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Universidad Complutense. 28040 Madrid. Spain

12 Inst. f. Physik, Universität Mainz,
D-55099 Mainz, Germany

13 Departament de F́isica i Enginyeria Nuclear,
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Abstract. This is the summary of the working group on Goldstone Boson Production
and Decay of the Chiral Dynamics Workshop in Mainz, September 1-5, 1997. For the
production aspects we discuss π0 and η production in nucleon-nucleon collisions and
the behaviour of hadrons in various sum rules. For the decays we present a discussion
on various K, η and π decay channels. Other aspects discussed are a new treatment of
meson-meson scattering, the light-by-light contribution to the muon anomalous mag-
netic moment and progress in various aspects of the p6 generating functional in the
mesonic sector.

http://arXiv.org/abs/hep-ph/9710555v1


2 J. Bijnens et al.

1 Introduction

Chiral symmetry plays a prominent role in low energy hadronic physics. The
workshop was basically fully devoted to theoretical and experimental progress
in this area. In our working group we discussed some topics not covered by the
other three working groups (Bernstein and Kaiser (1997), Meißner and Sevior
(1997), Drechsel (1997)) and in the various plenary talks. The subject of chiral
symmetry and the modern way to extract its consequences, Chiral Perturbation
Theory (CHPT), was introduced by Jürg Gasser (Gasser (1997)). In this working
group we did not discuss the extension to a small quark condensate (Stern (1997)
and references therein). The plan of this contribution follows closely the summary
as presented by the convener J. Bijnens. In particular some of the contributions
to this working group are discussed in his plenary talk (Bijnens (1997)) and will
not be repeated here.

On the first day we discussed the experiments done by WASA/PROMICE at
Celsius in Uppsala (A. Kupsz) on meson productions and their future η decay
program, as well as new η decay results and future programs (B. Nefkens) and
the relevant CHPT aspects including the anomaly (J. Bijnens). The subject of
anomalies was also covered experimentally (M. Moinester). The present status
of theory for the anomalous magnetic moment of the muon and its relevance for
beyond the standard model effects were covered. The main remaining uncertainty
in the prediction remains the low-energy hadronic cross-section (E. Pallante).
The subject of chiral sum rules in the V V and AA sector has recently had a
boost by the two-loop calculations in CHPT (J. Kambor). Further progress at
this order in CHPT was evident in the entire workshop. The topics covered here
were π → eνγ (P. Talavera) and various subtleties in the general p6 calculations
as well as first results on the infinity structure at p6 (G. Colangelo).

Beyond CHPT there is the discussion of the generalization of the Lippman-
Schwinger approach and the Inverse Amplitude Method applied to meson-meson
scattering (J. Peláez) and the attempts to calculate relevant higher order terms
using various models, double VMD or not was a recurring theme in both η and
K decays and the muon anomalous magnetic moment.

Experimental results in K decays and future prospects were reviewed (B. Renk)
as well as the KLOE program at DAΦNE (G. Colangelo). Theoretical develop-
ments were discussed in the both the main decay modes (G. Isidori) as in various
rare ones (G. D’Ambrosio, F. Gabbiani).

This report is organized as follows in Sect. 2 we discuss various η and π
production experiments and future plans here. This also includes the anomalous
process γπ → ππ. In Sect. 3 we discuss the parts mentioned above relevant for
η and K decays. Here we also review the uncertainty on the decay π0 → γγ.
Sect. 4 contains the discussion of the sum rules for g−2 and V V and AA as well
as the meson-meson scattering by the IAM. The last section, Sect. 5, covers the
progress in the p6 generating functional.

The topics discussed in this working group but covered in the plenary talk
by J. Bijnens (Bijnens (1997)) are: radiative π+ decay and the light-by-light
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contribution to the muon anomalous magnetic moment.

2 Production I

2.1 Hadronic Production of π and η

In Uppsala, an experimental programme for near threshold η and π meson pro-
duction in proton-nucleon interactions is carried out. The experiments are done
at the CELSIUS accelerator storage ring using an internal cluster gas-jet tar-
get and the WASA/PROMICE detector capable of measuring forward going
charged particles and decays photons from the neutral mesons (Calén et al.
(1996)). The photon detection allows for measurements very close to threshold
when the outgoing protons or deuterons escape undetected in the beam pipe. At
higher energies, a kinematically complete reconstruction of the events is possible.

An example is the near-threshold measurement of the reaction pp → ppπ◦

that has been measured at seven different excess energies, from 0.5 MeV to 14
MeV in the centre-of-mass system (Bondar et al. (1995)). The experiment gives
added weight to an interpretation that the reaction near threshold is sensitive
to the short range components of the nucleon-nucleon interaction. The under-
standing of the cross section magnitude remains a challenge for CHPT (van
Kolck (1997)).

Production of η mesons in proton-nucleon collisions has been studied using
both hydrogen and deuterium as targets. By exploiting the neutron Fermi mo-
mentum in the deuteron, the excitation functions for the reactions pn → pnη and
pn → dη have been measured for CM excess energies from 15 MeV to 115 MeV
(Fig. 1). The measured energy dependence of the cross section for the pn → dη
reaction is the first firm evidence of the importance of the S11(1535) nucleon
resonance in the reaction mechanism (Calén et al. (1997a)). The cross section
for the reaction pn → pnη was found to be about six times larger than that of
the reaction pp → ppη.

Recently, the measurements of the pn → dη were extended down to the
threshold by using the CELSIUS bending magnets as a spectrometer to identify
deuterons at 0 degree. The cross section shows an enhancement at the threshold
(Calén et al. (1997b)) which might be signal of a quasi-bound dη state suggested
by Ueda (1991).

Windowless thin internal targets offer unique possibilities to detect spectator
protons. The way for systematical studies of p + n reactions at CELSIUS is
provided by placing semiconductor detectors inside the scattering chamber. An
experiment which develops this technique has started recently.

The WASA/PROMICE setup will be dismounted and a new central detector
with close to 4π coverage for photons and charged particles will be installed
during 1998. The η decay studies will start and the meson production programme
will be continued.
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Fig. 1. Cross section for quasi-free η production in pp and pn interactions.

2.2 γπ → ππ

The value of the decay in the chiral limit and at zero for all the kinematical
variables is predicted by the chiral anomaly. A precise measurement is thus a
good test of this fundamental phenomenon. The prediction by the anomaly can
be expressed in terms of a formfactor F3π. In the chiral anomaly this is given
by F3π = e/

(

4π2F 3
π

)

≈ 9.7 GeV −3. This disagrees at the two sigma level with
the experimental measurement of Antipov et al. (1987); F3π = 12.9 ± 0.9 ± 0.5.
The chiral loop corrections have been estimated by Bijnens, Bramon and Cornet
(1990) and are 6 to 12 % over the phase space relevant for this experiment.
The loop parts are fairly small and the major part of the upwards corrections
comes from the tree level contributions at order p6 estimated via Vector Meson
Dominance. Higher order corrections have been estimated by Holstein (1996) by
unitarizing the CHPT calculation of Bijnens, Bramon and Cornet (1990). An
alternative way to estimate this is to use models of the meson structure. The
results are similar to the VMD calculations and the unitarized calculation of
Holstein (1996). An example of a recent calculation in this approach is (Alkofer
and Roberts (1996)).

One recurring theme here is that the extrapolation used by Antipov et al.
(1987) is not too reliable, there are large corrections from the measured region to
the s = t = u = 0 point. We are therefore lucky to have several new experiments
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that will test this in the future. There is SELEX at Fermilab and COMPASS at
CERN as discussed in the plenary talk by Moinester (1997). These are Primakoff
type experiments using a pion beam scattering of the electromagnetic field of a
nucleus. The opposite method, scattering a photon beam of a hadron target and
extrapolating the result to the pion pole will be taken by the CLAS experiment
at TJNAF (Miskimen, Wang and Yegneswaran (1994)).

3 Decays

3.1 η

The progress in η decays in the last years has been fairly slow. A few new results
have been presented by the Crystal Barrel (Amsler (1997)) about η → πππ,
these are given in Bijnens (1997). The other new results are a preliminary limit
on the branching ratio of η → π0π0 of 7 × 10−4 from VEPP 2M in Novosibirsk
(VEPP 2M). There is also a new limit on η → e+e− from CLEO at CESR, (T.
Browder et al. (1997)).

A list of accelerators and associated experiments that perform experiments
or will do so in the near future is in Table 1.

Table 1. Accelerators and experiments that will study the η meson.

Accelerator Experiment Comments

AGS Crystal Ball neutral decays, to ≈ 10−6

CELSIUS WASA first 10−7 later to 10−9–10−10

DAΦNE KLOE to 10−7–10−8

GRAAL/ESRF Lagrange production and neutral decays

VEPP2M. Novosibirsk CMD-2
MAMI TAPS production
ELSA Crystal Barrel and TAPS production

CEBAF CLAS production
CESR CLEO

Serpukhov GAMS

. . .

One problem that still needs clarification is Γ (η → γγ). The old Primakoff
experiment has a significantly lower value for the width than the more recent
experiments in e+e−–colliders. This width is used to normalize all the other η
widths and is therefore rather important.

Other η decays are η → 3π and η → π0γγ as discussed in Bijnens (1997). In
the anomalous decays, η → γ∗γ∗, only the two real photons and the single Dalitz
decays η → γe+e−, γµ+µ− have been measured with a single measurement of the



6 J. Bijnens et al.

formfactor in the latter. As discussed below for the Kaon decays and in Bijnens
(1997) for the muon anomalous magnetic moment, it is fairly important to know
whether double Vector Meson Dominance holds, or whether something else needs
to be used for the case when the two photons are off-shell. Measurements of
the double Dalitz decays and the formfactors in there as well as double tagged
production experiments of π0, η and η′ are therefore very welcome. The decay
η → π+π−γ has a width of 58 ± 6 eV while the one-loop CHPT result is about
47 eV (Bijnens, Bramon and Cornet (1990)). Improved measurements of the
form-factors and the decay with the photon off-shell would provide information
about precisely which type of contributions are the reason for this discrepancy.

On the theoretical front there have been several studies of how to include
η− η′ mixing in CHPT. In Gasser and Leutwyler (1985) the massive degree was
integrated out and treated perturbatively, more recent studies try to include it
as a propagating degree of freedom. The combined 1/Nc and chiral expansion
then provides a proper framework to discuss these questions, (Leutwyler (1996),
Herrera-Siklody et al. (1997), Georgi (1994), Peris and de Rafael (1995), Peris
(1994)).

3.2 K

Experiments : Rare decays and CP-violation In the past year several new
Kaon Decay modes have been observed. The most interesting one is probably
K+ → π+νν̄ (Adler et al. (1997c)) that in the long run will provide an accurate
measurement of Vtd. In the field of tests of CHPT we have seen measurements of
K+ → π+γγ (Kitching et al. (1997)) and K+ → π+µ+µ− (Adler et al. (1997b)).
Moreover, we have about 500 candidates for KL → π+π−e+e− (O’Dell (1997))
that can be useful for CP-violation studies.

In the near future we expect a significant improvement in the measurements
of ε′/ε. This constitutes our major CP-violation effort in the K system at present.
We also expect improvements in the modes KL → γγ, γγ∗, γ∗γ∗ very interesting
both in the framework of CHPT and to estimate the ‘long-distance contamina-
tion’ of more rare modes, as discussed below.

In the longer term we expect to observe direct CP violation in KL → π0e+e−

and KL → π0νν̄. In these channels, as well as in K+ → π+νν̄, the progress in
rare kaon decays is complementary and competitive with the one in the B-
system.

Experiments : Kl4 Here there is the BNL experiment as presented by J. Lowe
at this meeting (Lowe (1997)) and the progress to be expected from the KLOE
experiment at DAΦNE. Both of them aim at about 300000 events in a much
better acceptance environment than the previous experiment (Rosselet et al.
(1977)). The 4 form factors should all be measurable. The F and G form factor
provides tests of ππ scattering (Ecker (1997)) but their absolute value is im-
portant in determining the values of the input parameters for CHPT. KLOE
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should at the same time be able to measure the decays K+ → π0π0e+ν and
K0 → π0π−e+ν as well. These latter only depend on one form-factor to a much
larger extent thus allowing for an independent cross-check of the decay with
two charged pions. At the level of statistics expected this will also provide an
important check of the isospin breaking corrections that might be needed at the
expected level of prediction. Once F and G are well measured we can turn to
the anomalous formfactor H where the pattern of SU(3) breaking corrections
is expected to be quite different from the one in F and G. And, last but not
least, once F and G are accurately determined in the electronic decay modes,
we can then use these to determine R in the muonic decay mode. That way we
can determine the otherwise elusive parameter L4 of the CHPT Lagrangian and
provide additional tests of the 1/Nc approximations.

Theory: K → ππ, πππ The starting tool for a theoretical analysis of non–
leptonic kaon decays is the chiral realization of the effective four–quark Hamil-
tonian for |∆S| = 1 transitions. At the leading order (O(p2e0) + O(p0e2)) there
are only three independent operators (and thus three unknown couplings) trans-
forming under SU(3)L ×SU(3)R as the effective four-quark Hamiltonian, i.e. as
(8L, 1R), (27L, 1R) and (8L, 8R). As shown by Kambor et al. (1989), the number
of independent couplings increases substantially at next–to–leading order: limit-
ing to the presumably dominant (8L, 1R) sector there are already 37 independent
operators (Ecker et al. (1993)). Nonetheless, the situation is not dramatic since
there exist various classes of processes where only few couplings appear and the
predictive power of the theory is not destroyed (see e.g. de Rafael (1994), Ecker
(1995), D’Ambrosio et al. (1995), D’Ambrosio and Isidori (1996), and references
therein).

K → ππ amplitudes are typically used as input to determine the low–energy
constants of the weak chiral Lagrangian. Even though some recent progress has
been made in understanding the origin of the ∆I = 1/2 rule (see e.g. Antonelli
et al. (1996) and references therein) a reliable prediction of K → ππ amplitudes
from first principles is still far.

K → 3π decays is one of the classes where the chiral Lagrangian approach
leads to interesting predictions even at next–to–leading order. In particular, the
quadratic slopes in the Dalitz variables are unambiguously predicted in terms
of widths and linear slopes (Kambor et al. (1991), Kambor et al. (1992)). The
predictions of ∆I = 1/2 quadratic slopes are in good agreement with present
data. On the other hand, the situation in the ∆I = 3/2 sector is still unclear
because of large experimental error. The situation will certainly improve in the
next years with the advent of new high precision data. However, it must be
stressed that also a complete theoretical analysis of the isospin–breaking terms
is needed in order to make a precise test in the ∆I = 3/2 sector.

Another interesting aspect of K → 3π decays is the interference measurement
of KL,S → π+π−π0, that could lead to determine both the suppressed KS →
π+π−π0 amplitude and the 3π rescattering phases (see e.g. D’Ambrosio et al.
(1994) and references therein). Here the chiral predictions are again quite firm,
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thus interesting consistency tests can be made. Moreover, a determination of
3π rescattering phases is important to estimate the magnitude of direct CP
violation in K → 3π. The interference effect in KL,S → π+π−π0 has been
recently observed by Adler et al. (1997a) and Zou et al. (1996), showing a clear
signal for a non–vanishing KS → π+π−π0 amplitude and a preliminary evidence
for the 3π phases. Substantial improvements are expected at DAΦNE.

Strictly related to K → 3π are also K → 3πγ transitions. These have been
completely analyzed at next–to–leading order by D’Ambrosio et al. (1996) and
could offer interesting tests of the theory. Unfortunately the present experi-
mental information about these transitions is very poor, but again substantial
improvements are expected in the near future.

Theory: Rare decays Radiative non–leptonic kaon decays may play a cru-
cial role in our understanding of fundamental questions like the validity of the
Standard Model, the origin of CP violation and the realization of chiral sym-
metry in the framework of non–leptonic weak interactions (see D’Ambrosio et
al. (1995), D’Ambrosio and Isidori (1996), and references therein). For instance
the measurement of KL → π0νν and K± → π±νν rates should allow a determi-
nation of the CKM matrix elements competitive and complementary to the one
attainable from B decays (Littenberg (1989), Buchalla and Buras (1996)).

In the following we will discuss some recent theoretical progress in various
channels.

K → πγγ and KL → γγ∗ . The amplitude for KL(p) → π0γ(q1)γ(q2) can be
generally decomposed in terms of two independent Lorentz and gauge invariant
amplitudes: A(z, y) and B(z, y), where y = p · (q1 − q2)/m2

K and z = (q1 +
q2)

2/m2
K . Then the double differential rate is given by

∂2Γ

∂y ∂z
=

mK

29π3

[

z2 |A + B |2 +

(

y2 − λ(1, r2
π , z)

4

)2

|B |2
]

, (1)

where λ(a, b, c) is the usual kinematical function and rπ = mπ/mK . Thus in
the region of small z (collinear photons) the B amplitude is dominant and can
be determined separately from the A amplitude. This feature is important in
order to evaluate the CP–conserving contribution KL → π0γγ → π0e+e−. Both
on–shell and off–shell two–photon intermediate states generate, through the A
amplitude, a contribution to KL → π0e+e− that is helicity suppressed (Ecker
et al. (1988)). Instead the B–type amplitude, though appearing only at O(p6),
generates a relevant unsuppressed contribution to KL → π0e+e− through the
on–shell photons, due to the different helicity structure.

The leading finite O(p4) amplitudes of KL → π0γγ were evaluated by Ecker
et al. (1987a), Cappiello and D’Ambrosio (1988), and generate only the A–
type amplitude in Eq. (1). The observed branching ratio for KL → π0γγ is
(1.7 ± 0.3) × 10−6 (Barnett et al. (1996)), about 3 times the O(p4) prediction.
However, the O(p4) spectrum of the diphoton invariant mass nearly agrees with
the experiment, in particular no events for small mγγ are observed, implying a
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small B–type amplitude. Thus O(p6) corrections have to be important. No com-
plete calculation is available, but the supposedly larger contributions are known :
O(p6) unitarity corrections (Cappiello et al. (1993), Cohen et al. (1993), Kambor
and Holstein (1994)) enhance the O(p4) branching ratio by 30%, and generate
a B–type amplitude. Ecker et al. (1990) parameterized the O(p6) vector meson
exchange contributions by an effective vector coupling aV . There are two sources
for aV : i) strong vector resonance exchange with an external weak transition
(aext

V ), and ii) direct vector resonance exchange between a weak and a strong
V Pγ vertices (adir

V ). Then aV = aext
V + adir

V . The first one is model independent
and gives aext

V ≃ 0.32 (Ecker et al. (1990)), while the direct contribution depends
strongly on the model for the weak V Pγ vertex. (Cohen et al. (1993)) noticed
that one could, simultaneously, obtain the experimental spectrum and width of
KL → π0γγ with aV ≃ −0.9. The question of the relevant O(p6) contributions
relative to the leading O(p4) result for K+ → π+γγ , (Ecker et al. (1988)), can
also be studied. Unitarity corrections, (D’Ambrosio and Portolés (1996)), gen-
erate a B–type amplitude and increase the rate by a 30–40% while, differently
from KL → π0γγ , vector meson exchange is negligible in K+ → π+γγ . The
detection by Kitching et al. (1997) of a few events, confirms the relevance of the
unitarity corrections and a first measurement (though with large error) of the
O(p4) local contributions.

The decay KL → γ(q1, ǫ1)γ
∗(q2, ǫ2) is given by an amplitude Aγγ∗(q2

2) that
can be expressed as Aγγ∗(q2

2) = Aexp
γγ f(x), where Aexp

γγ is the experimental
A(KL → γγ) amplitude and x = q2

2/m2
K . The form factor f(x) is normalized to

f(0) = 1 and the slope b is defined as f(x) = 1 + bx. Traditionally experiments
(see Barnett et al. (1996)) do not measure directly the slope but they input the
full form factor suggested by Bergström et al. (1983-1990). However, as discussed
by D’Ambrosio and Portolés (1997), it is more appropriate to measure directly
the slope, they estimate bexp = 0.81 ± 0.18 .

D’Ambrosio and Portolés (1997) have analyzed the general effective weak
coupling V Pγ contributing at O(p6) to both K → πγγ and KL → γγ∗ . The
corresponding Lagrangian can be written in terms of the 5 possible relevant
Pγ structures and contains thus 5 coupling constants, κi to be determined from
phenomenology or theoretical models. The Factorization Model (FM), motivated
by the 1/Nc expansion (see e.g. Pich and de Rafael (1991)), assumes that the
dominant contribution to the four–quark operators of the ∆S = 1 Hamiltonian
has a current× current structure. This assumption is then implemented with
a bosonisation of the left–handed quark currents. Applying the factorization
procedure to the construction of the weak V Pγ vertex and integrating out the
vector mesons afterwards, (D’Ambrosio and Portolés (1997)) have identified new

contributions to the left–handed currents and therefore to the chiral structure
of the weak amplitudes at O(p6). Within this prescription, called Factorization
Model in the Vector couplings (FMV), one can determine the κi and then predict
both the adir

V parameter of KL → π0γγ and the slope bD of KL → γγ∗ . The
results are adir

V |FMV ≃ −0.95 and boctet
D |FMV ≃ 0.51, leading to (see Ref.

D’Ambrosio and Portolés (1997) for a thorough discussion) aV ≃ −0.72 and
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b ≃ 0.8 − 0.9, in good agreement with phenomenology.

KL → µ+µ−. To fully exploit the potential of KL → µ+µ− in probing short–
distance dynamics it is necessary to have a reliable control on its long–distance
amplitude. However the dispersive contribution generated by the two–photon in-
termediate state cannot be calculated in a model independent way and it is sub-
ject to various uncertainties. The branching ratio can be generally decomposed
as B(KL → µ+µ−) = |ℜeA|2 + |ℑmA|2, and the dispersive contribution can be
rewritten as ℜeA = ℜeAlong + ℜeAshort. Within the Standard Model ℜeAshort

has been evaluated at NLO by Buchalla and Buras (1994) and is proportional
to (1.3 − ρ), where ρ is the usual CKM parameter in the Wolfenstein conven-
tion. The measurement of B(KL → µ+µ−) by Heinson et al. (1995) is almost
saturated by the absorptive amplitude leaving very little room for the dispersive
contribution : |ℜeAexp|2 = (−1.0± 3.7)× 10−10 or |ℜeAexp|2 < 5.6× 10−10 at
90% C.L. Thus an upper bound on |ℜeAlong| can be used to set a lower bound
on ρ.

To estimate ℜeAlong, D’Ambrosio et al. (1997) proposed a low energy pa-
rameterization of the KL → γ∗γ∗ form factor that include the poles of the lowest
vector meson resonances with arbitrary residues

f(q2
1 , q2

2) = 1 + α
(

F (q2
1) + F (q2

2)
)

+ βF (q2
1)F (q2

2) ; F (q2) = q2/(q2 − m2
V ) (2)

α and β, expected to be O(1) by naive dimensional chiral power counting, are
in principle directly accessible by experiment in KL → γℓ+ℓ− and KL →
e+e−µ+µ−. Up to now there is no experimental information on β, whereas
α = −1.63± 0.22. Note that an accurate theoretical determination of β requires
the knowledge of the strong Pseudoscalar-Vector-Vector vertex.

The form factor defined in Eq. (2) goes as 1+2α+β for q2
i ≫ m2

V and, as long
as 1 + 2α + β 6= 0, an ultraviolet cutoff is needed to regularize the contribution
to ℜeAlong. However, for q2

i ≫ m2
V one can use perturbative QCD to estimate

the KL → γ∗γ∗ vertex. The explicit QCD calculation show a mild behavior of
the form factor at large q2, consistent with result of the FMV model. Using αexp

and the QCD constraint D’Ambrosio et al. (1997) estimate

ρ > −0.42 (90%C.L.) . (3)

This bound could be very much improved if α, β and possibly higher order
contributions to the KL → γ∗γ∗ form factor were measured more accurately.

KL → π0e+e−. This process is being searched for as a signal of direct ∆S = 1
CP violation. We analyze the three components of the decay: 1) direct CP vio-
lation through one-photon exchange, 2) CP violation through the mass matrix
and 3) CP-conserving (two-photon) contributions. The primary weak Hamilto-
nian responsible for the transition has the form

H∆S=1
W =

GF√
2

[C7V (µ)Q7V + C7AQ7A] , (4)
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where Q7V = (sd)V −A(ee)V and Q7A = (sd)V −A(ee)A. The decay rate is

B(KL → π0e+e−)dir = 4.16(ℑmλt)
2(y2

7A + y2
7V ), (5)

ℑmλt = ℑmVtdV
∗
ts = |Vub||Vcb| sin δ = A2λ5η, and Vtd = |Vub| sin δ. A, λ, η refer

to the Wolfenstein parametrization of the CKM matrix. Using the results of
Buras et al. (1994) for y7A and y7V , one gets the branching ratio

B(KL → π0e+e−)dir = 2.32 × 10−12. (6)

For the second component, we review the formalism for analyzing mass ma-
trix CP violation, first set forth by Ecker et al. (1987b) and Ecker et al. (1988).
This amounts to a prediction for the decay rate for KS → π0e+e−, since the
mass matrix effect is defined by

A(KL → π0e+e−)|MM ≡ ǫA(KS → π0e+e−). (7)

The uncertainties in this method appear to be so large that they will obscure
the direct CP violation unless it is possible to measure the KS → π0e+e− rate,
which could become possible at DAΦNE. In particular, one cannot extract all
the parameters needed from the available experimental data. Using additional
assumptions instead, one gets for the mass-matrix contribution

B(KL → π0e+e−)MM = 0.37 × 10−12. (8)

The CP-conserving amplitude remains also somewhat uncertain, but present
indications are such that there may be a sizable CP-violating asymmetry in the
e+, e− energies from the interference of CP-conserving and CP-violating ampli-
tudes. This may potentially be useful in determining whether direct CP violation
is present. This component proceeds through a CP-conserving two-photon in-
termediate state. If we ignore the electron mass, the form of the amplitude will
be

A(KL → π0e+e−)CPC = G8α
2KpK · (k − k′)(pK + pπ)µuγµv, (9)

where K is given by (Donoghue and Gabbiani (1995))

K =
B(x)

16π2m2
K

[

2

3
ln

(

m2
ρ

−s

)

− 1

4
ln

(−s

m2
e

)

+
7

18

]

, (10)

and B is the only form factor relevant in the limit of vanishing me. Using the
estimate of B by Cohen et al. (1993) one gets

B(KL → π0e+e−)CPC = 4.89 × 10−12. (11)

A slightly smaller result is obtained in (D’Ambrosio and Portolés (1997)) due to
the inclusion of the corrections suggested by Kambor and Holstein (1994):

0.1 < B(KL → π0e+e−)CPC × 10−12 < 3.6. (12)
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KS → π0e+e− and K± → π±l+l−. Contrary to KL → π0e+e−, these pro-
cesses are dominated by long–distance effects. The amplitudes can be calculated
using the parametrization of Ecker et al. (1987b), Ecker et al. (1988):

A(KS → π0e+e−) = −G8α

4π
dS(pK + pπ)µuγµv (13)

A(K+ → π+l+l−) = −G8α

4π
d+

[

(pK + pπ)µ − (m2
K − m2

π)

q2
qµ

]

uγµv

with

dS ≡ ℜe wS + 2φK(q2), d+ ≡ w+ + φK(q2) + φπ(q2),

w+ =
64π2

3
(N r

41 − N r
15 + 3Lr

9) −
1

3
ln

m2
K

µ2
; wS = w+ + 32π2 (N r

15 − 2Lr
9) ,

φi(q
2) =

m2
i

q2

∫ 1

0

dx

[

1 − q2

m2
i

x(1 − x)

]

ln

[

1 − q2

m2
i

x(1 − x)

]

, (14)

where the N r
i ’s are the renormalized couplings of the O(p4) ∆S = 1 weak La-

grangian in the basis of Ecker et al. (1993). w+ is extracted from rate and/or
the spectrum of K± → π±l+l−, however recently Adler et al. (1997b) seems to
confirm a value of w+ in K+ → π+µ+µ− 2σ’s away from the value extracted
from K+ → π+e+e−.

KL → π0γe+e− This decay, which occurs at a higher rate than the nonra-

diative process KL → π0e+e−, can be a background to CP violation studies
using the reaction in the previous section. It is of interest in its own right in
the context of CHPT, through its relation to the decay KL → π0γγ. Using the
framework of the calculation performed by Cohen et al. (1993) for KL → π0γγ,
one can provide a straightforward O(p6) calculation. This is the generalization
to k2

1 6= 0 of the original chiral calculation of Cappiello et al. (1993), Cohen et
al. (1993). Here k1 is the momentum of the off-shell photon. The branching ratio
obtained by Donoghue and Gabbiani (1997) is:

B(KL → π0γe+e−) = 2.3 × 10−8. (15)

The behavior of the KL → π0γe+e− amplitude mirrors closely that of the
process KL → π0γγ. This reaction should be reasonably amenable to exper-
imental investigation in the future. It is 3–4 orders of magnitude larger than
the reaction KL → π0e+e−, which is one of the targets of experimental kaon
decay programs, due to the connections of the latter reaction to CP studies. The
regions of the distributions where the experiment misses the photon of the ra-
diative process can potentially be confused with KL → π0e+e− if the resolution
is not sufficiently precise. In addition, since the π0 is detected through its decay
to two photons, there is potential confusion related to misidentifying photons.
The study of the reaction KL → π0γe+e− will be a valuable preliminary to the
ultimate CP tests.
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3.3 π

For π0 → γγ we discussed the influence of the anomaly, CHPT calculations
for this process and the ones with one or two off-shell photons, Dalitz or dou-
ble Dalitz decays exist up to order p6 (Anomaly (1985)). The corrections are
mainly the change of F0, the chiral limit decay constant, to Fπ and a small
contribution to the slope. The main contributions are those coming from the p6

Lagrangian. VMD, the chiral quark model and the Nambu–Jona-Lasinio model
(Bijnens and Prades (1994)) have all been used to estimate these constants. The
slope agrees reasonably well in these three estimates. A remeasurement of this
slope would be useful. The present measurements rely on an extrapolation from
high Q2 > 1 GeV 2 to small values. The main uncertainties on the theoretical
prediction are now the value of Fπ0 where we have to remove isospin breaking
and electromagnetic corrections from the measured Fπ+ and the quark mass
corrections to the decay rate. The latter are large in the chiral quark model but
unlike most other cases the ENJL model predicts in this case a vastly smaller
correction of about +0.7% (Bijnens and Prades (1994)). Notice that both of
these corrections tend to increase the decay width.

The other decay we discussed was the recent two-loop calculation of π →
eνγ (Bijnens and Talavera (1997)). The results of this work were presented in
(Bijnens (1997)).

4 Production II

4.1 aµ =
gµ−2

2
and α(M2

Z)

The high precision muon g−2 measurements are excellent candidates for probing
the electro-weak sector of the Standard Model (SM) and new physics scenarios
beyond the Standard Model. The present experimental value is Bailey (1977):

aµ = (gµ − 2)/2 = 11 659 230(85)× 10−10 (µ± average). (16)

The muon g − 2 experiment E821 at BNL (Lee Roberts (1992)) plans to reach
±40 × 10−11. This is sufficient to observe the electro-weak contributions to aµ

if the precision of the hadronic corrections is improved. The SM prediction of
aµ can be written as aµ = aQED

µ + ahadronic
µ + ae.w.

µ . The dominant pure QED
contribution to aµ is known up to O(α/π)5 (Kinoshita (1996)). SM electro-
weak contributions are known up to two loops (see Czarnecki and refs. therein).
Numerical values are in Table 2.

The three classes of dominant hadronic contributions are: (I) hadronic vac-
uum polarization (HVP) at order (α/π)2, (II) higher order corrections to HVP
((α/π)3) and (III) light-by-light (LL) ((α/π)3). (II) has been numerically com-
puted in Kinoshita (1985) with the value −90(5)×10−11, while a recent analytical
estimate (Krause) gives −101(6) × 10−11. We focus here on some recent devel-
opments in the determination of (I) and open questions in (III), further details
on the latter are given by Bijnens (1997). The most precise determination of the
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HVP contribution to aµ (see de Rafael, Pallante for an alternative theoretical es-
timate) and α−1(M2

Z) is extracted from R(s) = σ(e+e− → hadrons)/σ(e+e− →
µ+µ−) through the following dispersion relations (∆α

(5)
had is for five light quarks

(u,d,s,c,b)):

[

aHV P
µ ; ∆α

(5)
had(M

2
Z)
]

=

[

(αmµ

3π

)2

;−αM2
Z

3π

]
∫ ∞

4m2
π

ds
R(s)

[

K̂(s); 1
]

[s2; s(s − M2
Z − iǫ)]

.

(17)
K̂(s) smoothly increases from 0.63 to 1 with s. aHV P

µ is dominated by the low

energy 2π, ρ region, while ∆α
(5)
had is dominated mainly by

√
s = [2, 40] GeV.

Alemany (1997) use recent ALEPH data on hadronic τ decays (Aleph (1997))
(2π and 4π channels) and the R(s) data to improve the determination of aHV P

µ

and ∆α
(5)
had. Hadronic τ decay data in the π0π− channel agree well with the

corresponding e+e− → (π+π−)I=1 data (and are more accurate) and with CHPT
predictions near threshold (Aleph (1997), Alemany (1997)).

The largest uncertainties for aHV P
µ (Alemany (1997)) still come from the ρ-

meson region followed by the
√

s = [2.125, 40] GeV region. The third comes from
the 4π and the KKππ channels, the former mainly because of experimental dis-
crepancies in e+e− → π+π−2π0. The inclusion of τ data highly improves the
precision in aHV P

µ , which is dominated by the 2π channel. The value of (Ale-
many (1997)) is compatible with most previous estimates. We therefore quote
their value for aHV P

µ in Table 2. The inclusion of τ data does not improve the

determination of ∆α
(5)
had, since this is dominated by the 2 − 40 GeV region.

The τ data slightly increase previous values from e+e− data only, leading to
α−1(M2

Z) = 128.878(85)(Alemany (1997)).

The main uncertainties in the LL contribution (Bijnens et al. (1995), Hayakawa
(1995)) come from the lack of knowledge of the off-shell behaviour of the vertices
Pγ∗γ∗ and P ′P ′γ∗γ∗, where P = π0, η, η′ and P ′ = π±, K±. Both are respon-
sible for about half the error of Bijnens et al. (1995). The present discrepancy
between the estimate in (Bijnens et al. (1995)) −92(32) × 10−11 and the one
in (Hayakawa (1995)) −79.2(15.4)× 10−11 (see Bijnens (1997) for a discussion)
comes mainly from the model dependence of the P ′P ′γ∗γ∗ vertex in the meson-
loop diagram. Recently, CLEO published data for the meson-photon transition
form factors with one photon highly off-shell (γ∗(Q2)γ → P ) and for space-like
photons with Q2 from 1.5 to 9 (π0), 20 (η) and 30 (η′) GeV2 (CLEO). Their data
support a pole dominance picture and an asymptotic behaviour A/Q2 suggested
by theory (Lepage (1979)) but not with the suggested coefficient A. In addition,
the form factor with two off-shell photons still needs to be studied theoretically
and experimentally.

Adding together the SM contributions, we obtain aµ as shown in table 2:

Muon g − 2 experiments also allow to explore new physics scenarios beyond
the Standard Model and are able to put constraints on new physics scales which
are competitive/complementary with limits from present accelerators. From the
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Table 2. Updated SM prediction of aµ. Errors added in quadrature

Type aSM
µ (×1011) Reference

QED 116 584 705.7(1.9) Kinoshita (1996)
Weak 151(4) Czarnecki
Hadronic-HVP 7011(94) Alemany (1997)
Hadronic-h.o. -90(5) Kinoshita (1985)
Hadronic-LL -92(32) Bijnens et al. (1995)

Total 116 591 686(100)

prediction of aSM
µ of table 2 and the experimental value (16) the allowed win-

dow for new physics is −11.0 × 10−9 < δaµ < 23.3 × 10−9. Experimental and
theoretical errors have been added in quadrature. This already imposes strin-
gent contraints on different SUSY scenarios (Moroi). Assuming the window for
new physics from BNL − E821 to be |δaµ| < 40 × 10−11, we list in table 3
the accessible limits on new physics. Muon g − 2 experiments are highly pre-
ferrable to accelerator measurements for establishing W± compositeness and a
value for gW − 2, they are competitive for SUSY, various Higgs scenarios and µ
compositeness, but not competitive for exploring extra W, Z bosons scenarios.

Table 3. Limits on new physics scales with a window for of |δaµ| ≤ 40 × 10−11. The
typical contribution to δaµ is also shown for each scenario. SUSY treated in the large
tan β limit.

Type δaµ Limit Quality

SUSY tan β αm2
µ/(sin2 θW m2

susy) >120-130 GeV competitive
WR m2

µ/m2
WR

> 250 GeV >300-450 from pp̄
Z′ m2

µ/m2
Z′ > O(100) GeV >120-130 pres. lim.

Light-Higgs -O(10−3g) >O(300) GeV competitive
Heavy Higgs -O(g) > O(500) GeV competitive
µ compositness m2

µ/Λ2 >4-5 TeV competitive
Excited µ mµ/m∗

µ > 400 GeV competitive
(gW − 2)/2 ≤ 0.02 dominant (LEP II≤ 0.2)
W± compositness mW /Λ > 2 TeV dominant

m2
W /Λ2 >400 GeV dominant

4.2 V V and AA chiral sum rules to p6

In this section we discuss a new calculation of the isospin and hypercharge axi-
alvector current propagators (∆µν

A33(q
2) and ∆µν

A88(q
2)) to two loops in SU(3)×
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SU(3) CHPT. (Golowich and Kambor (1997a), Golowich and Kambor (1997b))
This completes work done for the corresponding quantities involving vector cur-
rents, (Golowich and Kambor (1995), Golowich and Kambor (1996)) which was
reviewed in the plenary talk by Bijnens. (Bijnens (1997))

The motivation to consider these quantities is twofold. First, it becomes
possible to formulate new chiral sum rules, valid to second order in quark mass.
Second, these sum rules allow one to fix certain coupling constants of the order
p6 chiral lagrangian (LEC). They are given as integrals over moments of the
spectral functions of vector and axialvector currents. Since both sides of these
sum rules are physical observables, the determination of the coupling constants
does not depend on the renormalization scale. This kind of uncertainty, inherent
in the often used method of resonance saturation, is therefore avoided. Moreover,
it is possible to check the validity of the principle of resonance saturation at order
p6 (Golowich and Kambor (1996)) To our knowledge, this is the first time this
goal has been achieved in the nonanomalous sector of ChPT. Below, we shall
give an example where an order p6 LEC is seen to be not saturated by the lowest

lying resonance, but rather gets substantial contributions from the region above
this resonance.

Besides the application to chiral sum rules discussed here, this work yields
a set of additional results, among which are: i) a large number of constraints
on the set of beta functions of O(p6) counterterms, ii) predictions for threshold
behaviour of the 3π, K̄Kπ, K̄Kπ, ηππ, etc axialvector spectral functions, iii)
an extensive analysis of the so-called ‘sunset’ diagrams; since we work in chiral
SU(3), the case of unequal masses has to be considered, iv) mass corrections
to the Das-Mathur-Okubo sum rule (Das, Mathur and Okubo (1967)), and v)
a complete two-loop renormalization of the masses and decay constants of the
pion and eta mesons. This final item places the axialvector problem at the heart
of two-loop studies in SU(3) × SU(3) ChPT.

The SU(3) axialvector current propagators are defined as

∆µν
Aab(q

2) ≡ i

∫

d4x eiq·x 〈0|T (Aµ
a(x)Aν

b (0)) |0〉 (a, b = 1, . . . , 8) (18)

and have spectral content

1

π
Im ∆µν

Aab(q
2) = (qµqν − q2gµν)ρ

(1)
Aab(q

2) + qµqνρ
(0)
Aab(q

2) , (19)

where ρ
(1)
Aab and ρ

(0)
Aab are the spin-one and spin-zero spectral functions. The

tensor structure of Eq. (19) motivates the usual decomposition,

∆µν
Aab(q

2) = (qµqν − q2gµν)Π
(1)
Aab(q

2) + qµqνΠ
(0)
Aab(q

2) . (20)

Π
(1)
Aab and Π

(0)
Aab are the spin-one and spin-zero axialvector polarization functions.

We consider a = b = 3 (isospin) and a = b = 8 (hypercharge).



Report of the Working Group on Goldstone Boson Production and Decay 17

We have determined the propagator through two-loop order

∆µν
Aaa(q2) = (F 2

a + Π̂
(0)
Aaa(q2))gµν − F 2

a

q2 − M2
a

qµqν

+(2Lr
10 − 4Hr

1 + Π̂
(1)
Aaa(q2))(qµqν − q2gµν) , (21)

where F 2
a , M2

a are now renormalized at two-loop level, Lr
10, Hr

1 are O(p4) coun-

terterms which appear in the one-loop analysis and Π̂
(0,1)
A (q2) are finite two-loop

functions. These latter contain contributions from the order p6 counterterm la-
grangian in terms of renormalized LEC’s. Note that there are kinematic poles
at q2 = 0 in both polarization functions defined in Eq. (20), although the sum

Π
(1)
A + Π

(0)
A is free of such poles.

The derivation of chiral sum rules proceeds by first obtaining dispersion theo-
retic expressions for the various polarization functions. The numbers of necessary
subtractions is obtained from the asymptotic behavior (s → ∞) of the spectral
and polarization functions, which follows from perturbative QCD, (Floratos,
Narison and Pich (1979), Narison and de Rafael (1980)). Entire sequences of
chiral sum rules are obtained by evaluating arbitrary derivatives of such disper-
sion relations at q2 = 0. Examples are (a=3,8)

1

n!

[

d

dq2

]n
(

Π
(1)
Vaa − Π

(1+0)
Aaa

)

(0) =

∫ ∞

0

ds
(ρ

(1)
Vaa − ρ

(1+0)
Aaa )(s)

sn+1
, n ≥ 0 (22)

1

n!

[

d

dq2

]n

Π̂
(0)
Aaa(0) =

∫ ∞

0

ds
ρ̄
(0)
Aaa(s)

sn
, n ≥ 1 (23)

1

(n − 1)!

[

d

dq2

]n−1

Π̂
(1)
Aaa(0) − 1

n!

[

d

dq2

]n

Π̂
(0)
Aaa(0) =

∫ ∞

0

ds
ρ
(1)
Aaa(s)

sn
. (24)

Eq. (24) is valid for n ≥ 2 and ρ̄
(0)
Aaa(s) ≡ ρ

(0)
Aaa(s) − F 2

a δ(s − M2
a ).

As an application, consider the sum rule of Eq. (24) with n = 2 and isospin
flavour. Explicitly (Golowich and Kambor (1997a))

4
(

2B
(0)
32 − B

(0)
33

)

(µ) −
0.204 + log

M2
π

µ2 + 5
4 log

M2
K

µ2

3072π4F 2
π

=

∫ ∞

0

ds
ρ
(1)
A33(s)

s2
. (25)

The first term inside the parentheses on the LHS arises from a scale-indepen-

dent two-loop contribution. 2B
(0)
32 − B

(0)
33 is a renormalized coupling constant of

the O(p6) counterterm lagrangian. To estimate it, we must evaluate the right-
hand-side of Eq. (25). The dominant contribution to ρA33(s) arises from the
JPC = 1++ a1 resonance. But there is also some structure at higher energy due
mainly to nπ ≥ 5 multiparticle states, and fairly rapidly thereafter asymptotic
behaviour sets in. Employing the fits of Ref. (Donoghue and Golowich (1994))

we obtain (2B
(0)
32 − B

(0)
33 )(Ma1

) ≃ 0.0044 GeV−2 with an error bar of about 15
%. The O(p6) counterterm dominates the other terms on the LHS of Eq. (25),
showing the importance of a full ChPT calculation as compared to a chiral-log
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treatment. However, the a1 resonance contributes only ≃ 0.0030 GeV−2, thus
the principle of lowest lying resonance saturation is violated at the level of 30 %
for this combination of O(p6) LEC’s.

A phenomenological analysis of further chiral sum rules, including mass cor-
rections to the Das-Mathur-Okubo sum rule (Das, Mathur and Okubo (1967)),
is under investigation.

4.3 Meson-meson scattering in a nonperturbative method

In O(p4) χPT the amplitude matrix is obtained as T ≃ T2 + T4 + ...

We are proposing a method where (Oller et al. (1997))

T ≃ T2 · [T2 − ReT4 − T2 · ImG · T2]
−1 · T2 (26)

with G satisfying T2 · ImG · T2 = ImT4.

If the complete O(p4) calculations are available, it reduces to:

T ≃ T2 · [T2 − T4]
−1 · T2 (27)

which is nothing but the generalization of the Inverse Amplitude Method (Truong
(1988)) to coupled channels. However, at present, not all the O(p4) calculations
for the ππ, πK, KK̄, πη and Kη channels have been performed.

Nevertheless, we can use a similar approach to the Lippmann-Schwinger
equations (Kaiser et al. (1995)), using

G = i

∫

d4q

(2π)4
1

[q2 − m2
i1 + iǫ][(P − q)2 − m2

i2 + iǫ]]
(28)

to approximate:

ReT4 ≃ T tree
4 + T2 · ReG · T2 (29)

and thus we get

T ≃ T2 · [T2 − T tree
4 − T2 · G · T2]

−1 · T2 (30)

In Fig. 2 we present the results of applying this method to meson-meson in-
teractions below 1.2 GeV. The fit has 7 free parameters (the chiral parameters in
the χPT O(p4) Lagrangian, but in a cut-off regularization scheme). It reproduces
the data (see references in (Truong (1988)) and (Kaiser et al. (1995))) with a
remarkable success up to 1.2 GeV, including six resonances: the σ, ρ, K∗, f0, a0

and φ. The reasons why such an extremely simple method works so well are still
under study, together with possible applications to other processes (Oller et al.
(1997)).
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Fig. 2. The fit to the various meson scattering described in the text
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5 Other: Divergences at order p6

As discussed at length in this working group, there are now several calcula-
tions available in the literature at order p6 in CHPT. Unlike the calculations at
order p4, these have not been checked against the complete calculation of the
divergences at the level of the generating functional, since until now this was
not known at this order. In this talk I have described the results of this rather
lengthy calculation that we (G. Colangelo, J. Bijnens and G. Ecker1) have just
completed.

The generating functional Z is defined as:

e
i

h̄
Z[f ] = N

∫

Dφe
i

h̄
S[φ,f ] , (31)

where N by definition ensures Z[0] = 0, and S[φ, f ] contains a series of local
actions which are the coefficients of an expansion in powers of h̄:

S[φ, f ] = S0 + h̄S1 + h̄S2 + O(h̄3) , Si =

∫

dxLi , (32)

where f stands for a set of external fields. Accordingly, the generating functional
Z[f ] can be calculated as an expansion in h̄:

Z[f ] = Z0 + h̄Z1 + h̄Z2 + O(h̄3) , (33)

where Z0 = S0. While for Z1 we know an explicit, closed expression (in terms
of the logarithm of the determinant of a differential operator), that also makes
the calculation of the divergent part trivial, the calculation of Z2 is much more
cumbersome. It requires the calculation of the diagrams shown in Fig. 3, whose
exact meaning we cannot define here for lack of space. We refer the interested
reader to (Jack and Osborn (1982)). A complete description of this calculation
and of various subtleties connected to the renormalization at order p6 in CHPT
(already discussed in part also in Bijnens et al. (1997a)) will be given in a
forthcoming article (Bijnens et al. (1997b)).

In such lengthy calculations, any kind of check is most welcome. In this case
the main one is: all divergences that are not polynomials in the external fields
must cancel in the end. These kind of divergences are however present in single
diagrams, and therefore the fact that they must cancel when all diagrams are
summed up represents a very thorough check on the calculation.

The results of this calculation are best expressed in terms of a basis at order
p6. Such a basis has been constructed by Fearing and Scherer (1996) for the
SU(3)⊗SU(3) case. Since we wanted to express our results for a generic number
of light flavours N and also for N = 3 and 2, we have worked out our own basis
(in fact two different versions of it). Our final list contains 115 independent terms
in the general N case. We are implementing all possible trace relations for the
N = 3 and N = 2 case and will then be able to compare to the basis chosen by
Fearing and Scherer (1996).
1 We also enjoyed the collaboration of J. Gasser in early stages of this project. We

gratefully acknowledge his very important contribution.
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a b c

d e

f

Fig. 3. Diagrams that contribute to Z2. Vertices with dots stand for vertices coming
from S0 (i.e. vertices of order p2 in CHPT), whereas vertices with a box stand for
vertices coming from S1 (i.e. vertices of order p4 in CHPT).

6 Conclusions and Acknowledgments

The discussions in this working group show that there is progress and good future
prospects both in theory and experiment in this area. We thank the organizers
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