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We will show that no distillation protocol for Gaussian quantum states exists that relies on (i) arbitrary local
unitary operations that preserve the Gaussian character of the state and (ii) homodyne detection together with
classical communication and postprocessing by means of local Gaussian unitary operations on two symmetric
identically prepared copies. This analysis shows that unlike the finite-dimensional case, where entanglement
can be distilled in an iterative protocol using two copies at a time, there is no such procedure in the case of
continuous variables for Gaussian initial states and the above Gaussian operations. The ramifications for the
distribution of Gaussian states over large distances will be outlined. We will also comment on the generality of
the approach and sketch the most general form of a Gaussian local operation with classical communication in a
bi-partite setting.

In most practical implementations of information process- (i) Application of any local unitary operation that preserves
ing devices sophisticated methods are necessary in order tbe Gaussian character of the state. That is, one may imple-
preserve the coherence of the involved quantum states. Evenent any unitary operatiori$y, andUp on bothA1l and A2
the mere preparation of an entangled state of spatially disan one hand an##1 and B2 on the other hand corresponding
tributed quantum systems requires such techniques: once pr® symplectic transformationS,, Sg € Sp(4,R) [5]. This
pared locally and then distributed, an entangled state will tset includes all two-mode and one-mode squeezings, mixing
some extent deteriorate from a highly entangled state to at beam splitters and phase shifts. To specify these operations
less correlated state through the process of decoherence. TR real parameters are necessary. Note that we do not require
process can quite obviously not be entirely avoided. How-both parties to realize the same transformation [6].
ever, one may prepare and distribute several identical entan- (jiy A homodyne measurement on the modé and B2.
gled states, and then apply appropriate partly measuring loFhe parties communicate classically about the outcome of the
cal quantum operations to obtain states that are similar to thgieasurement, and may postprocess the states of mbdes
highly entangled original state. This is only possible at theand B1 with unitary Gaussian operations.
expense that one has fewer identically prepared systems or
copies at hand, but this is a small price to pay. Appropriately
indeed, this process has been given the name distillation [1],
as fewer more highly entangled states are 'distilled’ from a
supply of many less entangled states. It was one of the major
successes of the field of quantum information science to re-
alize that for two-level systems such a distillation procedure
may be performed on only two copies at a time, and it re-
quires only two steps: (i) a local unitary operation, and (ii)

a local measurement, together with the classical communica- FIG. 1. The class of considered feasible distillation protocols.
tion about the measurement outcome. Based on the measure-

ment outcome further local unitary operations are then imple- The main result of this Letter is that very much as a surprise,
mented. none of these protocols amounts to a distillation protocol. No

Such distillation protocols may also be of crucial impor- matter how ingeniusely the local unitary operation is chosen
tance in the infinite-dimensional setting. Quantum informa-the degree of entanglement can not be increased. The optimal
tion science over continuous variables has seen an enormopsocedure is simply to do nothing at all, which means that
progress recently, both in theory and experiment, mostly inat least no entanglement is lost. The degree of entanglement
volving Gaussian states of field modes in a quantum opticalill be measured in terms of the log-negativity, which is de-
setting [2,3]. Quite naturally, one should expect that a simifined asEy (p) = log, || p?4|| for a statep, where||.|| denotes
lar distillation procedure also works for Gaussian states in théhe trace norm, ang’* is the partial transpose of The log-
infinite-dimensional case, also under the preservation of thaegativity has been shown to be an entanglement measure in
Gaussian character of the state. If one transmits two pure twdhe sense that it is non-increasing on average under local op-
mode squeezed Gaussian states through lossy optical systerrations with classical communication [7], and is to date the
such as fibers, the corresponding modes being from now oanly known feasible measure of entanglement for Gaussian
labeledAl, A2, B1, andB2, one obtains two identical copies states. For pure (and for symmetric mixed) Gaussian states
of less entangled symmetric states [4]. A feasible distillationit is identical to the degree of squeezing. This means that as
protocol preserving the Gaussian character may consist of thee corollary of the main result, it follows that with Gaussian
subsequent steps (see Fig. 1): operations as specified above one cannot transform two iden-
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tically prepared two-mode squeezed vacua into a single twaslock form according to
mode squeezed vacuum state with a higher degree of squeez-
ing. _ (A v
We will start by fixing the notation. Gaussian states [8] 7= (75 VB > ) Va0 € M2, ). @)
of an n-mode system are completely characterized by their
first and second moments. The first moments are the expectahe log-negativityEy (o) is then given by [7]
tion values of the canonical coordinates. The second moments ]
can be collected in the real symmetric covariance matrix [9] Ex(o) = { —(logof)(v), i f(v) <1, 3)
I € C(2n) C M(2n,R), whereM (2n, R) denotes the set of 0 otherwise.
real2n x 2n-matrices, and’(2n) the subset of matrices obey- ) ) _
ing the Heisenberg uncertainty principle [9]. The linear transWhere the functiorf : C'(4) — R* is defined as
formations from one set of canonical coordinates to another
which preserve the canonical commutation relations form thd (7) = ((de{ya] + detyz])/2 — defl'c])

group of real linear symplectic transformatiafis(2n, R) [5]. — [((defy4] + defyp])/2 — detfyc])? — dety]]/>. (4)
A symplectic transformatior$ changes the covariance ma-
trix according tol' — ST'ST, while states undergo a uni-  The covariance matrix associated with the Gaussian state

tary operatiorp — U(S)pU(S)". Then = 4 modesAl, ' in the Theorem will be denoted & e C(8). For any

A2, B1, B2 will be equipped with the canonical operators S, Sp € Sp(4,R) this covariance matrix of the modeH,
(Xa1, Pa1, ..., Xp2, Pp2). To make the notation more trans- A2, B1, andB2 becomes

parent, both tensor products and direct sums will carry a label

indicating the underlying split, meaning eithdr B or 1, 2. "= (Sa®apSB) T @2 TSy ®apSE)T (5)

We state the main result of this Letter in form of a theorem:

The first step is to relate the covariance mattikxassociated

ith the state after the measurement to a Schur complement
0]. This Schur complement structure is a general feature of
general Gaussian operations and will be further discussed at
the end of the letter.

Theorem. —Let p ® p be two identically prepared symmetric
Gaussian states of two-mode systems consisting of the par
Al, A2, B1, and B2, respectively, each of which having the
covariance matrix

a 0 ¢ 0 Lemma 1. —LetI” € C(8) be a covariance matrix of systems
ro_ |0 a 0 —c La>1,0<c< (a®—1)2 Al, A2, BI, and B2 associated with a statg/, which can be
¢c 0 a0 written in block form as
1)
0 —c 0 a
. . F/ _ Cl C3 6
let S4,Sp € Sp(4,R) be any symplectic transformations “\cl ¢, ) (6)
with U4 and U being the respective associated unitaries,
and let where C;,Cy,C3 € M(4,R). The covariance matrix of
, ; the state that is obtained by a projection #2 and B2
p'=Ua®a,8Up)(p®1,2p)(Usa®@a,5Usp)". on the pure Gaussian state with covariance matfly :=

. . . diag(1/d,d,1/d,d) € C(4),d > 0, isthen givenb
Then any statey” that is obtained fromy’ via a selec- ot/ /dd) 4) g y

tive homodyne measurement on systefdsand B2 satisfies " =y — C3(Cy + D)~ @)
En(p") < En(p), that is, the degree of entanglement can
only decrease. Proof. This statement can be most conveniently be shown

The proof of this statement will turn out to be quite tech-in terms of the characteristic function[8]. By employing
nically involved, and while the statement itself is concernedhe Weyl (displacement) operator, the statassociated with
with practical quantum optics, the technigues used in the prodhe covariance matrik’ can be written in terms of the charac-
will be mostly taken from matrix analysis [10]. In order to teristic function according tp’ = (1/7%) [ d8¢ W (—&)x ()
give the general argument more structure, the proof is spli(see, e.g., Ref. [11]). The projection corresponds on the level
into several lemmata. The entire proof will be formulated inof the characteristic function therefore to an incomplete Gaus-
terms of covariance matrices, rather than in terms of the stategan integration. The characteristic function associated with
themselves. Essentially, the complexity of the argument ishe modesAl andB1 can then be written as
due to the fact that the homodyne measurement is reflected

as a complicated non-linear map on the level of covariancg (¢, ..., &) = /Me—fr’s/ze—ﬁ(ﬁ%? — L (e2+€2)
matrices. T

The log-negativity of a state of a two-mode system can = |Cy + D271/ 2e~ )T (Ennt)™/2 gy
be easily expressed in terms of the entries of the associated
covariance matrixy € C(4). The latter can be partitioned in with I defined as in Eq. (7). [ |



Hence, the resulting covariance matrix is given by the Schuwhere X := —C3(Cy + D3)~!. Hence, according to

complement’; — C3(C2 + D%)~*CT of the matrix the determinant multiplication theorem we obtain[Bgt =
defl'y) defC> + D3], which yields in the limitd — 0
Ch Cs
( cl Cy+ D3 ) () defM] = defPT,P + (s — P)]/de{QT,Q + (1s — Q)],

where the projections? and Q are defined asP :=
diagi1,1,1,1,0,1,0,1) andQ := diag0,0,0,0,0,1,0,1).
With these tools, it is feasible to directly prove the state-
ment of Lemma 3 by parameterizity, Sg € Sp(4,R).
%veryS € Sp(4,R) can be written as a produd =

with respect to the leading principal submatfix. The addi-
tional matrix D? originates from the projection in the modes
A2 and B2. Note that although this Lemma has been for-
mulated in terms of the projection on a certain class of pur
Gaussian states, it applies to the projectiomoppure Gaus-

sian state in the mode42 and B2: the projection on any VDW' where V, W € .Sp(4’IR) N SO(4), and D =
other pure Gaussian state can be realized by an appropria jag(dy, 1/dy, dp, 1/dp) with dl’dz_ € R. _ "
choice of the symplectic transformatiofs and Sp. Ideal Leémma4. —LetM € C(4) be defined asin Lemma 2, and let
homodyne detections can now be formulated as projectiond/a and M be the principal submatrices belonging to mode
on ‘infinitely squeezed’ pure Gaussian states. The central fead1 and B1. Then, for allS,, Sp € Sp(4,R),

ture is that the initial first moments do not affect the form of

the covariance matrix after the measurement. Lemma 2 give8€§1/4] < detl'}’] = o”, defMp] < defI'y)] = a*. (13)

the form of the resulting covariance matrix in case of a homO'Proof. M is defined as the covariance matrix correspond-
dyne detection in moded2 and B2. In the limitd — 0the o4 {5 modesA1 and B1 after the projective measurements
matrix Dy gives rise to a projection operator, and the invers&, hoth A2 and B2. Let us assume that one first performs
becomes a Moore Penrose inverse (MP) [10]: the projective measurementit2, leading to a the covariance
Lemma 2. —In the notation of Lemma 1, the covariance ma-matrix N4 € C(2) of the reduced state of1. The covari-
trix of modesA1 and B1 after a selective homodyne measure-ance matrix\{4 after the projection inB2 is then obtained

ment in modes!2 and B2 is given by as a Schur complement. In particulaf,4, can be written as
My = Ny — P, whereP € M(2,R) is a real symmet-

M :=lim Ty = C; — C3(nCym)MPCT (10)  ric positive matrix. Hence, ad/4 and N, are also posi-

=0 tive, defM 4] < defN4] [10]. In other words, one obtains

wherer = diag(1, 0, 1,0). an upper bound for dg¥/ 4] when considering only a projec-

] ] ) ) _ tive measurement id1. The statement of Lemma 4 follows
Equipped with these preparatory considerations concermingom Lemma 3 in the special case that= 0: one can after

the transformation of covariance matrices, we will now turng ¢e\y steps conclude that then [f] = a2, independent of
to the core of the proof. In order to be able to evaluate the IogSA Sp € Sp(4,R). The same reasoning appliesitfy. =

arithmic negativity according to Eg. (3), one needs to know The most important step is now an approbriate uooer bound
the values of the invariants under local symplectic transfor- P P pprop PP

mations, i.e., the determinants of four submatrices. To find aﬁf.the log-negativity of the rgsultmg stgte._ The actual bo_u_nd
might appear somewhat arbitrary, but it will turn out that it is

expression for all these determinants is however a quite diffi- sactly the tool that we need in the last step of the proof
cult task. Instead, we will later make use of an upper bound y P proot.

of the logarithmic negativity that only involves determinantsLeémma 5. —Lety € C'(4), partitioned as in Eq. (2). Then

of principal submatrices [10] df”’.

. . F(7) = g(7) := [((detya] + defys])/2)""? (14)
Lemma 3. —Let M € C(4) be defined as in Lemma 2. Then, 1/2y1/212
independentof.4, Sp € Sp(4, R), — ((defya] + defyp])/2 — dety]/7) /)"

Proof. can be expressed in terms phs = N,
defM] = defT©)] = (a? — )2, (11) 9(7) p phsg(v) = f(v)
. . . r_ ’7,/4 ’V/C N - r_ d 0
Proof. According to Lemma 2,M is given by M = 7 = v g ) Ta=T =042 Yo =\ o _» |>

limgy_.o I'4. The Schur complement of the matrix
whered’ := ((defy4]2 + defys]2)/2)Y/2 andd’ = (a’* —
(¢ G 12y defy]'/2)!/2. Hence, one has to prove thaty') < f(7).
d—\ o ¢ D?2 ( ) . ,
3 G2+ D5 Firstly, note that dét] = defy’]. Secondly,(defy4] +
defys])/2 = o’>. Therefore, it remains to be shown that

. , . - . .
is related tol';; and one of its principal submatrices via the 2> \detc]|. This inequality is equivalent with

similarity transformation
[(detya] + defyz])/2 — |detyc] ] — defy] > 0,  (15)

1, X I 1, O . Ty 0
0 1, ) 4\ X" 1,) \ 0 Co+D3)" which is a valid inequality, as € C(4). [ ]
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