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Fast multilevel implementation of recursive 
spectral bisection for partitioning unstructured 
problems 
STEPHEN T. BARNARD* AND HORST D. SIMON* 

SUMMARY 
If problems involving unstructured meshes are to be solved efficiently on distributed-memory 
parallel computers, the meshes must be partitioned and distributed across processors in a way 
that balances the computational load and minimizes communication. The recursive spectral 
bisection method (RSB) has been shown to be very effective for such partitioning problems 
compared to alternative methods, but RSB in its simplest form is expensive. Here a multilevel 
version of RSB is introduced that attains about an order-of-magnitude improvement in run 
time on typical examples. 

1. INTRODUCTION 

Unstructured meshes are used in several large-scale scientific and engineering problems, 
including finite-volume methods for computational fluid dynamics and finite-element 
methods for structural analysis. If unstructured problems such as these are to be solved 
on distributed-memory parallel computers, their data structures must be partitioned 
and distributed across processors; if they are to be solved efficiently, the partitioning 
must niaximize load balance and minimize interprocessor communication. Recently, the 
recursive spectral bisection method (RSB)[l] has been shown to be very effective for 
such partitioning problems compared to alternative methods. Unfortunately, RSB in its 
simplest form is expensive. We shall describe a multilevel version of RSB that attains 
about im order-of-magnitude improvement in run time on typical examples. 

Since its introduction, RSB has found very rapid acceptance as an effective method for 
partitioning unstructured problems in a variety of applications situations. Hammond[2] 
considers the implementation of an unstructured grid Euler solver on the Connection 
Machine 2, and found RSB followed by cyclic pair-wise exchange to be the best mapping 
scheme for the CM-2. Johan[3] uses RSB to partition large three dimensional finite 
elemenit problems for the CM-2 and CM-5 and obtains excellent performance results. 
He also discusses a data-parallel implementation of RSB on the CM-2. On the Intel 
iPSC/860 Venkatakrishnan et al.[4] show that RSB yields the best performance results 
when combined with a parallel Euler solver for unstructured grids. Finally, Das et aZ.[5] 
use RSB for an efficient partitioning of three-dimensional problems on the 5 12-processor 
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Caltech Delta Machine, and are considering making RSB part of a software system for 
automatic partitioning and manipulation of unstructured problems. Other comparisons 
of different partitioning methods are given by Williams[6], and by Farhat and 
Lesoinne[ 71. 

There is considerable theoretical evidence that spectral bisection is in a certain sense 
an optimal algorithm for the graph partitioning problem. Mohar[8] and Mohar and 
Poljak[9] have summarized earlier work and present bounds on the edge counts for 
spectral bisection. Some more details on this will be given in Section 2. Pothen el a1.[10] 
derived additional bounds, and Hendrickson and Leland[ 1 11 generalized this work by 
considering higher eigenvectors and more general partitioning problems. In spite of these 
good theoretical foundations, it has not yet been completely established that RSB is 
indeed the best possible algorithm in all practical situations. Alternatives are Farhat’s 
greedy algorithm[l2, 131, the geometric approach of Teng[l4] and of Miller et a1.[15], 
spectral partitionings based on higher eigenvectors resulting in tetra- or octasection as 
suggested in Reference 11, or methods such as simulated annealing[ 161 (for a recent 
detailed study, see the thesis by Mansour[ 17]), and other stochastic methods[ 18, 191. 

Recently we have also learned that some of the ideas here have been used and applied 
independently in the electrical engineering community, e.g. see References 20 and 21. 
According to Reference 20, both Ha11[22], and Frankle and Karp[23] have used the 
Laplacian matrix (although not under that name) when investigating the related problem 
of circuit placement. In turn, our recent work[l] has led to renewed interested in 
the electronic CAD community in the topic of spectral algorithms (see, for example, 
References 24 and 25). 

The implementation of RSB requires the computation of the smallest non-trivial 
eigenvector of the Laplacian matrix associated with the graph of the problem. The 
Laplacian matrix is a sparse, symmetric, positive-semidefinite matrix and is of the same 
order as the problem. In a previous implementation[ 11 this eigenvector was computed 
with the unfactored Lanczos algorithm. Here we propose a considerably faster algorithm 
for computing the eigenvector based on a combination of some powerful numerical 
techniques: a multilevel algorithm, and Rayleigh quotient iterationC26, 271 combined 
with SYMMLQ[28] for the eigenvector extraction. 

The use of a multilevel algorithm for the computation of an eigenvector of a general 
sparse matrix is a new computational technique in its own right, independent of the 
partitioning issue. Multigrid methods for eigenvalue problems have been discussed 
previously by McCormick and his collaborators[29-3 11, but not for unstructured grids. 
Inner-outer iterations for eigenvalue problems are discussed in the literature; some 
examples are the work of Lewis[32] and Szyld[33]. Generally these inner-outer iterations 
have not been as widely accepted as a method for eigenvalue computation as the Lanczos 
algorithm. By merging the two approaches we can take advantage of the best features 
of both: the multigrid scheme quickly provides a coarse approximation to the desired 
eigenvector, and the inner-outer iteration scheme converges rapidly, once provided with 
a reasonable starting vector. 

We also propose a new scheme for coarsening an existing unstructured general sparse 
problem. Our algorithm is based on the concept of maximal independent sets. Related, but 
different, approaches are ‘sparsification’[34] (i.e. the removal of edges from the graph) 
or ‘graph contraction’[l7] (i.e. the merging of vertices). What both approaches have in 
common with the coarsening proposed here is that some fundamental graph property is 



FAST MULTILEVEL IMPLEMENTATION FOR PARTITIONING UNSTRUCTURED PROBLEMS 103 

inherited by the smaller graph (i.e. with fewer vertices or edges or both), and related 
unknown properties are computed faster since only a smaller data set is considered. 

Section 2 defines the partitioning problem and reviews the RSB method. Section 3 
then introduces the multilevel approach to RSB and describes the multilevel method in 
detail. 'me following issues are addressed: contracting the grid by selecting successive 
maximal independent sets of vertices and connecting these vertices into a coarser graph, 
finding the eigenvectors efficiently, and interpolating eigenvectors from coarser to finer 
graphs. Section 4 compares the performance of the multilevel method to the original 
single-level method. Finally, we draw some conclusions and discuss our plans to apply 
the multilevel RSB method to dynamic repartitioning of adaptive meshes. 

2. PARTITIONING 

Unstructured meshes are represented as undirected graphs using sparse-matrix data 
structures. Figure 1 shows a two-dimensional unstructured mesh used in computational 
fluid dynamics applications. Note that the mesh is very highly refined near the boundary 
of the airfoil, where there are likely to be large pressure and velocity gradients, in order 
to concentrate the computational work to resolve important small-scale features of the 
flow. 

The algorithms that operate on these meshes typically involve the repeated application 
of the same basic computation at each vertex of the graph, requiring data associated with 
neighboring vertices. For simplicity we assume that a unit amount of work is associated 
with each vertex.' Before a problem using an unstructured mesh can be solved on a 
parallel, distributed-memory computer, the vertices of the graph must be partitioned into 
subsets associated with each processor. Furthermore, these subsets must be of very nearly 
equal sizes (i.e. equal numbers of vertices) to achieve a good load balance, and the number 
of edges connecting the subgraphs must be minimized to avoid excessive communication 
between processors. 

Given an undirected graph G - (V,E), the partitioning problem is to find a set of 
disjoint subsets of V ,  P = Vi, satisfying certain conditions related to loud balance and 
communication. To optimize load balance one must minimize the maximum size of the 
vertex subsets: maxi IVil. To optimize interprocessor communication one must minimize 
the sizes of the cut sets of edges: Ci I C;jl, where Cij = { (v,w) I v E Vi,w E Vj}  . Depending 
on the topology of the interprocessor communication network, the cost of communication 
is also ifiected by the distance that the data must travel (i.e. the number of wires that must 
be traversed). However, many modem parallel computers employ cut-through routing, 
which makes the cost of communication nearly independent of the distance between 
communicating processors. Because of this fact, and because there are many varieties 
of network topologies, we chose to ignore this component of the communication cost. 
Numerical studies on the iPSC/860 that demonstrate that this is a reasonable assumption 
are reported in Reference 4. 

The recursive spectral bisection method approaches the partitioning problem with a 
graph bisection strategy developed by Pothen, Simon and Liou[lO]. The method is based 

' This assumption may not be strictly valid; for example, vertices on the boundary of a fluid-dynamics mesh 
may require significantly more work. The partitioning techniques to be discussed can be usually extended to 
such situations in a straightforward way. 
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Figure I .  A 2 0  unstructured CFD mesh (BARTHS) 

on computing the eigenvector corresponding to the second smallest eigenvalue of the 
Laplacian matrix L(G) = ( l i j )  of the graph G, defined as 

if (vi,vj) E E 

otherwise 

It is easily seen that L(G) = D - A, where A is the adjacency matrix of the graph 
and D is the diagonal matrix of vertex degrees. Traditionally, spectral properties of 
the adjacency matrix have been investigated by graph theorists. However, Mohar[8] has 
gathered convincing evidence that the Laplacian matrix is a more useful tool for the study 
of spectral properties of graphs. One of the reasons is that L(G) is closely related to the 
Laplacian operator. Specifically, if we consider the standard discrete five-point Laplacian 
on a rectangular grid, then the discrete Laplacian and the Laplacian matrix coincide if 
Neumann boundary conditions are imposed. Thus one can consider the Laplacian matrix 
as a generalization of the discrete Laplacian operator for general graphs. This relationship 
is explored in more detail in Reference 10. 
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The ILaplacian matrix has a number of intriguing properties, some of which are listed 
here. For details and proof see Reference 8. First note that the bilinear form associated 
with the Laplacian matrix can be written as follows: 

From this it follows that Laplacian matrix is positive-semidefinite and its smallest 
eigenvalue is zero, with an associated eigenvector of all ones. If G is connected, then 
the seciond smallest eigenvalue A2 is positive. The eigenvector x2 associated with A2 

(called the Fiedler vector) contains important directional information about the graph (see 
Reference 35-37): the components of x2 are weights on the corresponding vertices of G 
such th,at differences of the components provide information about the distances between 
the vertices. Sorting the vertices by the components of the Fiedler vector, therefore, 
effectively orders the graph in a way that puts vertices 'close' to one another. 

Another way of deriving a matrix formulation of the graph bisection problem is as 
follows. Let us consider only the first partition, and let Ec denote the set of edges cut 
by the first partition, i.e. IE,I = {ele E E;e = ( V I , V ~ ) ; V I  E V I ;  v2 E V2). Let n = IVI be 
even and define a partition vector to be a vector p with components equal to +1 or -1; 
i.e. p -8 (+ l ,  - 1, - 1, + 1 ,..... - 1, - I)', with e'p = 0. Here e - (1,1, .... 1)'. We can 
construct the partition induced by the vector p by considering the two sets of vertices 
V I  and V2, corresponding to where the elements of p are +1 and - 1, respectively. The 
orthogonality condition eTp = 0 ensures that there is an equal number of positive and 
negative components in p .  The key observation is then 

This follows from the fact that for vertices in V1 which have no neighbors in V2 (and 
vice versa) the corresponding entry in Lp is zero, since the entries in each row of the 
Laplacian matrix sum to zero. Only entries of Lp corresponding to vertices with neighbors 
in the other set are non-zero, and a simple counting arguments yields (1 ) .  The following 
theorem, which is due to Boppana[38], uses equation (1) to derive a lower bound on the 
number of edges cut (see also Reference 9). 

2.1. Theorem 

Let G =- (VE)  be a graph of order n. Then 

n 
4 

IE,I 2 -rnax,min,,p'(L + diag(u))p 

where the m ' m u m  is taken over all vectors u E R" satisfying EL, ui - 0, and the 
minimum is over all partition vectors p E P.  

One particular choice for u is to set all ui = 0. Let us make this choice of u and 
denote the set of all partition vectors as P. Then one can show by minimizing over 
all (suitably normalized) vectors in R" using the minimization property of the Rayleigh 
quotient: 
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n 
2 ,IX?l (3) 

Equation (3) shows that the second eigenvector of the Laplacian matrix minimizes a 
closely related continuous problem. We have thus replaced the solution of an NP-hard 
discrete problem, the graph bisection problem, by the solution of a well understood linear 
algebra problem, the computation of an eigenvector. The spectral bisection algorithm 
chooses a partition based on the partition vector closest to the second eigenvector. In 
general this yields a good (but not necessarily the best) partition. 

The partition obtained by the second eigenvector can be potentially improved by 
also trying to maximize over all possible choices of u in 2. This requires maximizing 
the minimum eigenvalue of the matrix L by finding an appropriate change to the 
diagonal elements. This problem can be solved numerically via a quadratic programming 
problem[39]. Rend1 and Wolkowicz[40] discuss the application of this technique to 
the graph partitioning problem. This technique, however, requires the computation of 
all the eigenvalues of a matrix of the same size and sparsity structure as L. This is 
computationally not feasible for the large problems considered here, so we content 
ourselves to consider the simple eigenvalue problem involving only the Laplacian matrix. 

The original implementation of RSB in Reference 1 used a modified Lanczos algorithm 
to compute the Fiedler vectors. To partition a graph into a power-of-two number of 
domains, RSB is applied recursively as follows: 

1. Compute the Fiedler vector for the graph using the unfactored Lanczos algorithm. 
2. Sort the vertices according to the sizes of the components of the Fiedler vector. 
3. Assign half the vertices to each subdomain. 
4. Apply steps 1-3 recursively to each subdomain until the desired number of partitions 

is obtained. 

The stage that dominates this algorithm is the first step, the computation of the Fiedler 
vector. 

Section 3 describes a multilevel technique for computing the Fiedler vector much more 
efficiently. The basic idea is closely related to multigrid methods (although it differs 
from conventional multigrid methods in some respects). A series of successively smaller 
matrices is constructed, each of which approximates its larger predecessor. At some point 
the matrix is so small that the Lanczos algorithm can compute the Fiedler vector of the 
Laplacian matrix in a negligible amount of time. This vector is then interpolated into 
the next higher level, producing a high-grade approximation for the Fiedler vector for 
the Laplacian matrix corresponding to this finer level. The interpolated vector is then 
improved using the Rayleigh quotient iteration algorithm. The process continues until 
the Fiedler vector for the original matrix is obtained. 

3. MULTILEVEL PARTITIONING 
The multilevel RSB method requires three elements to be added to the basic single-level 
RSB algorithm: 
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Contraction: Construct a series of smaller graphs that in some sense retain the global 
structure of the original large graph. 
Interpolation: Given a Fiedler vector of a contracted graph, interpolate this vector 
to the: next larger graph in a way that provides a good approximation to next Fiedler 
vector. 
Refinement: Given an approximate Fiedler vector for a graph, compute a more accurate 
vector efficiently. 

In addition, the method can optionally use the Kernighan-Lin heuristic[rll] to make small 
local improvements to the partitions after each bisection. 

3.1. Contraction 

The first step in contracting the graph G = (YE) is to select a subset of vertices, V’ c V, 
that are evenly distributed over G. We choose V’ to be a maximal independent set with 
respect to G. V’ is an independent set with respect to G if for all v E V’ (v,w) E E +- 
w $Z V’. V’ is a maximal independent set if the addition of any vertex to V’ would make 
it no longer an independent set. A maximal independent set can be found very efficiently 
with a simple greedy algorithm? 

Once V’ has been found we construct the contracted graph G’ - (V’,E‘) as illustrated 
in Figure 2. me solid-colored vertices in Figure 2 are those chosen as the vertices of the 
contracted graph. (Note that these vertices do not comprise a maximal independent set. 
The construction of the contracted graph can work with any subset of vertices. A relatively 
sparse set illustrates the method more clearly?) The basic idea is to grow domains in 
G around vertices in V’ in a breadth-first manner, adding an edge to E’ whenever two 
domains intersect. We use a hashing scheme to avoid adding redundant edges. To add 
an edge we create an index into a hash table by adding the indices of the two vertices 
connected by the edge. If the edge already exists at that hash-table location it is ignored; 
otherwise, it is inserted into the table. After all vertices in V have been visited the hash 
table is converted to a standard sparse-matrix data structure and the algorithm terminates. 

One significant difference between this method and a standard multigrid approach is 
that we construct dynamically a new series of contracted graphs for every subproblem 
rather than constructing a single series of contracted graphs to be used thoughout the 
algorithm. A single series could be used in the following way. When a subgraph is 
bisected the vertices of its two components could be projected onto the contracted graphs 
and the (algorithm could proceed with the associated contracted subgraphs. Unfortunately, 
the RSB: algorithm may cause a component to become disconnected, but the contracted 
subgraphs it projects to would possibly be connected. In such a case the Fiedler vector 
of the (connected) contracted subgraphs would be inapproriately interpolated to the 
(disconnected) original subgraph. By contracting every subproblem independently we 

* Maximal independent sets are not unique. The multilevel RSB method is only weakly sensitive to the choice 
of maximal independent sets, with the quality of the results varying by a few per cent when different sets are 
used. ’ Originally, we selected vertices by simply choosing a set at random, with some specified probability of 
selecting any vertex. The maximal independent set works somewhat better because the vertices in v‘ are 
guaranteed to be distributed evenly over G. 
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(a) First pass. 

(b) Second pass. 

0 Vertex selectmi for the contracted graph. 
0 Vertex visited and marked. - - - Fdge added to the contracted graph. 

Figure 2. Constructing a contracted graph 

ensure that the connectivity of partitions is maintained. It is possible for a bisection 
to produce a disconnected subdomain, but the contraction operation will preserve the 
connectivity of each connected component in a subdomain. 

32. Interpolation 

Given a Fiedler vector f‘ =< f ’ i  > , i = 1,. . . ,n’, of a contracted graph G’, with n’ - IV’], 
the interpolation operation constructs an expansion of this vector, P =< pi > , i - 
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1,. . . ,n, that can be used as an approximation for the Fiedler vector of G. Interpolation 
consists of two steps: injection and averaging. 

We use information gathered in the contraction operation-namely, a mapping from 
vertices in V’ to vertices in V. Let this mapping be m(i), i - 1,. . . d, such that m(i) 
is the index of the vertex in V from which the ith vertex in V’ was derived during the 
computation of the maximal independent set. The injection operation first ‘seeds’ the 
vector f) by placing components off‘  into fo: 

fiIltn =h’, i - I , .  . . ,n’ 

The remaining elements of f‘ are set by averaging the elements of their neighbors that 
have been set by injection. Since V’ is a maximal independent set with respect to V we 
can be assured that these components will have such neighbors. 

33. Refinement 

The Laxlczos algorithm works well in the absence of prior information about the 
eigenvector, but in this situation it does not effectively take advantage of a good 
initial approximation. Therefore, although the Lanczos algorithm is used as described 
in Reference 42 to find the Fiedler vector for the smallest graphs, Rayleigh quotient 
iteration (RQI)[26, 271 is used to refine the approximate Fiedler vector for the higher 
levels. 

function rqi( v,L) 

do 
e c  V T L  v 

solve (L -81) x = v 
v c  41 XI1 

until p < E 

return v 

Figure 3. Rayleigh quotient iteration 

The R.ayleigh quotient iteration algorithm is shown in Figure 3. This algorithm requires 
that a linear system be solved in each iteration. Since we do not want to employ any 
factorization scheme, we use SYMMLQ[28], which is an extension of the conjugate 
gradient algorithm designed to work for indefinite matrices. 

RQI is started with the interpolated vector as described above, and its Rayleigh quotient 
is used as an initial guess for the eigenvalue. Since a very good approximation to the 
Fiedler vector already exists and our accuracy requirements are modest, RQI usually takes 
only a Sew steps to convergence-usually only one or two. Thus the RQVSYMMLQ 
combination has proved to be very efficient for refining the come grid approximation of 
an eigenvector. 
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The three steps discussed abovecontraction, interpolation, and refinement-are put 
together in a recursive, multilevel routine to find the Fiedler vector of a graph, shown in 
Figure 4. 

function Fiedler(G) 
L t Laplacian matrix of G 
if IVI > n then 

G’ t contract(G) 
v’ +- Fiedler(G’) 
v c interpolate(v‘l) 
v + rqi(v,L) 

v +- Lanczos(L) 
else 

endif 
return v 

Figure 4. Recursive procedure to find the Fiedler vector 

Note that it is not necessary to actually construct the Laplacian matrix. Instead, we 
have modified a sparse matrix-vector multiplication routine to use the Laplacian matrix 
implicitly defined by the adjacency information. 

Figures 5-7 indicate that the global structure of the mesh is preserved across the 
contractions. Figure 5 shows how the second level of contraction of the BARTHS mesh 
would be bisected using the Fiedler vector. (In practice, this bisection would not be done. 
The Fiedler vector would simply be interpolated to the next level.) Similarly, Figures 6 
and 7 show the bisections of the first level of contraction and of the full mesh, respectively. 
Note that the bisections are consistent across the full mesh and its contractions, indicating 
that the Fiedler vectors encode roughly the same global information. 

3.4. The Kernighan-Lin Heuristic 

Although the RSB method finds a good global bisection, one can often improve the 
bisection slightly by considering only local modifications among the set of cut edges 
and their associated vertices. The multilevel RSB code allows the option of using the 
Kernighan-Lin heuristic[cll] for this purpose. A description of this heuristic is beyond 
the scope of this paper. 

4. PERFORMANCE 

Tables 1-4 compare the performance of the original single-level algorithm (SL), the 
multilevel algorithm (ML), and the multilevel algorithm with the Kernighan-Lin option 
(ML-KL) for meshes of various sizes and types. HAMMOND is a rather small two- 
dimensional CFD mesh, BARTHS is a somewhat larger mesh of the same type (illustrated 
in Figure l) ,  PWT (which stands for Pressurized Wind lbnnel) is a large finite-element 
mesh with a toroidal topology, and INSC is a very large three-dimensional finite-element 
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Figure 5. The bisection of the second-level contraction the BARTH5 mesh 

Table 1. Performance on the HAMMOND mesh (lVl4720, [El-13722). T imes aTe in seconds 

HAMMOND SL ML ML-KL 
Partitions Time Time (speed-up) Time (speed-up) 

2 
4 
8 
16 
32 
64 
128 

Partitions 
2 
4 
8 
16 
32 
64 
128 

40 
74 
95 

108 
117 
124 
129 

Edges cut 
1 I7 
258 
466 
758 

1215 
1893 
2788 

2.35 (17) 
4.36 (17) 
6.52 (15) 
8.73 (12) 
11.4 (10) 
14.2 (8) 
20.3 (6) 

Edges cut 
106 
244 
462 
707 

1177 
1870 
2806 

3.18 (13) 
6.28 (12) 
10.5 (9) 
12.9 (8) 
16.1 (7) 
19.3 (6) 
25.0 (5) 

Edges cut 
1 02 
228 
425 
698 

I I62 
I793 
2649 
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Figure 6. The bisection of the first-level contraction the BARTHS mesh 

Table 2. Performance on the BARTHS mesh (IVl-15606, IB1=45878). T imes are in seconds 

BARTHS SL ML ML-KL 
Partitions Time Time (speed-up) Time (speed-up) 

2 182 7.6 (24) 12.0 (15) 
4 41 I 15.4 (27) 23.5 (18) 
8 534 22.9 (23) 33.1 (16) 

32 670 37.6 (18) 51.3 (13) 
64 704 45.8 (15) 61.1 (12) 
128 734 56.7 (13) 72.8 (10) 

Partitions Edges cut Edges cut Edges cut 
2 181 176 167 
4 470 479 423 
8 813 784 708 
16 1330 141 1 1117 
32 2048 2168 1867 
64 3190 3323 3139 
128 4966 4980 4827 

16 617 30.1 (21) 41.7 (15) 
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Figure 7. The bisection of the full BARTHS mesh 

Table 3. Performance on the PWT mesh (~V)-36519,~8~=144794).Times are in seconds 

PWT 
Partitions 

SL ML ML-KL 
Time Time (speed-up) Time (speed-up) 

2 
4 
8 
16 
32 
64 
I28 

Partitions 
2 
4 
8 
16 
32 
64 
I28 

893 
1533 
1847 
2055 
2284 
2452 
2559 

Edges cut 
423 
829 

1558 
309 I 
5973 
9478 

I3222 

~ ~~ 

24.9 (36) 
46.2 (33) 
66.8 (28) 
87.5 (23) 
109 (21) 
132 (19) 
156 (16) 

Edges cut 
374 
940 

1676 
3239 
6294 
9829 

13596 

38.2 (23) 
84.4 (18) 
107 (17) 
146 (14) 
197 (12) 
235 (10) 
265 (10) 

Edges cut 
366 
908 

1640 
3161 
6025 
9538 

13232 



114 STEPHEN T. BARNARD AND HORST D. SIMON 

~ ____ ~ ~ 

Table 4. Performance on the IN3C mesh (lYl=262620,1B1=764268). Times are in seconds 

IN3C 
Partitions 

SL 
Time 

ML 
Time (speed-up) 

2 
4 
8 
16 
32 
64 
128 

Partitions 
2 
4 
8 
16 
32 
64 
128 

2766 
4985 
681 1 
8138 
9141 
9907 

10508 

Edges cut 
2455 
6383 

11760 
18988 
26696 
39536 
56754 

110 (25) 
210 (24) 
306 (22) 
404 (20) 
505 (1 8) 
608 (16) 
738 (14) 

Edges cut 
2527 
6398 

1 1  126 
18333 
26470 
39033 
55605 

mesh." The cut-off for graph contraction (n in Figure 4) is 100 for the HAMMOND, 
BARTH5 and PWT problems, and 500 for the IN3C problem. 

The quality of the partitions, as measured by the sizes of the cut sets, is nearly the 
same for both algorithms. For 128 partitions the ML result (without the Kernighan-Lin 
feature) is 1% worse than the SL result for HAMMOND, 0.3% worse for BARTH5 and 
3% worse for PWT, and 2% better for IN3C. 

The Kernighan-Lin step yields a modest improvement in quality at the expense of 
some additional run time. Because the algorithm has a worst-case complexity of 0 (n3), 
where n is the number of vertices, it can take an excessive amount of time on large 
problems, even though only the subgraph consisting of the cut set of edges and vertices 
is considered. For this reason it was not run on the IN3C problem. 

The performance advantage of the multilevel algorithm over the single level algorithm 
is dependent on the size of the problem. The speed-up for computing 128 partitions 
(without the Kernighan-Lin feature) ranges from a factor of 6 for the small HAMMOND 
mesh to a factor of 16 for the much larger PWT mesh. This effect is clearly illustrated 
in Figure 8 which shows the average run times of the ML and SL algorithms for each 
subproblem of the BARTH5 mesh. The rightmost point of each curve indicates the time 
to bisect the original graph into two subdomains, the next point to the left indicates the 
average time to bisect each of these two subdomains. etc. For the larger subproblems the 
performance advantage of ML improves because the multilevel structure is 'deeper' and 
the execution time of the Lanczos algorithm at the coarsest level represents a smaller 
proportion of the total time. 

The HAMMOND, BAIITHS and PWT problems were run on a Silicon Graphics workstation with one 
20 MHz 1% processor and 16 Mbyte of main memory. The IN3C problem was run on a Silicon Graphics 
workstation with eight 33 MHz IP7 processors (although only one processor was used) and 256 Mbyte of main 
memory. 
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Figure 8. Average performance for each subproblem size: BARTHS mesh (7, single level, 
-* -, multilevel) 

5. CONCLUSIONS AND FUTURE WORK 
In this paper we have combined a number of computational techniques ranging from 
multilevel methods to discrete graph algorithms to improve the performance of the 
recursive spectral bisection algorithm. We have demonstrated that the multilevel approach 
yields substantially better performance with little or no loss of quality in the computed 
partition. On large problems we have seen an order of magnitude reduction in the 
execution time on workstations. Furthermore, we believe that the combination of 
multilevel techniques with RQI and SYMMLQ may be useful in general for computing 
eigenvectors of large sparse matrices. 

The techniques of grid coarsening and eigenvector interpolation are of potential use in 
adapting the RSB algorithm for dynamically changing grids, such as in problems with 
adaptive: meshes and/or local grid refinement. We intend to apply the ideas presented 
here to {dynamic repartitioning in the near future. 
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