).

The following constraints were applied in the opti-
mization procedure.

1. The condenser mean temperature has to be at least
5 ◦C greater than the surrounding air temperature,

Start

Input parameters

New values

Heat pump:

a,con,i a,eva,i comp

eva,c con,h

T ,T ,V
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Design parameters and constrains:
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a,ihx a,ohx ge,c ge,h

P , P ,P ,P
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m th v s, , ,η η η η

r comp ge compm , N , N , W

Eqs.(1 4) , (12 16)and (20)− −

comp ihx
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(Eq. 4), (Eq. 32)

(Eq. 33) , (Eq.36),C (Eq. 24)
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Fig. 3 Modelling and optimization algorithm
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Fig. 4 Variation in the objective function towards the
final optimum value for the case study (ESIL)
explained in section 4

and the evaporator mean temperature has to be
at least 5 ◦C lower than the surrounding air tem-
perature [19]. Thus, according to the permissible
pressure ratio of the compressor and the limita-
tion of the air temperature surrounding the evap-
orator and condenser, the permissible operating
pressures of the condenser and evaporator were
determined.

2. The typical range of scroll compressor pressure
ratio was 2.5 � Pdis/Psuc � 6.5 [14]; therefore, the
typical pressure ranges of R407C refrigerant in
the evaporator and condenser in the cooling and
heating modes were as follows.
(a) 2 � Peva � 5.5 bar;
(b) 15 � Pcon � 30 bar.

3. The typical range of air mass flowrate in indoor
and outdoor heat exchangers was 1 � ṁa � 10 kg/s
[20].

4. The efficiency of all elements has to be in the range
of 0 < ηi < 1.

5. The typical range for gas engine rotational speed
was 1200 � Nge � 2600 r/min [20].

The optimization algorithm is presented in Fig. 3.

4 CASE STUDY

Based on the presented modelling and optimiza-
tion procedure, a typical GEHP system was modelled
and optimized for the estimated cooling and heating
loads of the Energy Systems Improvement Laboratory
(ESIL).

The estimated cooling (Q̇eva,c) and heating (Q̇con,h)

capacities for the case study were 12.5 kW and 18.5 kW,
respectively.

A supplementary programme was developed to
compute the properties of R407C refrigerant in the
main modelling and optimization programme.

For superheating in the evaporator and subcooling
in the condenser, the average typical values (5 ◦C) were
considered based on the data provided in references
[19] and [21].

The annual cooling and heating time periods were
40 per cent and 60 per cent of the year based on
local atmospheric conditions; therefore, τc and τh

were 0.4 and 0.6, respectively. Furthermore, fuel
consumption was computed based on 1600 (h/year)
and 2400 (h/year) for cooling and heating modes,
respectively. The fuel and electricity costs were also
0.01 $/kWh (0.1 $/m3) and 0.04 $/kWh. The lower
heating value of fuel was 44 700 (kJ/kg). The stoichio-
metric air to fuel ratio was 16.5.

Design conditions in Tehran (the capital of Iran),
including the mean temperature and relative humid-
ity, were considered as 35 ◦C (considering 22 ◦C indoor
temperature) and 20 per cent in the cooling mode,
and 5 ◦C (considering 24 ◦C indoor temperature) and
45 per cent in the heating mode. The barometric
pressure was 85 kPa.

The interest rate (r) and the depreciation time of
components (ni) were considered as 10 per cent and
15 years, respectively.

5 DISCUSSION AND RESULTS

5.1 Evaluating the validity of modelling results

5.1.1 Evaluating the validity of the heat pump cycle
model

To evaluate the heat pump cycle model, about 30
tests were performed on the installed GEHP for var-
ious cooling/heating capacities. The modelling and
test results were compared in each test run and
the mean difference per cent points for compressor
power consumption (Ẇcomp = Qcond − Qeva), evapora-
tor cooling capacity, and condenser heating capac-
ity were 4 per cent, 2.9 per cent, and 1.6 per cent,
respectively.

The temperature and velocity of air passing over
evaporator/condenser tubes were measured by appro-
priate thermometer/thermal bulb sensors. The cool-
ing and heating capacities of the system were
computed by measuring the outlet air temperature of
heat exchangers.

5.1.2 Evaluating the validity of the gas engine cycle
model

To validate the presented model and developed
software program for the gas engine cycle, mod-
elling outputs were compared with the corresponding
reported values in reference [16] for the same input
values.

The input parameters mentioned in reference [16],
and the modelling output results as well as the
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Table 2 Comparison of the results for the presented engine
modelling and the corresponding values given in
reference [16] with the same input values

Input parameters Value

rc 10
γ 1.3
θs −40
θd 40
Q̃ 20
n 4
α̃ 0.2
β 1.5
T̃w 1.2
Co 0.8
ωge 200

Output Presented Reference Difference
parameters model [16] (%)

P̃ 68.67 68.55 0.18
W̃ 8.72 8.69 0.34
Q̃1oss 4 3.97 0.76
m̃ 0.976 0.9752 0.1
ηth 0.436 0.4345 0.34

corresponding results presented in reference [16] are
shown in Table 2. The results show good agreement
and validation of the gas engine cycle model.

5.1.3 Evaluating the validity of the GEHP model

To evaluate the validity of the whole GEHP model,
about 40 experimental tests were performed on a
GEHP unit in various cooling and heating capacities.
The cooling and heating capacities of the system were
computed by measuring the outlet air temperature of
heat exchangers. The COP of the GEHP was computed
by measuring system fuel consumption by a gas flow
meter. The modelling input parameters were men-
tioned in section 4 for the installed and tested GEHP
system.

The average difference per cent points between
the modelling results and the empirical tests for
cooling and heating capacity, COP, and fuel con-
sumption were about 4.6 per cent, 2.5 per cent,
7.5 per cent, and 4.5 per cent, respectively, which
showed the accepted output results for GEHP system
modelling.

5.2 Optimization results

For the case study (ESIL) mentioned in section 4, the
minimum value of the objective function (Ctot) was
obtained by a change in design parameters in per-
missible ranges. The values of design parameters for
which the minimum total cost was achieved were
obtained. The variation of the numerical value for
the objective function with number of generations
towards the minimum value is shown in Fig. 4. The

best fitness curve shows the best function value in each
generation which changes in each number of iteration
and the mean fitness points on this curve illustrate
the mean value of the objective function at that step.
The optimum values of the design parameters, at the
minimum total cost of the system, are presented in
Table 3.

The cost of system components at the optimum
design point is shown in Fig. 5, and the operating
parameters of the optimized system (with optimum
design parameters) in the cooling and heating modes
of operation are presented in Table 4.

Furthermore, the modelling and optimizing results
at various cases of cooling/heating capacities listed in
Table 5 are shown in Figs 6 to 13.

Table 3 Optimum values of design parameters

Parameter Unit Value

Evaporator pressure in cooling mode
(Peva,c)

bar 5.5

Evaporator pressure in heating mode
(Peva,h)

bar 4.27

Condenser pressure in cooling mode
(Pcon,c)

bar 18.98

Condenser pressure in heating mode
(Pcon,h)

bar 17.38

Inlet air mass flowrate to indoor heat
exchanger (ṁa,ihx)

kg/s 1.504

Inlet air mass flowrate to outdoor heat
exchanger (ṁa,ohx)

kg/s 2.51

Gas engine rotational speed in cooling
mode (Nge,c)

r/min 1576

Gas engine rotational speed in heating
mode (Nge,h)

r/min 1671

Compressor (5.61 %)

Indoor Heat Exchanger (19.21 %)

Expansion Valve (2.41 %)

Outdoor Heat Exchanger (15.67 %)

Gas Engine (21.43 %)
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Electricity (11.96 %)
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Fig. 5 Cost for the components at the optimal design
point (the minimum total cost) for the case study
(ESIL) explained in section 4
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Table 4 Numerical values of the operating parameters from system modelling at the optimal design point
(with optimum values of the design parameters)

Parameter Unit Equation number Cooling Heating

Compressor volumetric efficiency (ηv) % (3) 95.64 93.9
Compressor isentropic efficiency (ηcomp) % (4) 78.6 74.28
Compressor power consumption (Ẇcomp) kW (1) 2.56 3.73
Compressor rotational speed (Ncomp) r/min (2) 1785 2717
Indoor heat exchanger efficiency (ηihx) % (32) 42.97 64.86
Outdoor heat exchanger efficiency (ηohx) % (33) 52.42 60.13
Outdoor heat exchanger capacity (Q̇ohx) kW (5) and (8) 15.06 14.77
Gas engine power output (Ẇge) kW (39) 2.69 3.93
Gas engine efficiency (ηge) % (36) 34.69 34.86
Fuel consumption mass flowrate (ṁfuel) kg/h (18) 0.658 0.956
Coefficient of performance (COP) – (21) and (23) 1.61 1.64

Table 5 Cooling and heating capacities of typical GEHPs [20]

Parameter Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

Cooling capacity (Q̇eva,c) (kW) 14 18 22.4 28 33.5 45 56
Heating capacity (Q̇con,h) (kW) 18 23.6 26.5 35.5 42.5 53 67

y = 113.12x + 219.69
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Fig. 10 Refrigerant mass flowrate at the optimum design
point (minimum total cost) for various values of
cooling/heating capacity mentioned in Table 5
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(minimum total cost) for various values of cool-
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5.2.1 Effect of numerical values of design parameters
on total cost

The values of the total cost at the optimum design
point are given in Fig. 6. By increasing the cooling
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Fig. 13 Coefficient of performance for the GEHP sys-
tem at the optimum design point (minimum
total cost) for various values of cooling/heating
capacity mentioned in Table 5

capacity (about four times), the minimum total cost
increased (about 3.66 times) due to an increase in
investment cost (for the bigger size of equipment) as
well as an increase in operating cost (due to an increase
in the compressor power consumption and gas engine
fuel consumption).

(a) Evaporator pressure. Increasing the evaporator
pressure in the cooling mode results in the follow-
ing: a decrease in compressor power consumption and
cost (due to a reduction in compressor pressure ratio);
a decrease in gas engine investment cost and fuel
consumption cost (due to a reduction in compressor
power consumption and, accordingly, engine power
generation); and a decrease in outdoor heat exchanger
cost (due to an increase in condenser efficiency). In
this case, the indoor heat exchanger cost increases
(due to an increase in its efficiency). The cost of the
expansion valve increases slightly (due to an increase
in refrigerant mass flowrate). Therefore, considering
the superposition of the above effects, the total cost of
the system decreases and then increases with increas-
ing evaporator pressure in the cooling mode. The same
trend was observed for the heating mode too. There-
fore the optimum evaporator pressures at which the
minimum total cost was obtained were 5.5 and 4.27
bar in the cooling and heating modes, respectively, as
listed in Table 3.

(b) Condenser pressure. Increasing the condenser
pressure in the cooling mode leads to the follow-
ing: an increase in compressor investment cost (due
to an increase in compressor pressure ratio); an
increase gas engine investment cost and fuel con-
sumption cost (due to an increase in compressor
power consumption and, accordingly, engine power
generation); a decrease in outdoor heat exchanger cost
(due to a reduction in condenser efficiency); and no
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considerable change in indoor heat exchanger cost
(because of its unchanged evaporator efficiency) and
expansion valve cost (because of the small variation in
refrigerant mass flowrate). Therefore, the superposi-
tion of the above variations in the cost of components
resulted in decreasing and then increasing total cost
with increasing condenser pressure in the cooling
mode. The same trend was observed for the heating
mode too.

Finally, the optimum condenser pressures at which
the minimum total cost was obtained were 18.98 bar
for the cooling mode and 17.38 bar for the heating
mode, as listed in Table 3.

(c) Air mass flowrate. It was observed that for a
specific heat transfer rate (Q̇ihx) and inlet tempera-
ture difference of hot and cold flows (Tihx − Ta,ihx,i),
the heat exchanger investment cost decreases with
increasing air mass flowrate to a minimum point,
after which the cost increases smoothly. Furthermore,
the increase in air mass flowrate increases continu-
ously the fan electric power consumption. Therefore,
at the optimal design point, the sum of two men-
tioned costs (i.e. Cihx + Cel) showed a minimum value
at ṁa,ihx = 1.504 kg/s, which is listed in Table 3.

(d) Gas engine rotational speed. Increasing the gas
engine rotational speed slightly increases the indi-
cated thermal efficiency (ηth) of the engine. This is
due to the shorter time period for a thermodynamic
cycle and consequently the shorter time period of
the expansion (power) stroke that decreases engine
heat losses from the cylinder walls. Furthermore, the
mechanical efficiency (ηm) of the engine showed an
increase to a maximum point and then a decrease
due to increasing friction effects. The superposition
of these effects results in a smooth rise and then fall of
the engine brake efficiency (ηth,b = ηge = ηth ηm) with
engine speed (r/min). At the optimal design point,
ηge = 0.348 was found to be the maximum value of ηge

(Table 4) at 1671 r/min, as reported in Table 3.

5.3 Effects of cooling (heating) capacity on the
optimum values of design parameters

The investigation of the variation of optimum design
parameters at various GEHP nominal cooling capaci-
ties mentioned in Table 5 is reported in this section.

Variations in the optimum values of design parame-
ters with cooling and heating capacities (for cases 1 to
7 mentioned in Table 5) are shown in Figs 7 to 9.

Design parameters such as evaporator and con-
denser pressures (Fig. 7), air mass flowrates in indoor
and outdoor heat exchangers (Fig. 8), and gas engine
rotational speed (Fig. 9) did not change consider-
ably. However, optimum values of parameters such as

refrigerant mass flowrate (Fig. 10), engine power out-
put (Fig. 11), and engine fuel consumption (Fig. 12)
increase with an increase in cooling and heating
capacities.

The optimum value of the refrigerant mass flowrate
increases with an increase in the values of cooling
and heating capacities (equations (5) and (8)). This
increases compressor power consumption (equation
(1)), engine power output (Fig. 11 and equation
(16)), and engine fuel consumption (Fig. 12 and
equation (18)).

Effective parameters on the COP values were con-
denser and evaporator pressures and engine thermal
efficiency. Since the optimum values of these design
parameters did not change considerably with capacity
(while compressor power consumption increased with
capacity), the COP of the system in cooling/heating
modes did not change considerably based on equa-
tions (21) and (23). Variations in the optimum values
of COP with capacity are shown in Fig. 13.

5.4 Effects of fuel and investment costs on the
optimum values of design parameters

The sensitivity analysis of change in the optimum
values of design parameters with change in fuel or
investment cost is investigated in this section for the
case study (ESIL) explained in section 4.

Increasing or decreasing the fuel cost changes the
optimum values of design parameters which minimize
the objective function.

By increasing the investment cost (for 50 per cent),
the optimum value of the evaporator pressure
slightly decreased (about 1.45 per cent in heating)
and the optimum value of the condenser pressure
slightly increased (about 1.49 per cent in cooling and
1.89 per cent in heating modes) to reduce the effi-
ciency of elements (such as efficiency of heat exchang-
ers in equations (32) and (33)) and to compensate the
increase in the initial investment.

Decreasing the investment cost of the system
resulted in the reverse effects explained above. There-
fore, by decreasing the investment cost of elements
(for 50 per cent), the evaporator pressure increased
(about 2.8 per cent in heating mode) and the con-
denser pressure decreased (about 3.27 per cent in the
cooling mode and 5.53 per cent in the heating mode).

The summary of the effects of change in the fuel
and investment cost on the optimum values of design
parameters (as well as the total cost values) is pre-
sented in Table 6.

5.5 Energy flow diagram

The GEHP system energy flow diagram in optimum
cooling and heating modes of operation is shown in
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Table 6 Effects of change in the fuel and investment costs on the optimum design parameters for
cooling (heating) modes of operation

Variation in fuel cost (%) Variation in investment cost (%)

Parameter +50 (+25) −50 (−25) +50 (+25) −50 (−25)


Peva,c (%) Negligible change Negligible change Negligible change Negligible change

Peva,h (%) +1.55 (+1.1) −3.5 (−1.49) −1.45 (−0.9) +2.8 (+2.95)

Pcon,c (%) −2.46 (−1.3) +3.75 (+1.4) +1.49 (+0.93) −3.27 (−1.44)

Pcon,h (%) −5.58 (−3.77) +4.14 (+2.34) +1.89 (+1.04) −5.53 (−3.24)

ṁa,ihx (%) +12.5 (+8.03) −6.97 (−4.13) +0.23 (+0.11) +4.71 (+3.85)

ṁa,ohx (%) +9.4 (+4.72) −11.09 (−4.98) −1.61 (−1.15) +4 (+1.4)

Nge,c (%) +1.27 (+0.61) −1.1 (−0.52) −0.7 (−0.33) +0.53 (+0.25)

Nge,h (%) +1.5 (+0.73) −1.35 (−0.71) −0.78 (−0.36) +0.67 (+0.32)

Ctot (%) +11.28 (+5.73) −12.31 (−6.05) +31.96 (+16.01) −32.69 (−16.22)

Heat pump (heating)
COPHP,h = 4.95 

Heating Capacity 
164 % 

Fuel input
100%

Engine

Compressor work input
33.12% (32.96%)

Total Losses: 66.88 % (67.04%) 

Cooling Capacity
161%

Heat pump (cooling) 
COPHP,c = 4.88 

H eat loss : 20 .77% ( 20 .82% )

Friction : 19 .23% (19 .4% )

M ass loss : 2 .83% (3% )

T ransm ition belt : 5% (5% )

Exhaust Loss: 19.05% (18.32%) 

Fig. 14 Energy flow diagram for the GEHP system at the optimum design point (the numbers
outside and inside parenthesis are the corresponding values of parameters at the optimum
design point of ESIL case study for heating and cooling modes of operation respectively)

Fig. 14. The COPHP in Fig. 14 is the coefficient of per-
formance for the refrigeration cycle (heat pump cycle)
defined as the cooling/heating capacity to the com-
pressor power input. The numbers outside and inside
parenthesis are the corresponding values of parame-
ters at the optimum design point of ESIL case study for
heating and cooling modes of operation respectively.

6 CONCLUSIONS

In this article, modelling and thermal-economic opti-
mization of GEHP systems were performed consider-
ing the permissible ranges of design parameters.

The objective function was the sum of the initial
investment and operating costs. The selected design
parameters were condenser pressure, evaporator pres-
sure, inlet air mass flowrates to the indoor and outdoor
heat exchangers, and gas engine rotational speed.

The minimum total cost of the system (the optimum
value of the objective function) and the corresponding
optimum values of design parameters were computed
to provide the required capacity in both cooling and
heating modes during a year. The optimization was
performed by the GA method exposed to the system
constraints.

Also, the effect of change in the numerical values
of design parameters on the objective function (the
total cost) as well as the variation in the optimal values
of design parameters in various cooling and heating
capacities were investigated.

The main findings of this study are presented as
follows.

1. Correlations for variations in total cost, air mass
flowrate, engine power output, fuel consumption,
and refrigerant mass flowrate with cooling/heating
capacity were proposed for the GEHP system opti-
mum design points. It was observed that there was
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no considerable change in the optimum values of
evaporator and condenser pressures and rotational
speed.

2. By decreasing condenser pressure and increasing
evaporator pressure, compressor power consump-
tion as well as compressor and engine investment
and the fuel cost decreased, whereas by apply-
ing the higher efficiency of the evaporator and
condenser, the investment cost of this equipment
increased.

3. As a sensitivity analysis, the effects of change in
the fuel cost and the initial investment cost on the
optimum values of design parameters were stud-
ied. By increasing the fuel cost (for 50 per cent),
the total cost increased about 11.28 per cent, and
by increasing the investment cost (for 50 per cent)
the total cost increased about 31.96 per cent. The
optimum values of design parameters may change,
depending on the regional conditions.

4. In regions at which the fuel price is high, the optimal
design procedure reduces the operating cost; how-
ever, this increases the efficiency of equipment as
well as their investment cost. Therefore, in this situ-
ation, the optimum values of the design parameters
obtained by the thermal–economic optimization
approach are close to the values obtained by the
thermal optimization method. In this situation, the
minimum fuel consumption and the maximum
COP of the heat pump system are desired.

5. The energy flow diagram was illustrated for the
whole GEHP system.

© Authors 2010
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APPENDIX 1

Notation

a annual price coefficient
A cross-sectional area (m2)

A0 inner thermal surface area of the
combustion chamber at the top dead
centre (m2)
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AF air to fuel ratio
b cylinder inner diameter (bore) (m)
cel electricity price ($/kW h)
cfuel fuel price ($/kW h)
C elements price ($/year)
C0 gas effusion coefficient
Cel cost of power consumption ($/year)
Cfuel cost of fuel consumption ($/year)
Cinv initial investment cost ($/year)
Copr operating cost ($/year)
Cp constant-pressure specific heat (kJ/kg K)
Ctot total annual cost of the system ($/year)
h specific enthalpy (kJ/kg)
k elements cost coefficient
Kbelt ratio of the compressor rotational speed to

the gas engine rotational speed
m mass (kg)
ṁ mass flowrate (kg/s, kg/h)
ni depreciation time of components (year)
N rotational speed (r/min)
P pressure (kPa, bar)
qLHV lower heating value of fuel (kJ/kg)
Q heat (kJ)
Q̇ heat transfer rate (kW)
r interest rate (per cent)
rc compression ratio
R gas constant (kJ/kg K)
t time (s)
T temperature (◦C)

v specific volume (m3/kg)
V volume (m3)

V0 clearance volume (m3)

V̇ volumetric flowrate (m3/s)
W work (kJ)
Ẇ power (kW)
x energy emission function

α convection heat transfer coefficient
(kW/m2 K)

γ specific heats ratio
η efficiency
ηbelt power transmission efficiency between the

engine and the compressor
θ crank angle (◦)
θd duration of heat release
θs crank angle of spark for starting heat

release
ρ density (kg/m3)

τ operating time ratio
ωge engine frequency (rad/s)

Subscripts

a air
c cooling
comb combustion
comp compressor
con condenser

dis discharge
eff effective
el electricity
eva evaporator
exv expansion valve
fuel fuel
ge gas engine
h heating
HP heat pump
i inlet
ihx indoor heat exchanger
l liquid refrigerant
loss loss
m mechanical
o outlet
ohx outdoor heat exchanger
opr operating
r refrigerant
s isentropic
sub subcooling
suc suction
sup superheating
th thermal
v volumetric
w wall

APPENDIX 2

The compressor cost per unit of time (Ccomp) was
obtained from references [9] and [10]

Ccomp = acomp kcomp
Vcomp

0.9 − ηcomp

Pdis

Psuc
ln

(
Pdis

Psuc

)
(29)

The annual costs of indoor (Cihx) and outdoor (Cohx)

heat exchangers were estimated from equations (30)
and (31) [9, 10]

Cihx = aihx kihx ṁa,ihx

(
ηihx

1 − ηihx

)1/2

(30)

Cohx = aohx kohx ṁa,ohx

(
ηohx

1 − ηohx

)1/2

(31)

The thermal efficiencies of indoor and outdoor heat
exchangers were defined as [9, 10]

ηihx = Ta,ihx,o − Ta,ihx,i

Tr,ihx − Ta,ihx,i
(32)

ηohx = Ta,ohx,o − Ta,ohx,i

Tr,ohx − Ta,ohx,i
(33)

The cost of the expansion valve per unit of time (Cexv)

was defined as

Cexv = aexv kexv ṁr (34)

Furthermore, based on the manufacturer’s data for
the wide range of engine brake power [22, 23], the cost
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of the gas engine per unit of time (Cge) was obtained as

Cge = age

(
c2Ẇ 2

ge + c1Ẇge + c0

)
(35)

The brake efficiency of the internal combustion gas
engine was computed from

ηge = ηth ηm (36)

The mechanical efficiency of the gas engine was also
obtained from curve fitting to the data provided in a
series of empirical tests performed on the installed
GEHP

ηm= d2N 2
ge+ d1Nge+d0 (37)

Cost coefficients (k) were obtained based on the
regional price of elements in the market. acomp, aihx,
aexv, aohx, and age in equations (29) to (31), (34)
and (35) represent the annuity factor (ai) for various
equipment, which was defined as [24]

ai = r
1 − (1 + r)−ni

(38)

The cost of fuel was presented as

Cfuel = Cfuel,c + Cfuel,h

= cfueltopr,c.Q̇fuel,c + cfuel topr,h.Q̇fuel,h (39)

Subscripts ‘h’ and ‘c’ refer to heating and cooling
modes, respectively.

The compressor power consumption and the gas
engine power output were related as

Ẇcomp = ηbelt Ẇge (40)

Substituting the definition of Ẇge = ηcomb Q̇fuel ηge

in equation (17), and using equation (36), the rela-
tion between compressor power consumption and
heat transfer rate from the fuel (fuel heat release) was
obtained from

Ẇcomp = ηbelt Q̇fuel ηcomb.ηm ηth (41)

Therefore

Cfuel = cfuel topr,c
Ẇcomp,c

ηbelt ηcomb ηm ηth,c

+ cfuel topr,h
Ẇcomp,h

ηbelt ηcomb ηm ηth,h
(42)

Cel = Cel,c + Cel,h = cel Ẇel,c topr,c + cel Ẇel,h topr,h (43)

The electric power consumption of heat pump fans
was related to the system cooling or heating capacity
of indoor and outdoor units

Ẇel = Ẇel,ihx + Ẇel,ohx (44)

The values of electric power consumption of indoor
and outdoor units were obtained as a function of air
volume flowrate passing through fans, based on the
manufacturers’ data

Ẇel,ihx = e1V̇a,ihx + e2 (45)

Ẇel,ohx = f1 V̇a,ohx + f0 (46)
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