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epidemiological model, Besults: If the cost of reduci.ng the reproductic.)n.ra.te of the mosquito population
malaria is more than that of prevention measures to minimize mosquito-human contacts,

the control of mosquito-human contacts needs to be taken for a longer time,
comparing the other situations. More knowledge about the actual effectiveness
and costs of control intervention measures would give more realistic control
strategies.

Conclusion: Mathematical model and numerical simulations suggest that the use
of mosquito-reduction strategies is more effective than personal protection in
some cases but not always.

numerical simulation,
optimal control

endemic and continues to cause extensive morbidity in
Korea, despite the huge efforts invested to control it.
The first mathematical malaria model proposed by
Ross [3], was subsequently modified by MacDonald,
which has influenced both the modeling and the appli-

1. Introduction

Malaria is a mosquito-borne infectious disease
caused by a eukaryotic protist of the genus Plasmodium.
Malaria is naturally transmitted by the bite of a female

Anopheles mosquito. The primary vector in Korea is
reported to be A sinensis. Since the re-emergence of
Plasmodium vivax malaria in 1993[1,2], it has been

cation of control strategies to malaria [4]. Recently, the
optimal control theory has been applied to malaria
Okosun et al [5], and to vector-borne disease Lashari
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Table 1. The description of parameters for the model

Parameter Description

b, Per capita rate of newly emerging adult mosquitoes

Bmn Infected mosquito to human transmission efficiency

Brm Infected human to mosquito transmission efficiency

a Average number of contact made to host by a single mosquito

r Per capita rate of progression of humans from the infectious state to the susceptible state

P Probability of exposed humans going through short-term incubation periods

Ty Per capita rate of progression of humans from the short term of exposed state to the infectious state
T,i Per capita rate of progression of humans from the long term of exposed state to the infectious state

et al [6], who modified the model of Blayneh et al [7],
but introduced some awkward terms.

Models for Plasmodium flaciparum malaria or
vector-borne diseases have been studied by many
researchers [8—10]. In contrast, models for P vivax
malaria are rare. Recently, Nah et al [11] proposed
a model of P vivax malaria transmission. In this paper,
by combining the ideas of Blayneh et al [7] and Nah
et al [11], we propose the deterministic model of P vivax
malaria transmission with optimal control terms. Using
the optimal control theory, we sought optimal control
strategies of P vivax malaria transmission in Korea.

2. Materials and Methods

2.1. Model description: optimal control

To construct a deterministic model for P vivax
malaria transmission with control terms, the model of
Nah et al [11] was modified and optimal control terms
inspired by the model of Blayneh et al [7] were added as
follows:

In the model, human population H(¢) is divided into
four classes: susceptible (Sy), short term exposed (£%;),

B o1 uz(l‘))SP;y) I (1) + 1 (1)
(1~ w0 1y 1) — T35 1)

Lt (1) — a0 1 0) — 7L 1)

%’: T3ES (1) + TLEL (6) — rly (1)

ey 0
ddLy: B (1 — uz(t))[*;{ﬂSM(t) = by (1) = pur ()1 (1)

long term exposed (Ef,{), and infectious (/7). Mosquito
population M(¢) is also divided into two classes:
susceptible (Sys), and infectious (/ps). Note that the
mosquito population M (¢) is not constant while human
population H () is constant.

The factor of 1 — u;(#) reduces the reproduction rate
of the mosquito population. It is assumed that the
mortality rate of mosquitoes (susceptible and infected)
increases at a rate proportional to u(¢), where p > 0 is
a rate constant. In the human population, the associated
force of infection is reduced by a factor of 1 — uy(¢),
where u; () measures the level of successful prevention
efforts. In fact, the control uy(¢) represents the use of
prevention measures to minimize mosquito-human
contacts. Table 1 lists detailed descriptions of the
parameters. The system (1) has a unique solution set.
(See Appendix A for detail.)

An optimal control problem can now be formulated
for the transmission dynamics of P vivax malaria
transmission in Korea. The goal is to show that it is
possible to implement time dependent anti-malaria

(M

= () (Sw (#) + 1 (£)) = B0 (1 = 2 (1)) == Sua (1) = binSia (1) = puar (1) S (1)

control techniques while minimizing the cost of imple-
mentation of such control measures.
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Table 2. The parameter values for the model

Parameter Value

b,, 0.7949 [0.1,1.5]
Boun 0.5

Brm 0.5

o 0.3 [0.25,0.5]

r 0.07 [0.01,0.5]
p 0.25

Ty 1/25.9

TZ 1/360.3

An optimal control problem with the objective cost
functional can be given by
T

S w)= [ @045 w0+ 2 o). @
0

subject to the state system given by (1).

The goal is to minimize the infected human pop-
ulations and the cost of implementing the control. In the
objective cost functional, the quantities 4, B; and B;
represent the weight constants of infected human, for
mosquito control and prevention of mosquito-human
contacts, respectively. The costs associated with
mosquito control and prevention of mosquito-human
contacts are described in the terms Bju} and Bou3,
respectively.

Optimal control functions (u},u; ) need to be found
such that

J (g ,uy) =min{J (uy,us)|(u1,u2)e U},
subject to the system of equations given by (1), where
U={(u1,u,)|u;(2) is piecewise continuous on [0, 71,0
<u;(t) < 1,i=1,2} is the control set.
Such optimal control functions (u],u; ) exist, and the

optimality system can be derived. (See Appendix B for
detail.)

08
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Figure 1.

2.2. Numerical simulation

Using the forward-backward sweep method, the
optimality system was solved numerically. This consists
of 12 ordinary differential equations from the state and
adjoint equations, coupled with the two controls. In
choosing upper bounds for the controls, it was supposed
that the two controls would not be 100% effective, so
the upper bounds of u; and u; were chosen to be 0.8.
The weight in the objective functional is 4; =1000. The
parameters in Table 2 were adopted from other articles
[11] and used for our simulation.

We simulate the model in different scenarios. Figure 1
depicts scenarios for the state variables of the model for
the case when the cost is the same for the two controls.
Figure 2 depicts scenarios for the state variables of the
model for the case when the cost of prevention measures
to minimize mosquito-human contact is more expensive
than the cost of reducing the reproduction rate of the
mosquito population. Figure 3 depicts scenarios for the
state variables of the model for the case when the cost of
reducing the reproduction rate of the mosquito population
are more expensive than the cost of prevention measures
to minimize mosquito-human contacts.

It is also worth noting that different initial mosqui-
toes populations do not have effect on the optimal
strategies (Figures 4 — 6).

2.3. Results

If the cost of reducing the reproduction rate of the
mosquito population is more than that of prevention
measures to minimize mosquito-human contacts, the u;
control needs to be taken for a longer time, comparing
the other situations (Figures 1 to 3). In that situation, full
effort for u, is needed after the high peak of infected
human population.

On the other hand, Figures 4 to 6 suggest that even
though the mosquito population is not so high in initial
point, full efforts for u; and u, are needed for at least
some of the time.
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3. Discussion and Conclusions

After 1993’s reemergence of malaria, the endemicity
of P vivax malaria is becoming a growing concern in
South Korea. Public health advisories were subsequently
issued to apply community mosquito control and
personal protection.

The purpose of this work is to suggest optimal control
strategies of P vivax malaria in different scenarios. In all
cases, optimal control programs lead effectively reduce
the number of infectious individuals. We have used
a deterministic model with time-dependent parameters to
develop the transmission dynamics of P vivax malaria in
Korea. For numerical simulations, most parameters were
adopted from other articles [11].

Mathematical model and numerical simulations
suggest that the use of mosquito-reduction strategies is
more effective than personal protection in some cases

0 I I L L L
20 30 40 50

days

60

By =10 with low mosquito population.

but not always. Public health authorities should choose
the proper control strategy where their situation lies in
the scenarios discussed in the Results section.
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Appendix A. The existence and uniqueness
of solution

We consider system (1). We obtain the existence and
uniqueness of solution. In here we are given a suitable
control set.
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Theorem 1. The system (1) with any initial condition 1F(X, U) — F (X, V|
has a unique solution. < B0 /H|(1 = u2)Sinanr = (1 = v2) Sl
Proof. We can rewrite (1) as : P80 [H|(1 = 1)Si Ly — (1= v2) Szl
+(1=p)Buno/H|(1 — u2)Serlany — (1 — v2)Sualua|
dx +bu|(1 = 1) (Saur + D) — (1= v1)(Sarz + Da2)|
o AN FXLU), 1m0 /H|(1 — 1) Syl — (1 = v2) Sy o 0
+plurSyt — viSua| 4 Buwa /H|(1 — t2) Sy I
—(1— Uz/)SATEIHﬂ +)P|U11M1 - 2)1le| ) |
s ol T =280 /H|(1 = u2)SiLynn — (1 = v2)Sw2lar
WhereXZ[SH,EH,EH,]mSM,]M] s +bm‘(1_ul)(SM1+[M1)_(1_Ul)(SM2+IM2)|
+28),0 /H|(1 — u2) Sy Iy — (1 —02) Sy lars|
+plu1Sy — viSyz| + plurdy — vidys|
0 o0 0 r 0 0 We estimate the 4 terms in the right side of (i):
0 -7; 0 0 0 0
Y= 0 0 -7; 0 0 0 28,50 /H|(1 = t2)Sei Ly — (1 = v2) Syl |
0 T;: Tli —r 0 0 S 26n1hU/H[2M(O)|SH1 - SH2| + 2H|IM1 - [M2| (11)
0 0 0O 0 -5, O +HM (0)]u —vs],
0 0 0 0 0 —b,
Sy (1) bl (1 =) (St +Lat) — (1= v1) (Swa + a2 | (iii)
U=[u ,uz]T and F(X,U)= —6mh0(1—u2(t))TlM(t), < 2b,[|Sv1 — Swa| + [Lur — Dua| + M (0) [uy — v4]],
Sy (t Skt
pﬁmha(lflﬂ (t»% [M(Z)?(lip)ﬁmhg (l*uz(t))% ZﬁhmO'/H‘(l — uz)SH]IMl — (1 — Uz)SH2]M2|

a1 (2),0bm (1101 (£))(Sas (£)+as () }=Bpm (1=142 (1))

S ()50 0) B ) A 1)
T
IM(t)] . So let G(X,U)=AX+F(X,U). Defined matrix

A is a linear. So A is a bounded operator. Define
a matrix norm and a vector norm as follows
4]l = iylay | JXT = I(x)l| = Zifxi], respectively. To
show the existence of solution of the system (1), we
have to prove that F'(X,U) satisfy a Lipschitz condition.
Let

H(t): =Sp(t) + ES, (¢) + EL(£) + I (2).

and

M(t) : =Sy (1) + L (2)

But

%H/(t)zo. So, H(l‘)EH(a constant) < o,
%M(t) = —u(t)(bn + p)M(t) <0. Hence,

M(t) < M(0) < .
For any given pairs (X, U), (X3, V),

~

[SH” Hj» HJ’I1‘U7SM/7IM/} J=1,2,

U= (ur,up)", V= (v1,0)",

we obtain,

S ZﬁhmO'/H[ZM(O)UHl _1H2| +2H|SM1 — SM2| (IV)
+M(0)Huz — v,

plurSur — viSuz| < p[M(0)|uy — vi| + |Sart — Sarz]

v)
and
plurhy — vilya| < p[M(0)[uy —vi| + [y — Ly2]. (Vi)

Since 0 < u;,v; < 1,0 < Spp, Iy < H and 0 < Sy, Iy <
M(0),i=1,2, by (i)-(vi), we have

||F(X17 ) (XZa )”
<(4B,uoM(0)/H)|Sp1—Su2 |+(481moM (0) /H) |11y — 12 |
+(2by 481, M (0)+p)[Srr1—Sha|
+(2by 48, M (0)+p) [ 1 — a2 |
+(2b,M (0)+2pM (0)) |t~ |

+ (268,284 M (0)) [ur—v, |

<K (|Su1—Su2 |+Su1 —Suea |+ T =Lz |+ Lnin—Ius2 |
+uy—vy [+ —v2|)

<KX =Xl +[U=V]),

where  K=max{40,,,0M(0)/H,40},0M(0)/H 2b,
+484, oM (0) +p, 48,40 +2b,, +
0,2M(0) (b + ), 2B, + 284 oM (0)} Thus, we obtain
F(X,U) 1is uniformly Lipschitz continuous. Let
L=||4]| < o. Then,

1G(X1, U) = GXa, V)| < (K + L)([[X1 = X

+IU =V
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Hence, the system (1) satisfy all conditions of the
Picard-Lindelof Theorem ([12,13]) and also the function
F(X,U) is continuously differentiable. Therefore, the
system (1) have a unique solution.

Appendix B. Analysis of optimal control
control problem

We are to prove the existence of optimal control pairs
for the system (1). Firstly, We set control space

U={(uy,uy)|u; is piecewise continuous on [0, T],0
< ui(z) <li= 172}'

We consider an optimal control problem to minimize
the objective functional:

J(uy,uy) = / (AIH(t) +%u§(1) +%u§(r)>d¢.

Theorem 2. There exist an optimal control u] and u;
such that

J(uy,u5) = min J(uy,u;) 3)

uypupe U

subject to the control system (1) with initial conditions.-
Proof. To prove the existence of an optimal control pairs
we use the result in [14]. The set of control and corre-
sponding state variables is a nonempty. Because for
each control pairs we have proved in the Theorem 1 that
there exists corresponding state solutions. And also it is
ok when the control u; =u; =0. Note that the control
and the state variables are nonnegative values. The
control space U is close and convex by definition. In the
minimization problem, the convexity of the objective
functional in #; and u, have to satisfy. The integrand in

B B
the functional, Aly(t)+ %u%(t) + Tzug (t) is convex

function on the control u; and u,. Also we can easily
check that there exist a constant p > 1, a numbers w; >
0 and wy > 0 such that

/2
J(ul,uz) Z (O]} —+ w2(|u| |2—|—|Ll2|2)p

which completes the existence of an optimal control.To
find the optimal solution we apply Pontryagin’s
Maximum Principle ([15—17]) to the constrained
control problem, then the principle converts (1), (2) and
(3) in to a problem of minimizing pointwise a Hamilto-
nian, #, with respect to u and u>. The Hamiltonian for
our problem is the integrand of the objective functional
coupled with the six right hand sides of the state
equations:
Bz 2

H (X(2), (1), A(t)) =Alu(1) +%M?(I) +5 (1)

+3, (g (4)

where g; is the right hand side of the differential equa-
tion of the ijth state variable and also

X(t):(SH,E;-[7EIIT-]7IH7SMaIM)7u(t):(ul(0&12(1‘)) and
M) = (A1 (1), A2(2), 43(2), 24 (2), A5 (1), 26 (2) ).

By applying Pontryagin’s Maximum Principle([18]) if
(x*(#),u*(¢)) is an optimal control, then there exists
a non-trivial vector function A(¢) satisfying the
following equalities:

dx_ A (x(1),u(t), A(1)

dt 0 ’

O (X" (1), U (1), A(1))
0= ,

ou
0 (X*(t),u*(1), At
Y= X0 0,20)
0x
If follows from the derivation above
ur =0, if% <0
au,‘

0<u < 1,if X =g
al/l[

=12
au,-

Now, we apply the necessary conditions to the Hamil-
tonian 7.

Theorem 3. Let S} (¢), ES;(¢), EL (1), I (1), Si,(f) and
I () be optimal state solutions with associated optimal
control variables «] and u5 for the optimal control
problem (1) and (2). Then, there exist adjoint variables
AL(8), A2(8), A3(t), Aa(2), As(¢) and Ag(¢) that satisfy

2(6)= 1 (1) (1 — u3(1)) 1;;%
a8 (1 15(0) Ly
()1 =) (1~ 15(0) Iy

30 =1 ()T~ (0T}
3(0) =1 ()T, — As()T,]

1) =~ A= D O+ 20+ )10 (1 —5(0)) S

o) (1-15(0)) S

1
—u3(t)) Iy

A5(0)= = 2s(t) (bw (1 — u;(t)) — Bumo (1
—by — pui (1))

1
_AG(I)ﬂhmo—(l - u;(t)) I;IE
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()= ()Bmo (1 —u5(2)) Sj—
~ X ()pBuo (1 —u5(1)) S,

o)1= P (1~ 5(0)) 83

—As(t)by, (1 —uj (t)) + ¢ (bm + pu’l‘)
with transversality conditions(or boundary conditions)

A(T)=0,/=1,2,....6. )

Furthermore, the optimal control «] and i are given by

u; (1) =min{max{0

'B,

Proof. To determine the adjoint equations and the
transversality conditions, we use the Hamiltonian (4).
From setting Sy (t)=Sy(t),E5 (1) =E5; (¢),EL (1) =
EL (1), Tn(0)=15(0),Su(0)=S},(t) and Iy (1) =1I;,(0),
and also differentiating the Hamiltonian (4) with
respect to SH,E;I,EJZL[,IH,SM and [s,we obtain

+0u(0) = 350) By O 0 ) 1|

ui (1) =min{max{0,Bi1 ((p + bw)As () Sy + (pA6 (1) + bAs(2)) 13, (1)) }, 1}

; << =200 +p2a(0) + (1 = P)s()Bus Sy (O (1) ”

Using the property of the control space, we obtain the
characterizations of wj(¢f) and u3(¢f) in (6). From
the fixed of start time, we have transvesality
conditions (5).

N = _%z,\lﬁmha(l — u’ﬁ)]j}%— AopBuo (1 — u;)lj}%— 23(1=p)Bo (1 — ;) L%
%=—%§=bﬁ—hﬁ

%=—$§=&H—MU
%:_%gz—A—Am+hr+%mwﬂ—ﬂﬁﬁé—ﬁﬁmdl_@ﬂwé

= — =i (bm(l ) = B (1~ ) 3 — b~ pu;) ~ (1 =)y
XN= _%z}\lﬁmha(l - uz)SL]i_I— ){zpﬁmha(l — uz)SL%— As(1 —P)ﬁmhg(l - ”E)SH%

—A5bm(1 — u]*) + As (bm + pu]*)

By the optimality conditions, we have

o
Oza—ul:Blu;‘(t) — As(1) (b (Sy, +1y7) + pSiy) — As(0)pLyy (1)

oH 1 1
0= =Bty (1) + 2 (0B (115 (1) = 2o OpBoSi ()1 (0)

)1~ D)8k (0 0) 35+ A8 5 (1530) 2 2600 B0 ()15 1)

H H
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